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ABSTRACT 


The relationships between spectrograph speed and the various parameters entering into spectrograph 
design are discussed, and a description is given of the optical designs that have been worked out for the 
spectrographs of the Hale telescope to take advantage of these relationships. 

Three new optical features were introduced in the design of the coudé spectrograph: (1) As dispersing 
element, a composite of four matched gratings is used; (2) cameras are of the Schmidt type, with the cor- 
rector plate placed practically in contact with the grating, the light passing through the plate twice, once 
before and once after reflection at the grating (this eliminates many of the vignetting problems present 
when the corrector plate is placed in the conventional position); (3) for the shortest focal-length camera 
an aplanatic sphere is combined with a Schmidt camera, thereby.permitting a considerably higher camera 
speed than that attainable with the Schmidt camera alone. 

With the aid of these new features, a spectrograph has been constructed having a 12-inch aperture 
collimator beam and a series of five cameras with focal lengths ranging from 144 to 8.4 inches and yielding 
dispersions of 2.3 to 40 A/mm. 

For the study of the faintest objects a small spectrograph has been built for use at the prime focus. 
This has a 3-inch aperture collimator and cameras of focal length 1.4 and 2.8 inches. 


The Hale 200-inch telescope possesses the largest light-gathering power of any instru- 
ment now built or planned. The combination of the Hale telescope and its spectrographs 
should therefore set the ultimate limit of object faintness that can be observed in the 
foreseeable future with a given dispersion and resolving power. It was therefore obvious- 
ly of the greatest importance that these spectrographs be designed with the highest pos- 
sible speed and efficiency. 

In discussing the various features of this design let us examine, first, the effect on the 
speed of a spectrograph of the various parameters that enter into its design. 

Let 


D = Aperture of telescope. 

8 = Size of seeing image in radians. For purposes of this elementary dis- 
cussion, it is assumed that the star image is square and is uniformly 
illuminated. The effect of this assumption will be discussed later. 

f = Focal length of spectrograph camera. 

d = Aperture of collimator beam in spectrograph. 


A = Width of slit image permissible at the plate, usually set about equal 
to limit of resolution of plate. 
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"= Minimum width of spectrum permissible. 
= Angular dispersion of grating or prism in A, radian. 

. = Linear dispersion of spectrograph in A/mm; thus f = a/K. 

r = Change in angle of camera beam along direction of dispersion pro- 
duced by unit angular change of collimator beam. With a grating 
this is equal to ratio of cosines of angle of incidence and of diffrac- 
tion. With a symmetrical prism system it is usually equal to 1. 


If the slit is removed from the spectrograph, a monochromatic star image at the spec- 
trograph plate has a linear size of S; = Df8.d = Da’ dK in the direction perpendicular 
to the dispersion. In the direction parallel to the dispersion this becomes S; = Df8rd = 
Dapr dk. That is, neglecting any deviation of r from unity, the telescope-mirror-spec- 
trograph system is equivalent to a single lens having an aperture D and the same focal 
ratio as the spectrograph camera lens. 

Three cases must be considered depending on the relative size of the star image and 
the slit-width, i.e., on the relative values of S2 and A, and on whether the norma! 
width of the spectrum .S; is greater or less than the minimum necessary width W, i.e., on 
whether or not the spectrum must be widened. 


CASE I. Sp > A AND S; > W 


In this case, in order that the proper resolving power may be attained, it is necessary 
that the slit be narrowed to the point at which the fraction of the lizht passing the slit is 


AdK 


DrBa’ 


Since the spectrum is already wider than the minimum required, the width may be 
allowed to remain at S;. The speed of the spectrograph is therefore proportional to the 


amount of light passing the slit, namely, D°AS2 divided by the area of the plate over 
which light in a given wave-length range, say 1 angstrom, is spread, i.e., S, A. 
AD? /S, K? 

So 


Speed = 
Case I obviously also applies to all extended sources. 


CASE II. Sp > A, < W 
Phis differs from Case I in that the spectrum is widened to a width of W. A procedure 
such as Case I gives the speed as 
AD? /W Adk*D 
Speed = > , 
S:/ Wrap 
CASE 111. Sy A, < W 
\ll the light passes the slit and the width is again W. 
Speed K D° 
Speed = = 
Wek 
\ fourth case may occur in which the slit is wider than the star image (S» < .) but 
the spectrum is not widened. As already indicated, however, A is normally set at a value 
approximately equal to the limit of resolution of the plate. Furthermore, the width of 
the optical image of the spectrum S) is approximately equal to S», which is less than A. 
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Since the optical! spectrum, therefore, has a width equal to or less than the limit of reso- 
lution of the plate, scattering in the emulsion will spread the spectrum to a width equa] 
to this limit of resolution. Formula (3) therefore applies if W is set equal to this limit of 
resolution. 

As already stated, the foregoing simplified theory assumes a square star image of uni- 
form intensity instead of the actual form whose energy distribution is usually given by 


the formula 


The results for this actual] distribution are very similar to those of the simplified theo- 
ry, except in the region near the boundaries between cases. In these boundary regions 
there is a gradual transition from the formula for one case to that for the next rather 
than a sudden discontinuity, as given by the simplified theory. 

While the boundaries between these cases are not sharp, it is of interest to have a 
rough idea of the ranges to which the formulae for the three cases apply for the Mount 
Wilson and Palomar telescopes. The boundary between Cases I and IT occurs when 


and between Case II and Case III when 


_BDSr_ 


Se A or 5) 

The minimum permissible width of spectrum W and the diameter of the seeing image 
8 may vary through wide ranges. Thus, for precision photometric work, a width W of a 
substantial fraction of a millimeter is often desirable. On the other hand, when observ- 


TABLE 1 


VALUE OF f/d AT BOUNDARY BETWEEN CASES 


Telescope Case I — Case II Case II — Case III 


200-inch 
100-inch. . 6 
60-inch 11 


ing faint stars near the limit of a given spectrograph, it is usually necessary to accept a 
value of W of 0.1 mm or even less. Since it is precisely when dealing with these faint 
stars that the question of speed is a major consideration, a value of W of 0.1 mm will be 
assumed for the present discussion. Similarly, 8, the size of the seeing image, varies from 
25 or 50 X 10-, ie., 5-10 seconds of are for poor seeing to 2 X 10~* or less than half a 
second for extremely fine seeing. For the present calculations 6 is assumed to be 6 & 10-° 
or 1} seconds of arc, since this corresponds to good average seeing at these observatories 
and represents the best images that can be counted upon for any extensive program. If 
we also assume A = 0.02 mm and r = cos 30°, we obtain the boundary values given in 
Table 1. 

Since all cameras of the 100-inch coudé spectrograph operate at values of f/d ranging 
from 6 to 30, it is evident that Case I applies and would also apply if similar cameras were 
installed at the 200-inch telescope. Formula (1) for the speed in Case I leads to the rat her 
disconcerting conclusion that the speed is independent of telescope aperture and there- 
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fore that, if the present 100-inch coudé spectrograph were duplicated at the 200-inch 
telescope, no gain in speed would be attained over that already available at the 100-inch 
telescope. The same conclusion is reached from direct physical reasoning, if one consid- 
ers that under similar seeing conditions the star image formed by the 200-inch has twice 
the linear diameter as that formed by the 100-inch but has the same surface brightness. 
If widening is not used, the spectrum formed with a given spectrograph on the 200-inch 
is therefore twice as wide as that formed by the same spectrograph on the 100-inch, but 
it is not brighter. 

When faced with the above theoretical results, it was evident that if the hoped-for 
gains in speed were to be attained with the 200-inch equipment, especially for the higher 
dispersions, it would not be sufficient to duplicate the 100-inch equipment but that dras- 
tic new designs must be attempted. If we examine equation (1) for clues as to the param- 
eters that might be varied to gain the desired increase in speed, it is at once evident that 
the parameters 3, 4, and K are fixed by seeing and by the resolving power and dispersion 
necessary for a given type of problem. The parameter r is likewise normally fixed at a 
value close to unity. The speed of the spectrograph, however, varies directly as the square 
of d, the diameter of the collimator beam, and inversely as the square of a, the angular 
dispersion expressed in A, radian. 

Of these two possibilities, the second, which required substantially decreasing a, 
seemed the least certain of achievement. In the tirst place, it was doubtful whether one 
could obtain a very efficient blaze in a much higher order or with a much finer grating 
than those now in use in the 100-inch coudé spectrograph. In the second place, it would 
require cameras with a much wider angular field than those now available to cover in 
one exposure the range of 1500 to 2000 A that is usually desirable for most problems. 

\ major increase in d and therefore in the size of the grating required also presented 
serious difficulties, since present ruling engines are not capable of making gratings sub- 
stantially larger than those in use on the present 100-inch coudé; these gratings limit the 
maximum beam size to 6 inches. Recourse was therefore made to the use of a composite 
made up of four gratings, each having a ruled surface of 53 X 7 inches. These matched 
vratings were ruled on the Mount Wilson suling engine with 10,000 lines per inch and 
were blazed in the third-order violet and second-order red, 60-70 per cent of the incident 
light voing into the one blazed order. By this procedure it was possible to use a value of 
of 12 inches 

Phe largest focal length planned for this instrument is 144 inches. The resolving power 
of each individual grating is therefore considerably greater than that of the photographic 
late. Since the composite grating is used solely to increase intensity rather than resolv- 
ing power, it is not necessary to mount the gratings so that the ruled lines of the four 
gratiogs are in phase with one another. The only condition is that the gratings be so placed 
that the spectra from all gratings coincide within the limit of plate resolution. While this 
requires a high precision of adjustment, it has not proved impractical of attainment. 
For these adjustments, rotation about an axis normal] to the grating surface and about 
an axis in the grating surface normal to the ruled lines is made through screws bearing 
on the back or sides of the gratings. rs 

\ somewhat higher order of precision is required for rotation of each grating about an 
axis parallel to the ruled lines, since any maladjustment broadens the spectrum lines ob- 
tained. Rough adjustment for this rotation is made with screws bearing on the back of 
the mirror. Final fine adjustment about this axis is then attained by deforming the 1- 
to 2-inch thick steel plate on which the gratings are mounted. This is accomplished by 
connecting with a screw the outer end of the plate to a steel spring having a force con- 
stant about 1 500 as great as the mounting plate. A full turn of this screw results in a 
deformation of the plate by about 1 10,000 of an inch. Adjustments with the required 
aceuracy of about 1,100,000 of an inch are therefore relatively easy. 

Since the coudé optics of the 200-inch telescope operate at f- 30, a focal length of 
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30 feet is required for the off-axis mirror collimator. The camera yielding the highest 
dispersion, as already mentioned, has a focal length of 144 inches. This makes use of the 
Schmidt principle by having a mirror placed with its center of curvature at the grating. 
Since this mirror operates at f- 12, spherical aberration may be neglected, and no cor- 
rector plate is therefore required. 

Other cameras are provided of focal lengths of 72, 36, 18, and 8.4 inches. The first three 
of these cameras are of Schmidt type and are mounted to have their axes normal to the 
grating, while the collimator beam has an angle of incidence on the grating of 30°. 

If the conventional Schmidt corrector plate had been used, it would have been neces- 
sary to place it about 36 inches away from the grating to avoid interference with the col- 
limator beam. Since the fields of view of these cameras are about 1/5 of their focal 
lengths, this would have required an increase in the diameter of both mirror and corrector 
plate by over 7 inches to avoid additional! vignetting. This not only would have added 
substantially to the cost but would have greatly increased the aberrations. Thus it can 
easily be shown that for a Schmidt camera both the chromatic aberrations and the off- 
axis aberrations for the size of the field used with these cameras become prohibitive when 
the focal length is reduced below that given by f/* = d* 8, in which all lengths are in 
inches. For the maximum aperture of the beam leaving the grating of d/cos 30° = 13.8 
inches, a focal length as short as 18 inches is permissible. On the other hand, a 21-inch 
corrector plate, which would be necessary with the corrector plate 36 inches from the 
grating, requires a minimum focal length of 35 inches. This would have necessitated the 
omission of the shortest of the Schmidt cameras. 

An arrangement suggested by Hendrix and Christie! was considered in which the cor- 
rector plate, tilted to parallelism with the grating, is placed in the collimator beam. Again 
the corrector plate must be placed at a minimum of 36 inches from the grating. While 
this arrangement gives satisfactory definition with a very narrow spectrum, the large 
separation of the corrector plate from the center of curvature of the camera mirror 
causes the development of serious aberrations when a wide spectrum is photographed, 
particularly with the shorter-focus cameras. 

A design was therefore developed by which a corrector plate of slightly less than half- 
strength is placed parallel to, and within a very few millimeters of, the grating. The light 
therefore passes through the plate twice, once before and once after reflection from the 
grating. In general, this procedure is feasible only if the camera axis remains approxi- 
mately normal to the grating. 

Since it was not feasible to figure the corrector plate on the basis of tests made in the 
spectrograph, a theory including all terms to the fifth order was developed which per- 
mitted tests being made in the laboratory with the corrector plate in contact with the 
mirror with which it was to be used. This theory gave the zonal differences in focus which 
should be present in the laboratory tests, in order that satisfactory performance should 
be achieved in the spectrograph. 

In order to reduce aberrations to a minimum all plateholders are mounted on axis. 
They are therefore designed to take rather narrow plates 1 inch in width. 

As indicated earlier, 18 inches is the shortest-focus standard Schmidt camera that can 
be used with a beam of the aperture here adopted. The use of the somewhat better-cor- 
rected solid-block or thick-mirror? types of Schmidt camera would reduce the permissible 
focal length by a factor of m, the index of the glass used, i.e., in this case to about 12 
inches. However, the absorption in the light-path in the glass equal to 2m times the focal 
length would more than nullify any gains from the shorter focal ratio. To attain a still 
shorter focal length and therefore still higher speed, recourse was had to the principle of 
the aplanatic sphere to shorten the focus of the light coming from the 18-inch Schmidt 


' Scientific American, 161, 118, 1939. 
? Hendrix, Pub. A.S.P., 51, 158, 1939; R. Minkowski, J. Opt. Soc. America, 34, 89, 1944. 
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camera. The focal length was thereby reduced to 18/n? = 8.4 inches, with a sphere of 
optical quality fused quartz having a radius of 2.5 inches. 

The focal surface of the 18-inch Schmidt camera is a sphere of 18-inch radius convex 
toward the Schmidt mirror, while, to have satisfied the aplanatic condition at all points 
of the field, this surface should have had a radius of n X 2.5 = 3.67 inches concave to- 
ward the mirror. This introduces a certain amount of spherical aberration at all but the 
two points in the spectrum where the two surfaces coincide. It was found possible, how- 
ever, both to reduce substantially the amount of this aberration and to flatten completely 
the field by grinding a concave surface of 5.13-inch radius on the rear face of the aplanatic 
sphere against which the photographic plate is placed. To correct for the dispersion of 
the quartz sphere, this face and the photographic plate are tilted at an angle of just over 
1° from the normal to the camera axis. Likewise, the radius of curvature of the rear sur- 
face of the quartz sphere was slightly modified to correct for the field curvature caused 
by the nonlinearity of the variation of the index with wave length. When the sphere is 
used for a different wave-length range than that for which it is designed, some spherical 
aberration is introduced. This may be satisfactorily corrected, however, by spacers which 


TABLE 2 


COUDE SPECTROGRAPH CAMERAS 


Camera focus (inches) | 7 , 30 
Focal ratio f/d. é 3 
Mirror diameter (inches). . 48 2 | 30 
Usable plate length (inches) 22 12 


Dispersion 
3d-order (violet) A/mm. 
2d order (red) A/mm 


Limiting magnitude photographic: 
Widened to 0.1 mm 
Unwidened 


separate the plate from the rear of the quartz sphere by an appropriate amount, usually 
a few thousandths of an inch. By these procedures a well-corrected flat field 17 mm in 
diameter was attained, thereby providing a range for one exposure of 670 A in the third- 
order blue spectrum or 1000 A in the second-order red spectrum. 

The dimensions and other properties of the five cameras of the coudé spectrograph are 
summarized in Table 2. The last two lines of the table give estimates of the limiting pho- 
tographic magnitude that can be reached in an exposure lasting one night of 8 or 10 
hours. These estimates were made on the basis of fairly good seeing, i.e., 8 = 6 X 10° 
and either on widening to 0.1 mm or on leaving the image unwidened. While the exact 
values given in the table are calculated, all observations to date confirm the general cor- 
rectness of these limits. 

Figure 1 shows the grating mount, corrector plate, and the mirrors and plateholders 
of the shorter-focus cameras. The mirror and aplanatic sphere of the 8.4-inch cameras 
are in operating positions, while the parts of other cameras are moved out of the way. 

Sample — obtained with the 144-inch, 36-inch, and 8.4-inch cameras are shown in 
Figure 2 

The 8-inch camera provides about the shortest focal length and therefore the highest 
speed it is feasible to design for the 12-inch beam of the coudé spectrograph. For still 
lower dispersions and higher speeds it is therefore necessary to use smaller apertures. 
Furthermore, at these very small focal ratios one is in the region of Case IT or even Case 
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ILI, in which the value of the aperture, d, plays a much smaller role in determining the 
speed of the spectrograph. 

For these lower dispersions a small spectrograph having a beam diameter of 3 inches 
has been constructed. Because of its small size it is feasible to mount this at the prime 
focus, where the light losses at the two or four additional mirrors of the coudé system 
may be avoided. As dispersing systems, gratings of 7500 and 15,000 lines per inch with 
the blaze in the second-order violet are used. Two cameras of the thick-mirror Schmidt 
type of 1.4- and 2.8-inch focus are provided which operate at focal ratios of f 0.47 and 
f 0.95. The 1.4-inch camera has the shortest focal length that is permissible for a thick- 
mirror Schmidt of 3-inch aperture. Dispersions of 430, 210, and 105 A/mm are obtained 
with the various combinations of gratings and cameras. 

Since many objects to be observed with this instrument are too faint to be seen visual- 
lv, provision is made for accurately offsetting the slit from a near-by bright star. 

As these instruments provide a complete range of dispersions, no additional spectro- 
graphs are planned for the Cassegrain focus. 


The design and construction of these instruments would have been impossible without 
the co-operation of many people. Thus the very difficult Schmidt corrector plates and 
many of the other optical parts were made by Mr. Don Hendrix. All gratings, including 
the carefully matched gratings of the composite grating of the coudé spectrograph, were 
ruled under the supervision of Dr. Horace Babcock. The mechanical designs were made 
in the California Institute shop under the direction of Mr. Bruce Rule, most of the speci- 
fications for the prime-focus spectrograph being supplied by Dr. Rudolph Minkowski. 
Finally, Dr. O. C. Wilson assisted greatly in the adjustment of the various parts of the 
coudé spectrograph. 
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ABSTRACT 


This well-known peculiar star is found to have a strong magnetic field, the polarity of which is reversed 
in step with the periodic changes in line intensity. The Zeeman effect has been investigated on twenty-one 
spectrograms made with the double polarizing analyzer. Polar magnetic-field strength and radial velocity’ 
for various elements have been tabulated as a function of phase in the period of 5.5 days. The extremes 
of 7, are approximately —4000 gauss when the /u 11 lines are at maximum intensity and +5000 gauss 
a half-period later, when Cr 1 is at maximum. 


The bright star a? Canum Venaticorum is the classical example of the spectrum vari- 
ables of type A. Beginning with the discovery of variable lines by Ludendorff! in 1900, 
the derivation of a period for the line intensities by A. A. Belopolsky* in 1913, and the 
identification of some of the lines as due to the rare earth element europium by Baxan- 
dall® in the same year, several investigators have devoted much effort to the description 
Hi of its spectrum and its attempted interpretation. A comprehensive discussion of this 
work up to 1942 has been given by O. Struve,‘ and in the same year Struve and Swings’ 
published a new list of wave lengths of over thirty-one hundred absorption lines ob- 


j tained largely from coudé spectrograms. 
id In 1949, following the observation of strong magnetic fields in several other peculiar 
stars and spectrum variables of type A, the spectrum of a? CVn was examined at Mount 
Wilson for the Zeeman effect, and it was found at once that this star possesses a strong 
Ze magnetic field, the polarity of which is reversed in step with the changes in line intensity. 
: In many respects a? CVn is quite similar to the magnetically variable star HD 125248. 
Earlier investigators have shown that the periods of spectrum variation of these stars are 
5.5 and 9.3 days, respectively, and that in the spectrum of each, groups of lines typified 
by Au ttand by Crt undergo large variations of intensity in opposite phase. The mag- 
netic phenomena observed in HD 125248 have been discussed in a recent paper.® The in- 
vestigation of a® CVn reported here was made subsequently, because accurate measure- 
| ments of its magnetic field are more difficult, even though it is nearly 3 mag. brighter. 
The lines in its spectrum are shallower and somewhat broader than those of HD 125248, 
and the amplitude of its periodic magnetic variation is slightly lower. Also there is a 
practical complication in observing it for the Zeeman effect because of the star’s norther- 
' ly declination. This complication results from the oblique reflection from the coudé flat 
mirror in the optical system of the telescope, which introduces a phase shift between the 
pand s vibration components that are, respectively, parallel to and perpendicular to the 
plane of incidence. If this phase shift is not compensated, the elliptical polarization in the 
line protiles is considerably altered, particularly when the angle of incidence is large, and 
the derived magnetic field is smaller. For observations of a? CVn and other stars north 
of the equator, an optical compensator has been used; this device will be described else- 


where. 
The double circular analyzer used was the same as that employed in the observations 


1..V., 173, 4, 1900. * Proc. Amer. Phil., Soc.. 85, 349, 1942. 
2 4.N., 196, 1, 1913. Ap. J., 98, 361, 1943. 
3 Observatory, 36, 440, 1913. 6H. W. Babcock, Ap. J., 114, 1, 1951. 
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of HD 125248, and the methods of measuring and reducing the spectrograms were simi- 
lar. The dispersion was 4.5 A/mm, and for most of the plates an emulsion of rather high 
contrast (Eastman type III-O) was used. All the lines measured lie in the range AX 3800- 
4600. Twenty-one plates were measured for magnetic-field strength and for radial veloci- 
ty, the average number of lines measured on each plate being forty-four. For each ob- 
servation the epoch and phase were computed according to the formula established by 
Miss G. Farnsworth:’ 


Maximum intensity of Eum = JD 2419869.720 + 5.46939E , 


which was also used by Struve and Swings. 

Results are listed in Table 1, where the observations are arranged according to phase. 
For each plate the derived values of H,, the magnetic field at the pole of the star, and of 
v, the radial velocity, are given separately for the various elements. The probable error 
of H, for each element represented by three or more lines is also given. Usually the prob- 
able errors in H, amount to a few hundred gauss. For each plate the mean H, from all 
lines weighted equally is listed, but without a probable error, since for physical reasons 
the various elements vield more or less discordant values of field strength, depending 
upon phase. 

In Figure 1 the mean //, for all lines is plotted as a function of phase in the 5.5-day | 
period. The abrupt reversal of the field at the cross-over phases (0.32 and 0.71) is par- 
ticularly striking. The curve seems better detined when the magnetic polarity is negative : 
and the £u 0 lines are strong than near mid-period, when the polarity is positive. This 
must be due in part to the fact that the lines are less numerous as well as broader and 
shallower near mid-period and so are more difficult to measure; it may also be attributable 
in part to lack of uniformity in the magnetic behavior of the star in the positive portion 
of various magnetic cycles. The negative part of the magnetic curve centered on zero 
phase has a well-defined central hump, so that two negative extremes occur near phases 
0.73 and 0.25. In this the curve for a? CVn differs from the smoother magnetic curve ob- 
served for HD 125248. The notch at phase 0.612 results from one observation that ap- 
pears to be quite reliable; this plate gives a range of values of 7, for various elements 
that is considerably greater than normal. For example, Fe 1 and Crt give —70 + 270 
gauss and —3150 + 470 gauss, respectively; each element is represented by seventeen 
measured lines. The observations are insufficient in number to establish whether the 
notch is a real feature of the magnetic curve that is repeated in all cycles or whether it is 
the result of inconsistent or nonuniform magnetic activity. 

A sequence of ten spectrograms was taken between May 20 and May 28, 1951. The 
corresponding values of H, are plotted for this sequence alone in Figure 2. A much higher 
time-resolution would have been desirable. 

In Figure 3 the magnetic measurements for Cr tand for Eu tare plotted individually, 
together with the solid line representing the mean for all elements. No pronounced sys- 
tematic differences are revealed, although there appears to be a tendency for Cr If to lie 
below the mean curve and for £w 11 to be slightly above. Ez 1 is not represented in the 
middle of the cycle because its lines are then practically absent or so weak as to be al- 
most impossible to measure. 

On plates taken near the phases when the magnetic curve passes through zero, the 
cross-over effect on the profiles of certain lines was observed. It is similar to that previ- 
ously found in the spectrum of HD 125248,° although less pronounced. At phase 0.354 
of a? CVn some lines in the levogyrate spectrum had broader and shallower profiles than 
in the dextrogyrate spectrum; this was reversed at phase 0.612. Lines most affected were 
those of Fe 1 and Cr 11; Eu 11 does not clearly show the effect. According to the interpre- 
tation previously suggested, the affected lines arise in two areas on the surface of the star 


7 Ap. J., 75, 364, 1932. 
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TABLE 1 


MAGNETIC INTENSITY, H,, AND RADIAL VELOCITY, 2, 
FOR ELEMENTS AT VARIOUS PHASES 


Epoch and Phase Element A, 
(Gauss) 
2393 009 Feu — 6000 
Ce 5541 —1700 
1949 Feb. 10 521 Siu ~ 7900 
Cat - 1300 
Mgit — 8400 
Nil — 2100 
Srii —3700 
Eu tt — 1600+ 400 
Gd ti —3550+ 650 


+++ | 


= 


mw 


+ H+ 


+1441 


Mean 3450 


2545 063... —1920+ 290 —11.3+0.6 
Ce 7039 Feu —2780+ 380 
1951 May 23 164 Tiu — 2890+ 640 
Siu -4150 
V uP? — 400 
Cau — 5500 
Meg it — 5200 
Cri — 850+ 710 
Sr? — 7400 
ku tt —4030+ 320 
Ce — 3860 + 1400 
Gd 11? — 900 
Y — 2800 


I++ 

oO 


| 


Oe 


Mean — 2840 


24061. 176 . Fet —3680+ 730 
Ce 6128 Feu —3580+ 310 
1950 Feb, 18.352 Tiu — 5335+ 440 

Si — 3950 

Cau —4700 

Mgu — 6300 

Cri —3215+ 

Srit — 5900 

Eu u — 3900 + 

Gd — 2800 

Cel —7330+ 

Pr 11? — 2200 


| 


H+ H+ 
| 


| 
1+ 
w& 


| 
| CORASSOSOW 


+++ 
| I+ 


Mean — 4000 


2527.176... Fei —2535+ 250 
Ce 6851 (a) Feu —3390+ 270 
1951 Feb. 14.333 Tiu —4390+ 360 

— 5320 

Cau — 3000 

Cri — 3710 

Cru — 3830+ 

— 6200 

Eu it — 3300+ 

Gd i —4240+ 


| wm | 
Hh HEHE | 


Mean — 3650 


{ 
No. of v 3 
Lines (Km/Sec) 
it 
| 23 
4 14 
2 
| 
18 
| 
4 | 
1 
| 4 
10 0.6 ; 
22 0.3 
| 14 0.3 
2 0.9 
2 
| 24 ).4 
1 
3 1.7 
84 
10 


TABLE 1—Continued 


H, 


Epoch and Phase Element 
(Gauss) 


2545.248........| —46000+2200 | 3 
Ce 7044 Feu —5300+ 380 | 5 
1951 May 24.174 Tiu —5610+ 560 | 

Siu — 2100 

Cau — 3850 

Crit —4870+ 420 

Eu u —2500+ 470 

Cell — 5830+ 470 

—3440+ 760 

Pru? — 3500 


3 


NNN 


Mean — 4090 


0+0.5 


Fet | +3300+ 460 

Feu +2160+ 320 

Ti + 900 

St +3670+ 200 

Cail + 3000 

Crit +1480+ 360 
+ 4000 


_ 


+2200 
2518435 +5925+ 550 
Ce 6763 | 7 } +4175+ 480 
1950 Dec. 28.5 f +4910+ 880 

+ 3700 

+ 3850 


Mean 


PASS 45% Ber +2260+ 330 
Ce 6120 | Feu | +3330+ 400 
1950 Feb. 3.44: Tiu | +2420+ 430 

Siu | +3490 

Cau ++ 1590 

Cru | +1340+ 720 


1+ 1+ 


Mean +2580 


2545 461 Fei | +3580+ 970 
Ce 7050 | Feu | +3950+ 400 
1951 May 25. | eu | +4300+1120 
| +5750 
Cau +4010 
Mgit |} +6700 
Cri +4770 + 1300 


Mean +4170 


+3900+ 970 | 
| 430054 270 
1951 May 20.185 Ti +3185+ 290 | 
St +4835+ 860 | 
+4700 | 
4+ 4400 + 1250 
+ 1500 | 


+3900 


11 


| Lines | (Km/Sec) 
2£1.0 
440.3 
3+0.2 
| 4+0.2 
4 
| 0+0.5 
4+1.3 
7+29 
Ce 6136 I | — 0.5403 
1950 Feb. 19.326 | + 2.6 
— 0.3405 
-39 
45 — 1.2+0.2 
| 6 | —05+409 
| 1 | 3 0 
Cru -+3700+ 400 | 7 + 
| Sri +8080 2 
Gdu +4050 1 | +18 
| 2 + 190.6 
2 — 1 
| 4 ~ 0.8+05 
2 — 0.4+02 
2 
|} 3 | +4341.3 
4 — 2.4401 
18 1.6403 
4 — 0.2406 
5 | — 2.7402 
1 | —2.0 
3.0405 


Epoch and Phase 


2461 536 
Ce 6143 
1950 Feb. 


20 323 


Element 


Fei 
Feu 
Tiu 
Siu 
Cah 
Cru 
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| 
H, 


Gauss) 


+4670 + 
+4195 + 
+ 4970 + 
+ 3500 
+ 4500 
+ 5900 
+ 3420 + 
+ 5200 


2544. 544. . 


Ce 7030 
1951 May 


20 325 | 


2545 612... 


Ce 7052 


1951 May 


26.167 


2398 644. 


Ce 5585 


1949 Mar 


2522 .702 
Ce 6808 
1951 Jan. 


2544 734 
Ce 7034 


13.339 


20 431 


1951 May 21.365 


Fei 


Mean 


Feu 
Siu 
Cail 

Mgt 
tril 


Mean 


Fet 
Feu 
Tiu 
Sil 
Call 
crt 


Mean 


lei 
Feu 
Siu 
Call 
Mgu 
Crit 


Mean 


Fe 
Feti 
Stu 
Cail 
Cri 
Cril 


Mean 


Fe 
Fett 
Tit 
Siu 
Call 
Mg it 
Crit 
Sri 
Ce 
Gd 11? 
Nd 1? 


Mean 


+4280 


+ 5840 + 
+ 5750 + 
+ 5060 + 
+ 2800 + 
+ 3400 
+8250 
+3280 


+ 5340 


+ 1080 + 1 
70+ 

+1700 

— 3490 

+3850 

~ 3150+ 


1200 


+ 3470+ 
+2115+ 


+ 2510+ 


+1540 
+ 2330 + 
— 466 
+ 3000 
+ 10600 
+ 1330+ 
+1720 
— 5340 + 
— 4030 + 
— 2100 
—9470 
— 3850 
—1170 
— 4730+ 
— 4000 
— 6600 
— 3300 
—9100 


—46020 


5 
1 
+ 2640 + 1460 > 
1 
1 
3 


No. ot 

Lines 
550 | 4 
300 
700 | 6 
2 
2 
1 
500 6 
1 


300 4 
520 25 
560 9 
800 5 
1 
1 
2 


47 

590 3 
470 17 
1 

2 

1 

480 17 


730 3 
590 2 


530 


1100 5 


w 
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=~ 


4.3+0.7 
2.4+0.3 
2.4+0.6 
9+0 3 

0 
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~ 
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| +2565 46 : 
| | — 9.9+0.3 
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| | 4 
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1 
1 = 
1 
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Epoch and Phase 


1950 Dec. 30. 500 | 


2545 796 
Ce 7057 
1951 May 27.170 


2544. 889 
Ce 7036 
1951 May 22 210 | 


| 
2457904... 
Ce 6108 
1950 Jan. 31.458 


2545.978.......-| 
Ce 7062 
1951 May 28.167 


Element 


kui 
Gd i 


Mean 


Fe 
Feu 
Siu 
Cru 
Sru 
Gd 
Cell 
Pris 


Mean 


Fett 
Tiu 
Siu 
Call 
Crit 
-Eu it 
Cell 
Gd 
Zr ur? 
Pru? 


Mean 


Feu 
Tiu 
Stitt 
Nit 
Mn u 
Crit 
Sri 
ku 
Gd tt 
Cell 
Prit 


Mean 


Feu 
Ti 
Si 
Eut 
Zr 


Mean 
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Hp 


(Gauss) 


—2900+ 190 
—3340+ 440 


— 4060 


— 3500+ 940 
—4250+ 540 
—3700+ 900 
— 3500 

+ 340 
— 3400 

—3060+ 270 
-2740+ 500 
— 3340+ 1120 
— 3000+ 420 


3810 


—3150+ +0 
~4800+ 450 
— 2800 
2550 
3430+ 330 
3240+ 670 


~4860 + 580 


| 
= 


w 
= 


— 2750+ 610 


—2300+ 490 
—2080+ 410 
— 2600 

— 5140 + 1840 


— 2030 


= 
| 


EN | 
| 


a 


+441 4¢+4+14+4+4+ 


+++ | 


H+ 


« : 

No. of v 
2518.796........| fe! — 2400 | + 1.5 
Feu —4220+ 440 ab — 0.2+03 
Tiu — 5280+ 490 — 5.6+0.8 
— 4400 + 6.3413 
Cat — 5200 + 0.3 
Cru — 4340+ 230 + 0.8+0.3 
; Srit — 2000 — 2.8 
— 5 of 4 
+ 0.2404 
4.5+11 
+ 1.4+0.5 
— 09 
— §.6+0.6 
— 2.8+0.9 
+ 3.2+0.5 
9 — 0.3+0.9 
A — 2.1 
$2 
a + 5.6+0.7 
~ 6 8+09 
— 4680+ 810 + 3.5+0.9 j aS 

| 3090+ 340 + 1.2+1.1 
| + 3.4+#15 
— 3940 +91 _ 
| 3413 
| — 3000 1 6 be? 
—4240+ 820 7 3404 
1930 2 6 
—2610+ 20 3 3+03 Pe 
2880+ 490 > | 11.3 
| — 8000 1 2 a 

1.7+3.2 
— 2560 1.1 
09+06 
13408 
0.2 
— 1.0+3.2 
13 
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that are characterized by opposite magnetic polarity and by a small differential radial 
velocity. The sign of the cross-over effect in a? CVn is such that, when the lines of Cr 1 
are becoming more intense, that portion of the surface characterized by positive effective 
magnetic polarity is approaching the observer, or moving outward from the center of 
the star. Near the other cross-over phase (0.612), when Cr 1 is growing weaker, condi- 
tions are reversed. 

With regard to the measurement of radial velocities, our material is less extensive 
than that of Struve and Swings’ as to the number both of observations and of elements 
represented. The precision of our measures, however, compares favorably with theirs, 


Eull max 


Hp KILOGAUSS 


4 


2 3 4 59 
hic. 1... The mean magnetic-field intensity at the pole, //,, in kilogauss, as derived from all lines 
measured, and plotted in the cycle of 5.46939 days. The lines of £u 1 are strong when the magnetic polar- 
ity is negative; those of Cr 11 are at maximum intensity when the polarity is positive. The plotted points 
represent observations made over a two-year interval. 


ilthough the dispersion of our spectrograms is lower. For this reason we present in Figure 
+ plots of radial velocity against phase for several elements; in the main, these confirm 
the results of Struve and Swings, who distinguished three types of velocity-curve: 

a) Lines which show a large range in velocity, with a pronounced maximum at phase 
$.5 days (from our data 4.3 days or 0.79 of the period) after the epoch of maximum inten- 
sity of ku. Maximum velocity occurs at phase 1.5 days (0.25P). The curve is charac- 
terized by a nearly steady rise during the interval when the lines are of strong intensity. 
Eu itwith a range of 30 km/sec is the best example. The only other element of this group 
in our list is Gd U1, with a range of 15 km/sec. Struve and Swings state that probably all 
other rare earths, as well as Alu, Ca1, Mnt, and Nit share in this type of variation. 

6) Lines which show a remarkable double wave, of which Cr 1ris the best example. Our 
data agree with those of Struve and Swings as to the phases of primary and secondary 
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Fic. 2,—Magnetic intensities from a sequence of ten spectrograms. The figures indicate dates of the 
observations in May, 1951. 
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Fic. 3.—-Magnetic intensities derived from lines of Eu 1 (circles) and ot Cr u (triangles) compared with 
the mean from all elements (solid line from Fig. 1). 
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minima, except that our secondary maximum occurs slightly later, at 2.5 days (0.45P) 
instead of 2.0 days. Further, we find a total range of 22 km/sec, as compared to their 15 
km/sec for Cru. Struve and Swings found the same type of variation for Fe 1 and Fe n, 
whereas for these our data show a slightly greater range, but scarcely any suggestion of 
secondary maxima or minima. Our curve for 77 It is rather similar to that for Cr 11, but 
with an earlier maximum near 1.4 days (0.25/). 

@ ©) Lines which show little or no variation. From our measures we list Sim and Cau 
in this group; for both, there is a suggestion of a velocity fluctuation with an amplitude of 
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about 1 km/sec, but this is too small to be definite. Mg 11 may also be included, although 
our data are scanty. Struve and Swings listed the elements mentioned, together with H 
and Sr i. We find, however, that Sr 11 shows a distinct variation, with a maximum near 
phase 0.9 and a minimum near 0.65; the amplitude is about 10 km/sec. 

The velocity-curves plotted from our data give no clear-cut indication of systematic 
differences in mean velocity. With the possible exception of Si 11, all are consistent with 
a mean velocity of about — 2 km/sec. Si 11, of group c, has a mean velocity of 0.1 km/sec. 
Struve and Swings, on the other hand, found systematic differences, with Mg 11 giving 
—9 km/sec in the mean and Sr 1 giving +7 km/sec. 

The diversity of form and amplitude of the velocity-curves of the various elements 
suggests that their classification into three groups, while useful in a preliminary discus- 
sion, may have limited physical significance; this is emphasized by the difficulty of clas- 
sifying the curves of 77 1 and Sr tr. It is no doubt true, however, that the various rare 
earths have velocity-curves similar in form. 
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ABSTRACT 


Five spectrograms, dispersion 10 A/mm, were obtained during the time when the light was increasing 
after minimum. Near minimum, ground-level lines of Ca 1, Al 1, and A 1 became extraordinarily intense. 
Bright hydrogen lines appeared in low intensity about 50 days after minimum, with displacements alge- 
braically greater than those measured previously at maximum light. The emitting hydrogen atoms appear 
to have an outward acceleration until they disappear before the next minimum. The dark lines, on the 
other hand, yield about the same velocity shortly after minimum as they do at maximum. 


A previous article! on the long-period variable star R Hydrae 132422, period 387 days, 
class Moe, dealt with the spectrum from a few weeks before maximum light to about four 
months after maximum. The present article is based on five spectrograms, dispersion 
10 A/mm, obtained in the first few months of 1950 and of 1951 during the time when the 
brightness was increasing after minimum. I am grateful to I. S. Bowen and O. C. Wilson 
for taking two plates with the coudé spectrograph of the 200-inch telescope, one of which 
is especially important because it was taker only 18 days after minimum light. Pertinent 
data are in Table 1 and Figure 1. The light-curve was supplied through the courtesy of 


TABLE 1 
SPECTROGRAMS OF R HYDRAE 


VELOCITIES 
(Ku/Sec) 


Ce 6163 1950 Feb, 22 3335 7.7 72 -10.0 39 (—12) 
Pe 50 1951 Jan. 21 3668 x9 18 - 9.0 54 

Ce 6884 Feb. 24 3702 7.6 52 7.4 59 (—11) 
Pe 65 Mar. 19 3725 6.6 75 6.9 77 —12 
Ce 6961 Mar 63 8 


Mrs. M. W. Mayall, of the Harvard Observatory. The curve differs from the typical 
curve of a long-period variable in that the rising branch is no steeper than the declining 
branch. 

The spectrum at minimum differs markedly from that at maximum. Emission lines 
are weak or absent, while 77O bands are much stronger. Ground-level atomic lines, espe- 
cially of metals of low ionization potential, become extraordinarily intense. Notable ex- 
amples are \ 4227 Cat, LP. 6.0 volts; \ 3944, \ 3961 1/1, LP. 6.1 volts; and \ 4044, 
\ 4047 AK 1, 1.P. 4.3 volts. In Figures 2 and 3, the 4/1 and K 1 lines on plate Pe 50 taken 
near minimum are compared with the same lines on a previous plate near maximum. 


1P.W. Merrill, Mt. W. Contry., No. 717; Ap. J., 103, 6, 1946. 
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Fic. 1.—Light-curve of R Hydrae, showing dates of spectrograms 


Ce 3390 


All 3944 Ail 396) Call 3968 
Fic. 2.—Comparison of lines of Al in the spectrum of R Hydrae. Above, Ce 3390, taken on Febru- 
ary 10, 1944, magnitude 4.7, 19 days before maximum. Below, Pc 50, taken on January 21, 1951, magni- 
tude 8.9, 18 days after minimum. The scale of the lower tracing is slightly greater than that of the upper. 


Ce 3390 


KI Fel KI 
4044 4046 4047 


Fic. 3.—Comparison of lines of A 1 in the spectrum of R Hydrae. Above, Ce 3390, taken on Febru- 
ary 10, 1944, magnitude 4.7, 19 days before maximum. Below, Pe 50, taken on January 21, 1951, magni- 
tude 8.9, 18 days after minimum. The scale of the lower tracing is slightly greater than that of the upper. 
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These lines are sensitive indicators of temperature; they should be subjected to quanti- 
tative study at various phases of the light-cycle. For the A/1 lines the form of the profile 
as well as the equivalent width may be of interest; on the maximum plate (Fig. 2) the 
lines are asymmetrical, having wings on the longward edges of strong cores. Micrometer 
measurements of these cores show them to be displaced —0.07 A with respect to numer- 
ous other dark lines. On the minimum plate the 4/1 lines are about as strong as H and K 
of Cau, an effect seldom seen in stellar spectra. The surprisingly high intensity of the 
Ca ut lines near minimum light may be due to the extremely low density of the star’s 
outer atmosphere. The Fe 1 line \ 4045, E.P. 1.5 volts, appears in Figure 2 to be weaker 
at maximum than at minimum, but this is probably due partially to the filling-in of the 
shortward side by emission; possibly at minimum the dark line is reinforced on the 
shortward side by another dark line too close to be seen separately. 

One or more bright lines of the Balmer series were measured on all plates except Pc 
50, the intensity increasing from month to month after minimum. The first one to appear 
is 116, which is notched by a minimum whose wave length is close to that of the / 1 line 
\ 4101.76. Because the bright lines have a negative shift with respect to the dark lines, 
the /n line lies clearly longward from the center of 16. The apparent maximum of the 
bright 6 line would yield a fictitiously large negative displacement. 

On plate Pe 50, the bright Fe 1 line \ 4308 is clearly seen, a holdover from the premin- 
imum phase; another holdover line, Mg 1 4 4571, was probably bright at the same time 
hut was not included in the spectral region observed. Both of these bright lines disap- 
peared before the next plate was taken. On the following plates two bright lines of S71 
and one or two of Fe I! were present. 

Radial velocities derived from bright and dark lines are listed in Table 1. The veloci- 
ties from the bright hydrogen lines are considerably higher algebraically than those 
measured previously at maximum light. The new results combined with the earlier ob- 
servations! indicate that, from the first appearance of the bright hydrogen lines during 
the rising phase of the light-curve to their disappearance before the next minimum, their 
radial velocity falls continuously through about 13 km/sec. This represents an outward 
acceleration of the emitting hydrogen atoms as they rise through the star’s atmosphere. 

The dark lines, on the other hand, yield about the same velocity shortly after mini- 
mum light as they do at maximum. There is a drop of some 8 km/sec after maximum.! 

Generally speaking, the motions of the reversing layers of Me variables are relatively 
small and appear to differ not only from star-to star but from cycle to cycle in the same 
star. At present, general conclusions concerning pulsations of the reversing layer or other 
types of systematic motion affecting the dark lines are most uncertain. 
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ABSTRACT 

This paper presents a brief survey of S-type spectra based largely on spectrograms with dispersion 
9 A mm of eight stars obtained by I. S. Bowen with the 200-inch telescope. The intensities of several 
groups of absorption lines and bands and of the more important emission lines are compared in various 
stars. Radial velocities from both bright and dark lines and a supplementary list of absorption lines iden- 
tified in the green region are included. The remarkable behavior of certain bright lines of V1 and of Crt 
in the spectrum of R Cygni is described. 

The spectrograms that, many years ago, led to the recognition of a third type of red 
stars! paralleling the M-type and N-type branches were taken with the 60-inch and 
100-inch telescopes with a dispersion at Hy of about 35 A/mm.’* The spectrum was well 
shown only between 16 and Hy. More recently, special studies of R Andromedae*’ and 
of x Cygni,® a long-period variable apparently intermediate between classes M and S, 
were made with a scale of 10 A/mm, and the spectral region studied was extended short- 
ward to about A 3400. With the 100-inch telescope, unduly long exposures would be re- 
quired to obtain satisfactory spectra of additional! stars on the same scale. The Hale tele- 
scope, with its greater light-gathering power and its larger coudé spectrograph (allowing 
the use of a wider slit), has greatly reduced the necessary exposure times and has thus 
made it feasible to obtain observations of additional S-type stars. 

This paper presents a brief survey of S-type spectra based largely on spectrograms of 
eight of the brighter S-type stars (Table 1) obtained by I. S$. Bowen during the course of 
testing and adjusting the 200-inch telescope and coudé spectrograph. I am greatly in- 
debted to him for these valuable photographs. 

The new material provides more detailed information than that previously available 
concerning the atomic lines in the spectra of six long-period variables near maximum 
light; one irregular variable of small range, AA Cygni; and one nonvariable star, HD 
22049. Three plates of R Cygni at intervals of a month show marked changes, especially 
in the bright lines. 

The intensities of several features of the spectrum are indicated by the estimates in 
Table 2. Several additional variables are included for comparison. The wave lengths upon 
which these estimates are chiefly based are listed in Table 3. 

Estimates of the intensities of ZrO and TiO bands are accordant with those previously 
made? on low-dispersion spectrograms. Stars with pure, well-advanced S-type spectra— 
bands of ZrO well marked, those of 770 weak or absent—are R Gem, T Sgr, and R Cyg. 
The star R And is of type S with fairly strong bands of 770. Stars that may be said to 
be intermediate between types S.and M are U Cas, HD 22649, AA Cyg, Z Del, and 


1 Trans. 1.4.U., 1, 98, 1922. 

2P.W. Merrill, W. Contr., No. 

3P.W. Merrill, Wt. W. Contr., No. 

+P. W. Merrill, Wt. W. Contr., No. 730; Ap. J., 105, 300, 1947. 
5P.W. Merrill, Mt. W. Contr., No. 743; Ap. J., 107, 303, 1948. 
W. Merrill, Aft. W’. Contr., No. 735; Ap. J., 106, 274, 1947. 
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x Cyg. An example of pure 'M type is R Leo; o Cet and R Hya are principally M type 
loys with departures in the direction of the S-type characteristics. 

Lines of Ba 1 \ 4554 and A 4934 appear especially strong in S-type stars. In comparing 
estimates of their intensities in various stars, however, it should be remembered that 
TiO bands, when present, tend to obscure these Ba 1 lines. 

The intensities of certain low-temperature (ground-level) lines (Tables 2 and 3) may 


TABLE 1 
SPECTROGRAMS OF S-TYPE STARS TAKEN WITH 
THE 200-INCH TELESCOPE 
(Dispersion 9 A/mm) 


Period Plate 


Mag. 
(Days) Pe 4 1951 “| from Min. 


Range 


Star Desig 


U Cas 004047 7.7- 15.0 281 127 July 25 8 . 
22 = 2 141 | Aug. 19 5.3 30 
R Gem 070122 6.5- 14.3 370 68 Mar. 23 | 7.9 +39 305 
110 | June 21 | 80 | +9 | 305 
S UMa 1239061 7.0- 12.0 | 229 | | jan 14*| (8:5) | (210) | 190 
T Ser 1910/7 | 7.2-<13.1 | 306 | 124 | July 21 | 8.4 | +18 | 264 
(137 Aug. 19 8.6 —39 | 280 
R Cyg 193449 5.6- 14.4 428 154 Sept. 16 7.9 | —11 300 
191 Oct. 16 8.0 +19 | 342 
AA Cyg 200036 8.4- 92 | 202. 115 | June 26 | (9) 
Z Del 202817 8.2- 14.0 304 112 June 22 2.5 +20 400 


TABLE 2 
INTENSITIES OF LINES AND BANDS 


EMISSION 


ABSORPTION 


ZrO TiO Ba ut Feu Sit Int Cot 
Temp | 


R And Ce 3522 8 3 5 8 4 10 3 3 3 2 
U Cas Pe 427 7 z 5 6 3 10 3 1 3 1 2 
HD 220649. Pc 192 2 2 5 6 1 0 0 0 0 0 0 
R Gem Pe 68 5 0 10 7 5 10 3 z 2 3 3 
S UMa Pe 110 1 0 7 4 1 10 3 1 2 1 1 
T Ser Pe 124 7 0 7 5 3 10 3 2 3 4 3 
R Cyg Posts? 10 ) 10 5 3 10 2 2 2 2 3 
\A Cyg Pe 135 8 7 7 & 4 0 0 0 0 0 0 
Z Del Pe 4i2 2 7 3 3 ! 10 3 1 2 0 2 
x Cyg Ce 3762 5 20 3 10 g 10 3 2 5 4 2 
ae Ce 4109 1 15 1 7 2 3 1 0 Z 1 9 

Ce 5925 ! 10 2 6 1 10 3 1 2 0 1 
R Hya Ce 3390 H 15 3 7 1 7 3 1 3 0 1 
R Leo x 40, 0 20 1 10 0 10 4 | 4 6 3 0 


| 
Phase 
i Max 
— 
{ 
4 | * 1952. 
STAR 
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be taken to indicate the temperature of the reversing layer, 8 or 10 corresponding to 
about 2300°, lower intensities to higher temperatures. 

Lines of Tc 1, an element believed to have no completely stable isotope, appear to be 
stronger in the stars with the more dominant S-type characteristics. This fact, together 
with others, might suggest that S-type stars represent a comparatively transient phase 
of stellar existence. 


TABLE 3 


WAVE LENGTHS OF FEATURES USED FOR ESTIMATES 
IN TABLE 2 
Ident. Wave Length 
ABSORPTION 
4471, 4620, 4638 
TiO. 4584, 4626, 4761, 4955 
4554, 4934 
Low-temp.: 
All 3944, 3961 
Et. 4044, 4047 
Cal 4226 
Cri 4254, 4274, 4289 
at 4607 
Pet... . 4031, 4238, 4262, 4297 


EMISSION 
HB-H11 
Fe. 4233, 4583, 4924, 5018 
Met [3829, 3832, 3838 
5167, 5172, 5183 
3905, 4103 
Int 4511 
Cal. 3894, 3997, 4118, 4121 


Identified absorption lines in the green in addition to those recorded in Table 2 of 
Mount Wilson Contributions, No. 743,° are listed in Table 4. 

The radial velocities of these eight S-type stars measured on the coudé spectrograms 
are recorded in Table 5. They do not differ greatly from those measured previously’ with 
low dispersion. The relative displacement of bright and dark lines tends to increase with 
the period of light-variation, but for the longer periods the difference is somewhat less 
than that previously found.* 

In addition to the bright lines mentioned in Mt. W. Contr., No. 730,* Tables 7-12, the 
green lines of Mg 1 AX 5167, 5172, 5183 have been observed in emission in several S-type 
variables. These, like the ultraviolet lines AA 3829, 3832, 3838, behave so differently from 
the postmaximum line Mg 1 \ 4571 that they must be produced by a different mechanism. 
The upper level of \ 4571, 4°P®, is fed by the emission of \ 3832 and of \ 5172, but toward 
minimum light the population of this level must be increased by some other process. A 
promising investigation would be a comparative study of multiplets 1, 2, and 3 of Mg1 
in the spectrum of an S-type variable at various phases of its light-cycle. 


7P.W. Merrill, Wt. W. Contr., No. 649; Ap. J., 94, 171, 1941. 
5 P.W. Merrill, Wt. W. Contr., No. 644; Ap. J., 93, 380, 1941. 
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TABLE 4 


ADDITIONAL ABSORPTION LINES IN SPECTRA OF CLAss 5S* 


> 


4799.7 
$937 
1939 
4947 
1W64 
1977 


5086 
1978 5008 
1- 5099 
5021 5101 
5025.5 Ti 5107 
5035 Ti 5110 
5036 ] 5123 
5038 Ti 5127 
5039 Ti : 5133 
S040 Ti 38 5142 
5041 re 5147 
S041 3 5152 
5043.58 Ti : 5166. 2 
5445 ‘i 5108 
5046 5171 
5048.75 
5049.8 5192.7 
3051.6 re 16 bl 5206 
5051 ‘ bl 5208 
5053.. 5210.. 
5065.98 1 110 5219 
S008 2 20 S220. 
5070. 2: Sc 13 §247 
5071.48 ] 110 5247.5 
5072.92 5254 
5075.8 Se 13 5204 
5078 2 62 5265.7 
5079 2. re 66 


Oc 


T., 107, 3034, 1948. 


TABLE 5 


RADIAL VELOCITIES OF S-TYPE STARS 


EMISSION 


(Ku /Sec) 
PHASE 


(Days) 


U Cas 
HD 22649 


R Gem 
S UMa 


Ser 


R Cyg 


— 


AA Cyg 
Z Del 


a 
Mult El Mult 
9 V 3 5079 Fe 16 
) Ti 39 5081 KY 13 
le 16 5083 le 16 bl 
Ti Se 13 bl 
li 1 So) 13 
Se 13 
le 66 
Se ] 
Se 13 
le 16 
ke ; 
Fe 16 
| Fe 16 
| Zr 27 
3 le 16 
8 Ti | 
Ti 
Ke 
ke 
le 
Ti 
7 
4 ¢ r 
Cr : 
Ti 
Ke 
5 Fe bl 
6 Cr bl 
6 Fe 
5 Cr | 
*See Mt. W. Contr., No. 743; Ap. 
| 
Ans. 
| LINES 
Misc. 
127 + 5 —59 49 
192 31 
68 +39 — 53 — 5] —40 121 
254 (—10) + 1 +11 24 g 
124 +18 —10 +5 64 
137 — 39 —40 — 39 —23 90 
19] +19 —48 —42 —32. 126 
| 115 | 183 
112 +20 +24 +23 +36 37 
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In the spectrum of R Gem, Plate Pc 68, numerous bright lines in addition to those of 
H are present. Elements represented are Mgt, Sit, Ti m?, V 1?, Cr1?, Fei, Fe 1, Co 1, 
Nut, Int. 

An even more remarkable set of bright lines is present on the first plate, Pe 137, of 
R Cyg. In Cr rall the strongest lines of multiplets 23, 24, 25, and 26 are present. Table 6 


TABLE 6 
EMISSION LINES IN THE SPECTRUM OF R CYGNI 


Pe 137 


INTENSITY 


a®D 


15 


e 


Cri(22) a’ D—z5F° 


mw 


~ 


bo 


shows the relative intensities in laboratory and star. The spread appears to be considera- 
bly less in the star. An equally interesting example is furnished by multiplet 22 of Cr1 
(Table 6). Here the correspondence of intensities is poor, the lines from upper-level z°F° 
appearing to be unduly intense in the star. The energy of this level corresponds to a line 
of wave length 3247.18 A. This wave length is 0.36 A shorter than that of a strong line of 
Cut, but the near-coincidence is probably not significant. The bright lines of Table 6 are 
much stronger on plate Pe 137 taken 39 days before maximum light than on plates 


. 
: 
J 
Lab. Star — 
V1 (24) 
4209.86 20 1 
4198.61 4 0.7 
: 218.7 
4218.71 4 
4219.51 2 0.3 
4189.84 12 0.7 
4182.59 10 1 
4191.56 10 1.4 
4179.42 43-43 = 1.6 
4159.69 33-44 8 1 
4351.77 100 | 
4344.51 - 100 Tr 
60. 
4337.57 Tr — 
4384.98 1 
4371.28 3 
4359.63 1 
4351.05 3 
4412.25 1 
4391.75 1.5 
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taken, respectively, 28 and 58 days later. Thus they behave differently from most emis- 
sion lines in the spectra of long-period variables, in that they are strongest a month or 
more before maximum light. The curious behavior of these emission lines poses several 
interesting problems: (1) Why are certain multiplets emphasized? (2) Why do the rela- 
tive intensities of the lines differ from those in the laboratory? (3) Why do the intensities 
decrease so abruptly as the star approaches maximum light? R Cyg obviously deserves 
intensive spectroscopic observation at various phases of the light-cycle. 


I wish to thank Mrs. Mary Coffeen for valuable assistance in measuring and com- 
puting. 
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THE SPECTRUM OF THE ECLIPSING VARIABLE R ARAE 


JoRGE SAHADE 
Observatorio Astronémico de Cérdoba, Argentina 
Received February 25, 1952 


ABSTRACT 


R Arae is probably a system similar to 8 Lyrae, and the differences in spectroscopic behavior between 
the two systems may be due principally to differences in the relative dimensions of the objects. The spec- 
trum is B9 and shows changes throughout the cycle of light-variation. The secondary spectrum is not 
observed even at mid-eclipse. Photoelectric observations of R Arae and an orbital solution from them 
are highly desirable. 


R Arae! is another southern eclipsing variable on the writer’s observing program, the 
photometric elements of which suggest that the star is promising for spectrographic 
observations. The material on which this investigation is based includes 118 measurable 
plates obtained through the years 1946, 1947, 1948, 1950, and 1951, with a dispersion 
of about 42 A/mm and a projected slit-width which varied from 0.019 to 0.038 mm. 
Prior to October, 1946, the exposures were made on Eastman 103-O plates, thereafter 
on Eastman 103a-O emulsion; there are also some exposures taken on Eastman 103-F, 
103a-F or 103a-E emulsions, practically always trailing the star along the slit. 

The variability in light of R Arae was discovered by Roberts? at Lovedale in 1892. 
He readily established its Algol type of variation and determined a light-curve, based 
on 958 visual observations, which ‘‘on either side of minimum can be represented under 
the form Mag. = m+ aft + Bf, where m is the magnitude at minimum, and / the time 
to or from minimum. The light changes are completed in 9"12™. There is no stationary 
phase at minimum, and only the slightest evidence of a secondary minimum.”* Accord- 
ing to Roberts, the magnitude is 6.8 at maximum and 7.9 at the middle of primary 
eclipse. 

R Arae has been further studied photometrically by Hertzsprung* and by Mrs. C. 
Payne-Gaposchkin.® The former derived, for the epoch of minimum, the expression 


JD 2425818.028 + 4.425 07E days + 0.007 + 0.00003 (m-.e.) , 


“which does not indicate any change of period since the observations by Alexander W. 
Roberts.”” Hertzsprung’s expression has been used for the computation of the phases of 
our spectrograms; the time of minimum thus computed seems to fit the present spectro- 
graphic observations. 

Mrs. Gaposchkin’s study of 1340 estimations on Harvard plates led to the follow- 
ing elements: 


Period... . 4.42509 days 6.97 mag. 
6.05 mag. My. 6.20 mag. 
Ms. 6.05 mag. 


1a = 16°35"; 6 = —36°54’ (1950.0). h 4866 A = CD—56°6482 = CPD—56°7804 = GC 22364 = 
HD 149730 (Sp. B9). 


2A.J., 14, 113, 1894. 
A.J., 21, 81, 1901. 
4 B.A.N., 9, 277, 1942. Some of the magnitude estimations used by Hertzsprung were made by Kruyt- 
bosch. 
8 Harvard Ann,, 115, 46, 1945. 
27 
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(the epoch 2429433.348 being perhaps a good starting point”). “DD ~ 0.12 P. The light 
curve isa 8 Lyrae type with two well-defined minima. The period of R Arae seems to be 
constant within the 45 years of our observations.’ In his recent catalogue, Plaut’ states 
that “the [Harvard] magnitudes probably include the light of the visual companion.” 

R Arae shows only one spectrum, of type around B9, whose spectral features undergo 
changes throughout the cycle of light-variation (Fig. 1); they may not exactly repeat 
themselves at different cycles and may even be slightly different on consecutive plates. 

The //, lines, around mid-eclipse, are faint. Immediately after it, the lines begin to 
deepen and to be better defined, and at phase 0.09 days they are sharp and strong. This 
is the general appearance of the H lines, which sometimes even look like ‘‘shell’’ lines, 
suggesting that they are produced in a gas of low pressure, of a density somewhat differ- 
ent at different phases and/or cycles. However, on some plates between phases 0.28 and 
0.35 days the lines look narrow and flat-bottomed; on those taken at phases 0.64, 1.61, 
1.76, 2.23, 2.89, 2.96, 3.08, 3.18, 3.67, 3.76, and 4.24 days the H/ lines are also narrow but 
are fainter than usual, suggesting a smaller optical depth; or they give the impression of 
a core superimposed upon a wider and shallower line, as at phase 3.32 days. This under- 
lying and relatively wide line is seen alone at phases 0.5—0.6, 1.4, 2.0, 2.77, and 3.91 days. 
At phases 0.92, 0.97, 1.26, 1.29, 1.50, 1.64, 2.08, 2.19, 2.27, and 2.34 days the H lines 
are strongly asymmetric, with a sharp violet core, giving the appearance of double lines 
but with such a profile that there is no doubt that we are dealing with a stellar line upon 
whose violet edge the quite narrow and strong core is superimposed. After about phase 
2.4 days there may still be a slight asymmetry in the 7/ lines, which seems to be in the 
opposite sense at around phase 3 days. The Balmer series is seen up to about 17 when 
the lines are narrow, and up to 1/15 when the lines are relatively wide. In order to find 
out whether or not the spectrum displays H/ emission at Ha, six plates were obtained at 
phases 1.355, 2.282, 3.078, 3.224, 3.269, and 4.121 days, on F or E emulsions; the ob- 
servational facts are that Ha in absorption is missing as though it were covered by emis- 
sion; that, at phases 1.355 and 3.078 days, very faint emission borders are suspected at 
Ha, in the first case, and at 4/8 and Ha in the second case; and that, at phase 4.121 days, 
there seems to be present a strong red emission at Ha. 

As far as the, K line of Ca 11 is concerned, it is extremely faint or absent around mid- 
eclipse, and, outside of it, it is usually narrow and relatively strong. However, sometimes 
it is relatively faint and wide, as at phases 0.35, 0.64, 1.64-1.76, 2.21, 2.27, 2.30, 3.16, 
3.43, 3.76, and 4.41 days; or it is extremely faint or absent, as at phases 0.50, 1.43, 2.00, 
2.10, 2.23, 2.96, 3.08, 3.18, 3.42, 3.45, 3.91, and 4.(6 days. At other times it is very sharp 
and gives the impression of being an interstellar line, as at phases 0.6, 1.26, 1.92, 3.07, 
3.34, 3.67, and 4.11-4.35 days. 

The He 1 lines are generally very faint, and, at around mid-eclipse, they are extremely 
faint or absent. 

Ona very few plates, the K line of Ca 1 and perhaps He 1 4026 look double, but they 
are very faint for measurement except on the plate taken at phase 0.972 days. 

The Mg 11 4481 line is very faint (on some plates it is practically absent )—too faint 
for the spectral type concerned and usually fainter than He 1 4471. But, in some cases, 
the situation is reversed, as observed at phases 1.663, 2.048, 2.152, 2.297, 2.959, 3.155, 
3.184, and 3.388 days. The behavior of the line of Mg 11 indicates that dilution effect 
of variable amount is present. 

The radial velocities of R Arae were determined by measuring the lines of H, Ca 11, 
Het, and Mg tin the wave-length interval \\ 3770-4482. As mentioned in the descrip- 
tion of the spectrum, the /Te1 lines are very faint, and, therefore, the measurement of 
this element has been limited to a small number of plates; furthermore, the lines meas- 


® Private communication of Dr. Sergei Gaposchkin, September 19, 1950 


7 Pub. Kaptevn Astr. Lab. Groningen, No. 54, 1950. 
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ECLIPSING VARIABLE R ARAE 29 
ured were very few, usually 4026, and/or 3820 and 4471. The measurement of the Mg 11 
line has been possible only on six plates. The wave lengths used are those which were 
employed in previous work. Table 1 gives the radial-velocity values for the individual 
plates, and Figures 2, 3, and 4 show their plots for the four elements measured. On the 
plot, “‘p” indicates a poor plate and the circles represent the results from the measure- 
ment of the red wings of the clearly asymmetric lines. The emission borders suspected 
on the plate taken at phase 3.078 days suggest velocities of +300 km/sec and the red 
emission on the plate obtained at phase 4.121 days ones of +280 km/sec. 

The double lines of Ca 11 and He 1, measured at phase 0.972 days, give —120 and +6 
km/sec for Ca 11, and —176 and —19 km/sec for He 1 4026. These values are not shown 


on the plots. 


kmysec 


Fic. 2.—Radial] velocities of R Arae from H 


If we combine the radial-velocity results with the spectral characteristics shown by 
our material, we may make the following statements. 

1. Immediately after mid-eclipse, according to Hertzsprung’s time of minimum, the 
velocities are more negative than the velocity of the system as suggested by the plots; 
therefore, we may conclude that, immediately after mid-eclipse, we face a mass of gas 
moving toward us. This seems to be true for H, Ca 11, and Het. 

2. After about phase 0.28 days the measured velocities of H are less negative than 
at the previous phases. The line profiles are sometimes suggestive of turbulent motion. 

3. After phase 0.35 days the H lines begin to look asymmetric, with a sharp violet 
core. This appearance is not very clearly defined until about phase 0.97 days, that is, 
near first quadrature, and we are therefore able to measure the core only after that 
phase. The asymmetry in the sense mentioned is clearly shown on several plates up to 
around phase 2.4 days. The core velocities are very negative. The measurement of the 
red part of the asymmetric lines gives high velocities of recession, which are indicated by 
circles on the plot shown in Figure 2, but these results are probably spurious because 
we may be measuring only a wing of the underlying line. Sometimes, during the asym- 
metric stage, the core is not shown, and the velocities obtained are more positive than 
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Date 


1946 Oct. 


1948 


1947 
1948 
1946 


1950 
1947 
1946 


1947 
1948 


1946 
1947 
1946 


1947 


1948 
1951 


1947 
1948 
1951 
1948 
1946 
1947 
1946 


1947 


1950 
1947 
1950 
1948 
1950 
1946 
1948 


1947 
1951 
1947 


June 


July 
June 
June 
May 
June 


Aug. 


Mar. 
Apr. 2 


Mar. 


June 


May 
Aug. 
May 


Oct. 
July 


Aug. 
Apr. 
Aug. 


Oct. 
June 
Aug. 
June 
May 
Aug. 
May 


Mar. 


July 2 


Oct. 


Aug. 
July 
Aug. 
June 
Aug. 
June 
Apr. 


June 


Apr. 2 


Mar. 
Sept. 
July 

Mar. 


) indicates a poor plate 


tw 


TABLE 1 


RADIAL VELOCITIES OF R 


PHRASE 
(Days) 


| 
| 


0.010 


3:42 

0.018 
0.036 
5:48 | 0.060 
2:58 | 0.061 
4:00 0.091 
8:45 0 
4:44 0 
5:12 0 
6:01 0 
0:01 0 

0.326 
7:07 0.329 
7:45 0.348 
8:32 0.351 
3:19 0.501 
5:06 0.575 
7:06 0.620 
2:17 0.638 
7:50 0.651 
8:40 0.686 
0:00 0.873 
2:26 0.919 
3:42 0.972 
2:10 1.058 
8:49 1.256 
0:33 1.293 
2:04 | 1.356 
3:22 1.410 
23:47 1.433 
1:46 1.436 
4:41 1.465 
3:20 1.502 
6:46 1.667 
1:34 1.608 
7:26 1.635 
8:08 1.663 
8:04 1.756 
8:50 1.788 
2:34 1.925 
23:36 2.000 
0:24 2.034 
1:45 2.048 
$242 2.077 
2:57 2.098 
3:52 2.099 
4:14 
5:46 2.165 
7:18 2.193 
7:47 2.213 
6:37 2.213 
8:13 2.23% 
8:40 2.250 
9:04 2.206 
6:41 2.274 
3:18 2.282 
1:18 2.297 
7:21 2.301 


t See text 
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Vetocities (Km/Sec) 


—101 


) 
PLATE | | U.T. | 
H* | Cam | Her | Men 
| 348 ic | = |...-- 
167 | - 67 we 
S 165 15 
P 6 -59 | — 41 
P S 166 15 ~ 
167 15 - —3 
168 15 -40 | — 24 
S 483 2 — 40 
484 Mmm i2 + 3 + 29 
of 1 147 | 
| 149 19 
618 10 +10 
76 11 — 55 
\ G 9 — 56 
S 583 28 -45 | —33 | 
b 584 28 — 89 t t 
596 6 + 34p + 31 
98 23 | —~86 | + 84 
4 1665 10 | — | | |. 
te i 1606 10 | — 98 | — 59 — 95 |.... 
1 156 20 wee 
638 | — 12 
639 +21 | +4 
175 —~53 | —42 | —85 | —43 
178 +o 
107 ~ 39 
108 24 - |. 
I 1095 a 2 | 
S 552 25 | — 88 
30 


TABLE 1—Contlinued 


Rapiat Vetocities (KM,'Sec) 


Het 


1947 July 
1946 Oct. 
1947 Oct. 
1946 Oct. 
1947 Oct. 
1946 May 


1948 Feb. 
1950 Aug. 
1951 Apr. 


—) 


1948 June 
1950 Aug. 

July 

Aug. 
1946 June 
1947 July 
1950 Aug. 

July 
1948 June 
1950 Aug. 

Sept. 
1951 Sept. 
1947 July 
1951 July 
1947 July 
1951 Aug. 

July 
1946 Oct. 
1947 Oct. 
1951 Aug. 

July 
1946 Oct. 
1947 Oct. 
1951 Aug. 


1948 Apr. 
1951 Aug. ; 
1948 Apr. 


1947 Mar. 


1948 June 
1951 Aug. 
1948 June 
1950 Aug. 
1946 July 
1951 Sept. 
1950 Aug. 
1951 Sept. 


iS) 


1950 Aug. 
Sept. 1: 
1947 Mar. 
1951 Sept. 
1950 Aug. 2: 


1947 July 
1948 June 23 
23 


Sim yields —5 km/sec. 


323 8 2.418 — 10 
6 2.425 — 51 
S 324 5 2.451 + 6 + 14 
0 2.470 2 + 2 — 80 
S405: 0 2.582 + §p]..... 
107 8 2.635 — 67p 
I 44 4 2.772 | +5! + 54 |.... 
1563 8 2.894 + 19 
1564 2 2.945 | + 19 — 24 nS i 
1387. 4 3.006 + 31 — 3 + 7 +36 a 
S 197. 0 3.084 + 46 + 67 
543. 5 3.100 | + 26 
I 1389. 8 3.155 | + 35 +10 +13 —25 
3.214 | +29 | + 20 
1699. 9 3.269 + 51 
S 562 26 7 3.317 | + 59 
I 1656 12 0 3.335 + 68 
S S63......| 26 9 3.300 | +95 | +54 | +39 |.... Se 
1657. 12 6 3.388 + 86 
Ges; | 4 23:40 3.428 +126 | +92 | 4117 |...... ae 
I 1676...._ | 1 0:20 |) 
1658. 12 4:46 3.444 | +102 | +49 
5 | 3.400 | +127 | | +77 
I 1677 21- | 6 3.486 | +92 | +118 
1678 6 | 3.542 +113 | +103 
87 D1 9 3.639 +63 | + 56 Be 
: 88 21 1 3.669 | +73 | + 29 
7 3.765 | +106 |..... 
I 139 3 3.908 | +141 |..... 
1674 2 3.909 | +44 |.... 
141... 7 | 4.001 | +106 |..... 
1402... | 5 4.028 +45 | +55 |. +24 |..-.... 
1419. 24 | 4} 
I 163 1:09 4.411 — 32p 
: 164... | 1:30 4.425 27 
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those from the core and much more negative than those from the red wings. At other 
times the red wing is practically absent. The behavior of the H lines at the phases under 
discussion suggests that we are observing a core produced in a mass of gas moving 
toward the observer and a wider and shallower line probably produced in the normal 
reversing layer of the primary star. Our belief that we are not dealing with two stellar 
lines arising from both components of the system finds confirmation in our failure to 
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observe double lines in the second half of the cycle, even at those phases where the 
measured velocities are strongly positive. 

4. From about phase 2.4 days to about phase 3.3 days the H lines are fairly narrow; 
if any asymmetry affects them, it must be very small. 

5. From about phase 3.3 days to about phase 4.0 days the radial velocities obtained 
are too positive, and the distribution of points is similar to the one characteristic of those 
systems with gaseous streams which belong to Struve’s group III.° In the present case 
this distribution is rather peculiar, showing two “humps” which seem to be real. The 
lines at the relevant phase interval are usually quite narrow, the impression being that 
the higher the velocity the fainter the lines. Furthermore, at the phases corresponding to 
the lowest values between the “humps’”’ the lines are wider. 

6. After phase 4.0 days, the lines usually are quite narrow and strong. 

Let us try to clarify the nature of this important system by combining the available 
photometric data with our spectrographic observations. Considering Mrs. Gaposchkin’s 
ranges for both minima of light and disregarding her ellipticity effect—which must be 
quite small in view of the Algol type of light-variation previously found by Roberts and 
in view of the values of the luminosities and radii of the components, namely, L, = 
0.56, L, = 0.44, a, = 0.11, 6, = 0.10, a, = 0.21, b, = 0.20, obtained by S. Gaposchkin‘® 
by assuming a “probably total’”’ principal eclipse—and assuming spherical and uniformly 
illuminated stars, we deduce, by the well-known formula, that the ratio of the mean sur- 
face brightnesses is about 4.4. This suggests that the spectral type of the secondary star 
is early F. If the primary eclipse were total or nearly so, we would have R, Rp ~ 1.8 
and L,/Ly ~ 1.3 (the subscript “P” designating the primary B9 star and “S” the sec- 
ondary component); therefore, this assumption implies that the spectrum at maximum 
must be double-lined and that at principal minimum we should observe only the second- 
ary spectrum. Actually, we do not observe a double-lined spectrum at maximum, and the 
spectrum of the secondary star is not observed even at mid-eclipse, when the magnitude 
falls off by about 1 mag. Hence we must conclude that the primary eclipse is far from total 
and that L, > L,. The assumption of the secondary eclipse being total or nearly so leads 
to_R,/R, ~ 0.8 and L,/L,~ 6.7, values more in accordance with the spectrographic 
results, but the fact that the principal eclipse is far from total does not allow us to con- 
clude that the secondary eclipse should be so. 

Now the fact that even at mid-eclipse we do not.observe the secondary spectrum re- 
quires that L,/L, > 2.5, and this, assuming J,//; ~ 4.4, leads us to a ratio R,/R, < 
1.3. However, we must have 7 ~ 90° (Gaposchkin’s® solution gives i = 85°8) because 
of the depth of the principal eclipse and because the spectral features observed are those 
usually associated with phenomena which are confined to a rather limited area about the 
orbital plane; and, if this assumption is a correct one, we cannot escape from the con- 
clusion, in view of all the former considerations, that the secondary star has a radius 
smaller than the one of the principal component. 

As far as the interpretation of the spectroscopic behavior of the system is concerned, 
we believe that we are dealing with a close binary system showing gaseous streams, 
with Kuiper’s ejection mechanism of type B at work.° Let us refer to the // radial veloci- 
ties. The mass of gas moving toward us, immediately after mid-eclipse, is interpreted as 
the escape of gas through the Lagrangian point LZ, of the probléme restreint. And the nega- 
tive displaced core which is clearly observed until about phase 2.4 days must be pro- 
duced in an expanding ring formed by the material escaping through L»2, the velocity 
of expansion being of the order of 100 km ‘sec. After about phase 2.4 days the density 
of the expanding material must be such that we are not able to detect its absorption 
effects. The peculiar distribution of velocities after phase 0.75P should result from 


8 Observatory, 71, 197, 1951. 
J., 93, 133, 1941; McDonald Contr,, No. 28, 
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the motion of gases inside the Jacobian critical equipotential surface as described by 
Struve!’ in his George Darwin Lecture. The rapid decline and recovery of the H veloci- 
ties around phase 3.65 days, which remind us of a somewhat similar phenomenon ob- 
served by McNamara" in U Sagittae, may be connected with the actual shape of the 
critical equipotential surface along which the gases move. Within our interpretation we 
would expect to observe, before phase 0.257, a symmetrical behavior of the gases inside 
that equipotential surface; but our failure in observing this feature may mean only that 
we have here another case in which the two halves of the stream are not alike, as has 
already been found, and which may be due to differences in ionization.” Furthermore, 
the phenomenon described by Struve!* of the behavior of the H lines near eclipse in 
systems such as U Cephei may also affect the spectrographic results around eclipse and 
may explain our failure in observing high positive velocities after about phase 4.0 days. 

If our interpretation is correct, we should conclude that we are dealing with a system 
similar to 8 Lyrae,'' and the differences in the spectroscopic behavior of both systems, 
such as the lack of “satellite” lines during eclipse in R Arae, should be attributed to 
differences in the relative dimensions of the systems. In the present case the ratio of the 
radii must be nearer unity than in the case of B Lyr. 

Let us see whether or not we can uncover some further information from the spectro- 
graphic results. We may disregard the peculiar distribution of points after 0.75P and 
try to disregard the effect of the expanding ring; and, in doing so, we estimate A in 
around 60 km see, which implies a; sin 7 ~ 3.6 X 10®&km and f(M) ~ 0.10 ©. If we as- 
sume for the B9 star a mass of around 4 ©, it results that the mass of the secondary star 
is of the order of 1.4 ©, or that the mass ratio is nearly 3. The secondary star would, 
then, be of spectral type F. The eccentricity suggested by our 7 plot must certainly be 
spurious and produced by the effect of the expanding ring, but our conclusion is valid 
even for a value of e as large as 0.3. 

Our system does not show strong emission lines; perhaps McNamara’s" remark with 
respect to U Cephei may be also applied to R Arae. 

The plot for Ca 11 seems to suggest that the expanding gases are very poor in Ca II, 
and, in the first three-quarters of the cycle, the stellar line may in some cases be blended 
with an interstellar line. The atoms of Ca 11 within the gaseous stream observed after 
phase 0.7597 produce the same effect as the /7 atoms. 

The results from //e 1 are too few in number to enable us to draw any definite conclu- 
sion, but it seems that He1 shares the behavior of H/. 

In short, all our conclusions place R Arae in Struve’s group IV° of close binary sys- 
tems, whose prototype is 8 Lyr. It would be formed by a B9 primary and an F second- 
ary, with Ly > L,, M@, > Mt, and R, > R,. But we are also led to the conclusion 
that an accurate photoelectric light-curve of R Arae and a solution from it should be 
highly desirable. With this information, we shall be able to decide whether our interpreta- 
tion and conclusions are correct or whether they should be modified. 


lam greatly indebted to Drs. E. Gaviola, J. Landi Dessy, and R. Platzeck for kindly 
securing for me several spectrograms of R Arae and also to Mr. Julio Albarracin for 
assisting in the computation of the radial velocities. 


’M.N., 109, 487, 1949, 

"Ap. J., 114, 513, 1951. 

@Struve, Pub. A.S.P., 60, 160, 1948. 

'§ Address of the retiring president of the American Astrcnomical Society, Pop. Astr., 58, 7, 1950. 


“Struve, 1p. J., 93, 104, 1941. Our statement that R Arae seems to be a system similar to 8 Lyr does 
not imply, of course, the remarkable spectroscopic features which are characteristic of the spectrum of 
the latter. 
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THE SPECTRUM OF S VELORUM 
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ABSTRACT 

The system of S Velorum is a binary composed of an A5 V and a K5 III star, with gaseous streams 
similar to those previously found in several! other eclipsing variables. The primary star displays double 
emission of H, each component of which undergoes eclipse by the secondary star. The latter, which is 
observed only during eclipse, displays central emission of Ca 11. This seems to be another case in which 
one or both components depart from the mass-luminosity relation. The velocity of rotation suggested by 
the observations is larger than the orbital velocity. There is evidence that the scatter shown by the 
H radial velocities is produced by the effect of prominences in the A5 star. Struve’s “peanut model’’ 
seems to hold for the streams of Ca 11, but in the case of those of HW we may be dealing with Kuiper’s 


ejection mechanism of type A. 


Among the southern eclipsing stars on the writer’s observing program with the 154- 
cm Bosque Alegre reflector, S Velorum! was very promising because of the large differ- 
ence between both minima of light. The spectrographic material for the present investi- 
gation—eighty-eight measurable plates—was obtained principally through the years 
1950 and 1951, with the Wood-grating spectrograph, which gives a dispersion of about 
42 A/mm, and, except on four occasions, with a projected slit-width of 0.038 mm. The 
star was usually trailed along the slit, its projected length being of 0.22 mm. Eighty-six 
of the plates secured were taken on Eastman 103a-O emulsion, and two on Eastman 
103a-E emulsion. At maximum light, the exposure times on the O plates were of the order 
of 1 hour. The ratio of the exposures for obtaining the spectrum of the primary star and 
that of the secondary star was of the order of 1:9 or 1:10. 


PHOTOMETRIC ELEMENTS 


The variability in light of S Vel was discovered by Weods? in 1894 at the Cape Ob- 
servatory and was confirmed the same year by Roberts,’ at Lovedale. Roberts‘ found 
that ‘the variation [is] very regular, and of well defined [Algol] type.”’ Furthermore: “the 
nearer to minimum stationary period the more rapid the variation. The passing into and 
from the stationary phase is abrupt ; the form of the light-curve at these two points being 
practically a right-angle.”” His published elements, derived from 648 visual observations, 


are as follows:*° 
Period 542224™21°1 or 5.933577 days 
Descending phase... . 4520™ 
Stationary phase at minimum. . 6°18" 
Ascending phase. . 4>20™ 
Epoch of middle of minimum. 1900 Jan. 143"43™12* (G.M.T.) 
or JD 2415021.155 


In his classical “‘study of the orbits of eclipsing binaries,” Shapley* considered Roberts’ 
published observations—173 in number—for the determination of the orbital elements 
of S Vel, which were classed among the “first-grade orbits.” Shapley’s elements’ are 
given in Table 1. 

Yq = 9h31™4; § = —44°59’ (1950.0). CD—44°5573 = CPD —44°3864 = HD 82829 (Sp. AO). 

2 Chandler, A.J., 14, 53, 1894. 5 Vierteljahrsschrift d. Astr. Gesellschaft, 51, 357, 1916. 

3.4,J., 14, 113, 1894. ® Contr. Princeton U. Obs., No. 3, p. 17, 1915. 

*4.J., 21, 81, 1901, 7 [bid., pp. 82, 83. 
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\ new photometric investigation of S Vel has recently been made on Harvard plates 
by S. Gaposchkin,* who was able to detect the secondary minimum. Gaposchkin’s ele- 
ments are the following ones:® 


Period 5.933093 davs Light of brighter component . 0.76 
Maximum 8.35 mag. Light of fainter component . 24 
Primary minimum 9.89 mag. Radius of brighter component.... 0.12 
Secondary minimum & 38 mag. Radius of fainter component 0.25 


TABLE 1 


SHAPLEY’S ELEMENTS OF S VEL 


Uniform Darkened 


Magnitude at maximum 7.85 mag. 
Range of primary minimum. . 1.39 1.39 mag. 
Range of secondary minimum {0.06} 10.12] mag. 
Semiduration of primary... 0.322 0.343 days 
Semiduration of totality. 0.120 0.106 days 
ao 1.00 1.00 
Light of brighter component. 0.722 0.722 
Radius of brighter star. 0.104 0.121 aj+az 
Radius of fainter star. . . 0. 230 0.233 
cos ¢... 0.000 (QO) 

Ratio of equatorial radii 1.00 1.00 
Ratio of surface intensities 13.0 9.6 


* The darkened solution is restricted by the necessity of a central eclipse” 
Contr. Princeton U. Obs., No. 3, p. 96, 1915). 


(Shapley, 


When this paper was being written, Dr. D. O’Connell, S.J.,!° very kindly communi- 
cated to the author some of his unpublished results from photographic observations of 
S Vel. They are as follows: 


Epoch of minimum (heliocentric).......... JD 2430786. 862 
Period 5.93367 days 
Maximum. . 8.03 mag. 
Primary minimum 10.50 mag. 
Secondary minimum. ’ 8.06 mag. 
Duration of primary.... 0.576 days 
Duration of totality 0.236 days 
Ratio of radii both stars ~ 0.55 

Ratio of surface brightnesses ~30 


Indication of slight ellipticity 


Phe photometric observations of S Vel, therefore, agree in indicating that we are deal- 
ing with a binary system in which the fainter component—that is, the star which is in 
front during primary minimum—has a radius about twice the radius of the brighter star 
and that the distance between their centers is nearly 4.5 times the former’s radius. 

In view of the ratio of the surface brightnesses which is suggested by the light-ele- 
ments, it is safe to conclude that the spectrum taken at maximum light cannot be notice- 
ably blended with light from the larger and fainter star. 


* Harvard Ann., 115, 197, 1950. 


' Private communication of May 24, 1950. 


Private communication of October 3, 1951. 
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As far as the orbital eccentricity is concerned, O’Connell'® states that “the secondary 
minimum is so very shallow that there seems no hope of learning anything about the ec- 
centricity of the orbit from the light-curve.”” However, from his mean light-curve, he 
“would take secondary minimum of S Vel as halfway between primary minima, but the 
minimum is so shallow that a displacement of, say, 0°01, or perhaps even more, would 
be consistent with my observations.””!! 

There is a discrepancy between Gaposchkin’s and O’Connell’s photographic depths 
for primary minimum, of nearly 1 mag. Roberts’ visual range and the spectral type of 
the secondary star suggest that O’Connell’s value is in order." 


THE TIME OF MID-ECLIPSE 


The estimations of the star’s brightness at the finder of the telescope suggested that 
the time of mid-eclipse actually falls too late when one computes it by means of Roberts’ 
period and too early when one computes it by means of Gaposchkin’s period—in both 
cases by taking as the starting point Roberts’ value for the epoch of primary minimum. 
This was corroborated by the consideration of the spectral features as recorded on differ- 
ent plates, of the effective times of exposure, and of the distribution of the radial veloci- 
ties at some critical phases which led to the conclusion that the time of mid-eclipse cor- 
responds to about phase 5.78 days, as computed with Gaposchkin’s period. 

O’Connell’s time for primary minimum does fit the Bosque Alegre observations, and, 
accordingly, the phases of the different spectrograms for the tabulation and plotting of 
the measured radial velocities have been computed with the expression 


JD 2430786.862 +5.93367E days ; 


and, in the discussion of results, phases 5.646, 5.816, 0.118, and 0.288 days will be con- 
sidered to correspond to the times of beginning of eclipse, beginning of totality, end of 
totality, and end of eclipse, respectively, as indicated by O’Connell’s elements. 

Father O’Connell also mentions'® that his period ‘‘fits my observations (from 1936 to 
1951). Gaposchkin’s period in Harvard Annals 115 definitely does not fit my observa- 
tions. Roberts’ minimum does not fit my elements. Perhaps the period is changing.”’ 

THE SPECTRUM 

The spectroscopic features shown by S Vel outside principal eclipse and during total 
phases suggest that we are dealing in this case with a system of two stars, one of A5e V 
type, the other of K5e IIT type (Figs. 1 and 2), the latter being in front during primary 
minimum. The spectrographic observations agree with the photometric ones in indicat- 
ing that the principal eclipse is total. 

At maximum light we see only the A5 spectrum with strong and relatively narrow 
lines of Ca m1 and H and faint metallic lines.'* The Balmer series is seen up to 1/16 or 
H17, which locates the star in the main sequence.'* 

The K line of Ca m undergoes changes throughout the cycle of light-variation. At the 
phases following eclipse, the line either shows a sharp core or is narrow with a flat bottom 


‘1! Private communication of October 25, 1951. 

12 After this paper was sent to press, the Library of the Cérdoba Observatory received a copy of the 
1951 Kukarkin and Parenago Supplement to their General Catalogue of Variable Stars, in which reference 
is made to a photographic photometric study of S Vel by Van Houten (Leiden Ann., Vol. 20, No. 7, 1950), 
who obtained the following results: Max. = 8.0 mag.; min. I = 10.8 mag.: JD 2429784.113 + 5.93366F 
days; D = 0.10P; d = 0.044P. 

13 Previous references to the spectral type at maximum light describe it as AO (Henry Draper Catalogue, 
etc.) or Al (Kukarkin and Parenago’s 1948 General Catalogue of Variable Stars and Plaut’s catalogue in 
Pub. Kapteyn Astr. Lab., No. 54, 1950). 

™ Unsild and Struve, 4p. J., 91, 365, 1940; Miczaika, Zs. f. 1p., 25, 268, 1948, 
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or sometimes even gives the impression that it is somewhat shaded shortward. Around 
0.5 P the line is asymmetric, shaded toward the red, shows a sharp violet core, or is flat- 
bottomed. Afterward, it is deep and fairly narrow. At the phases following 0.75 P the 
line widens again slightly, and on some plates the line looks shaded toward the violet. 
At the partial phases the Ca 1 line becomes less strong, and it is sharper in the ascend- 
ing than in the descending branch of the light-curve. The 7 lines are narrow and strong, 
but at some phases, especially after 0.75 P, they are slightly wider. The metallic lines of 
the A5 spectrum are faint, sometimes extremely faint. Mg 1 4481 is diffuse at times; its 
intensity suggests that some dilution effect is present. 

The AS spectrum displays double emission lines of 47, which were detected at Ha on 
two E plates; possibly the violet component is stronger than the red one. At the partial 
phases the emission components undergo eclipses: before mid-eclipse the presence of 
only a red component at //8 is suspected on two rather underexposed spectrograms, and, 
- after mid-eclipse, only a violet component is present at 8. The Ca lines of the AS 

component seem to share the same characteristics of the H lines, since violet bright com- 
ponents are present on the very good plates taken at phases 0.018 and 0.091 day. 

The spectrum of the secondary star, which is observed alone during total phases, also 
displays emission lines. The K5 spectrum shows central bright cores of Ca 11 H and k. 
Furthermore, at the total phases, the spaces corresponding to the H and K absorption 
lines of Ca 1t seem to be almost entirely filled with emission. The classification of this 
spectrum was made by taking into consideration the criteria indicated by Morgan, 
Keenan, and Kellman in their Alas of Stellar Spectra. The luminosity criteria indicate 


giant characteristics. 


THE RADIAL VELOCITIES 


The radial velocities of S Vel were determined by measuring, whenever it was pos- 
sible, the lines listed by element and wave length in Table 2. 76 and Ha were measured 


TABLE 2 
WAVE LENGTHS USEIe FOR THE DETERMINATION 
OF THE RADIAL VELOCITIES 


Cat 


Cau Fei 


4226.73 


3797.90 3933.66 4045.82 4233.17 
3835. 39 3908 47 4063. 60 4351.76 
3889 05 4071.74 
4101.74 4132.06 

4325.7 


just occasionally—three times and once, respectively—and on several plates the lines of 
Fe 1, Fe ut, and Cat were not strong enough for measurement. The individual values ob- 
tained are tabulated in Table 3 and plotted in Figs. 3, 4, 5, 6, and 7. When measuring an 
asymmetric Cat K line with a sharp core, the setting wire of the measuring machine 


was set upon the core. 

In the tabulation and plotting of the 7 radial velocities, we have not included the re- 
sults from plates at phases 5.751, 5.788, 5.810, 0.119, 0.163, and 0.163 days, respectively, 
that is, immediately before and after totality, for the reason which will be given below. 
The double 7 emission lines suggest velocities of the order of 200 km/sec. 
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TABLE 3 
RADIAL VELOCITIES OF S VELORUM 


Rapiat VeLocities (Ku SEC) FROM 
PHAse 


Dare 
(Days) 
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1951 May 
Jan. 
Jan. 
1950 Oct. 27 
Feb. 
1949 Feb 
Feb. 
1950 Feb. 
June 
Feb, 
June 
June 
Feb, 
June 
June 
June 
1951 Jan. 
1950 Jan. 2 
Jan. 
Feb. 
May 
1951 Jan. 
1950 Feb, 
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Jan. 
Jan. 
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Mar. 8 
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* Central emission 
t See p. 40, under “The Results.” 


| 
Cau H Cat Fet i Feu 

| +4 39 ite 
31 0.274 + 38 +41 7 + 47 | + 47 oa 
| ) ; 0.905 | + 33 +43 | + 31 + 21 | + 77 See 
| 1.002 | + 35 +2 
1.015 | + 30 +52 + 37 
i. +52 +26 + % | +710 
{ Mar. 5... | 139% | 44 +34 
Jan. 17 | 1.754 + 26 +35 | +38 +17 + 78 ieee 
Jan. 20. | 2.026 + 24 
Feb. 10. | 2.178 + 3 +1 
Feb. 28... 2.200 | +417 +28 4 | +17 + 46 eee! 
Feb. 4.. | 2.218 | +4 34 +36 +17 + 57 
Mar. 6..... 1381 +48 19 + 34 
Jan, 12.... 2.702 | + 37 +18 44 
a: | :20 2.795 + 49 +65 67 | + 2 + 12 Bue 
Apr. 29... :22 2.839 + 37 +28 
Apr, 29... :34 2.889 + 16 +42 44 
Jan. 12 2.906 + 28 +32 
Feb. 5 (00 | 2.936 | + 53 +33 56}. — 57 + 42 ee 
Apr. 29 2.945 + 54 +64 54 + 49 
Ws Jan. 18 22 2.961 | + 26 +34 56 + 4} — § a 
1951 Jan. 21 26 | 3.076 + 25 
:54 | 4.015 + 66 +66 |........ + 81 
:51 4.097 | +61 +56 Pier +38 | +63 gy 
= ~4.239 + 58 +51 
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TABLE 3-—Continued 


KM /SEC) FROM 


Rapiat Velocities 


1950 June 4 
Jan. 14 1:45 4.702 + 42 
1951 Apr. 16 2241 4 828 + 61 +51 
Jan. 17 ~ 2:30 ~+4.846 + 44 
\pr 16 3:14 4.871 + 46 +64 
1950 May 7 1:00 4.931 + 84 +48 +108 
May 7 2:16 4.984 + 95 +83 + 8&7 + 87 
June 5.160 + 83 +91 
Oct, 26 &:40 5.174 + 96 +77 
June 5 23:45 §. 213 + 83 +73 
June 17 22:36 5. 296 + 93 +65 
1951 June & 23:54 5.329 +103 +82 
1950 June 18 0-00 5.354 +120 +84 
June 23 22:35 5.361 +112 +605 
June 23 23:40 5.406 + 96 +74 
Mar. 9 $54 5.430 +114 +76 + 49 
June 24 0:48 5.453 +116 +806 
Mar. 9 6:10 5.483 +117 +97 
July 5.485 + +40 
Mar. 9 7:30 5.539 +111 vee +101 
July 11 22:50 So0) + 95 +79 
1951 Apr. 4 23:48 5. 596 + 97 +61 d 
1950 July 12 0:14 5.629 +118 +82 + 13 + 88 
1951 Apr. 5 0:46 5.636 +115 +78 + 71 
\pr 5 1:49 5.680 +118 +93 + 97 + 82 
Apr. 16 23:20 5.709 + 96 +69 + 44 
1950 July 23 23:17 5.722 + 85 EN 2 
1951 Apr 5 3:08 5.730 +110 +75 +103 +102 
Apr. 17 0:20 5.751 +- 106 + + 69 + 52 
1950 Jan 15 3:48 5.788 t + 40 aa 74 
1951 Apr. 17 1:46 5.810 t + 57 + 17 
Jan. 18 3:40 5.895 + 68* +48 + 37 + 34 + 55 
Jan. 12 B=32 5.906 + 38* +46 + 72 + 63 + 32 
Apr. 17 $:12 5.912 + 45* +53 + 9 + 28 + 38 


PHE RESULTS 


Phe spectrographic results obtained for S Vel can be summarized as follows: 

a) The distribution of the Ca 1 radial velocities, which show a large scatter, resembles 
strikingly the velocity-curve of RZ Scuti, investigated by Neubauer and Struve" several 
vears avo. We have here another case similar to half-a-dozen others in which the eclipse 
effect suggests a velocity of rotation larger than the orbital velocity: RZ Sct, RY Per," 
U Cep U Sge,! AQ Peg? and SW Cyg?!—all of them Algol systems composed of a 
dwart early-type primary and a subgiant or giant late secondary. 


tp. J. 101, 240, 1945: Lick Obs. Contr., Ser. I, No. 10; McDonald Contr., No. 107. 
Hiltner, 1. J., 104, 396, 1946; McDonald Contr., No. 129. 

7Struve, 1p. J., 99, 222, 1944; McDonald Contr., No. 87. 

Hardie, J., 112, 542, 1950; McDonald Contr., No. 197. 

’Struve, George Darwin Lecture, M/.N., 109, 487, 1949; McNamara, 4p. J., 114, 513, 1951. 
Struve, 1p. 103, 76, 1946; McDonald Contr., No. 121. 
Struve, 12. /., 104, 253, 1946; McDonald Contr., No. 126. 
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Besides a large rotational disturbance, the Cam K velocities also show the peculiar 
concentration of too positive values after phase 0.75 P which is characteristic of those 
systems in which gaseous streams are present. If we disregard this peculiarity and assume 
that in the mean the radial velocities do represent orbital motion, we have a semi-ampli- 
tude of the order of 15 km/sec, which implies a; ~ 1.4 X_10® km (since «= 90° and the 
eccentricity is practically 0 and cannot be greater than (0.2) and f(m) = 0.0031 ©. From 
this mass function we may try to derive a reasonable set of values for the individual 


ass ratios a. In doing this, we obtain the values given 


masses by assuming different m 
in Table 4. 


km/sec 


© central eminsion 
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Fic. 3.—Radial velocities of S Velorum from Ca 1 
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Fic. 4.—Radial velocities of S Velorum from / 
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Now the absolute magnitude for a dwarf AS star is about +2 and, if it follows the 
mass-luminosity relation, its mass should be around 2 ©. If this is true, the luminosity 
of the secondary star must correspond to that of a subgiant, and hence its mass should 
he of the same order as that of the primary star. The tabulation made for different values 
of a suggests that, on the assumption that in the mean the Ca 1 velocities do represent 
orbital motion, reasonable values of the masses require that a be, say, of the order of 15 


km/sec 


Fic. 5.—Radial velocities of S Velorum from Ca 1 


3 days 


Fic. 6.—Radial] velocities of S Velorum from Fe 1 


and that the stars—one or both—depart from the mass-luminosity relation. Otherwise, 
we must conclude that the velocity-curve is distorted and that we cannot rely upon the 
radial velocities to derive orbital elements. In view of the results obtained in other sys- 
tems, such as XZ Sagittarii,” in which no evidence of distortion was found, probably the 
first conclusion is the correct one. 


2 Sahade, Ap. J., 102, 474, 1945; McDonald Contr., No. 116; Sahade, Ap. J., 109, 439, 1949; Obs. de 
Cordoba, Tirada aparte, No, 23; Struve, Ann. d’ap., 11, 117, 1948. 
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The distribution of velocities during the partial phases after totality, which are inter- 
preted as a rotational disturbance, is not reproduced before totality, partly because the 
corresponding velocities at the phases at which we have plates must be of the same order 
as those of the peculiar distribution after phase 0.75 P, and partly because we have not 
been able to measure the K line of Ca 11, because of underexposure, on the plates between 
phases 5.75 and 5.82 days—that is, immediately before totality. 

b) The velocities from H are characterized by a larger scatter than the one shown by 
Ca 1 and by an inconspicuous—relative to the case of Ca 1—peculiar distribution after 
0.75 P, which results in the distribution of points corresponding to a velocity-curve of 


kmysec 


3 


Fic. 7.—Radial velocities u1 S Velorum from Fe 11 


TABLE 4 


0.01 | 0.010 
0.06 0.03 
0.31 0.08 
0.56 0.11 


small amplitude and large eccentricity. On the whole, the distribution of points is similar 
to the one found in systems such as RX Cassiopeiae,”’ in which the existence of gaseous 
streams seems to be established beyond doubt. 

The large scatter of the radial velocities can be traced to erratic fluctuations probably 
produced by the action of prominences. The existence of such fluctuations of the radial 
velocities is clearly shown by two consecutive plates—at phase 2.795 days; exposure, 49 
minutes, and at phase 2.839 days; exposure, 63 minutes—which yielded +65 + 2.3 and 
+28 + 1.6 (p.e.) km/sec, respectively, as means of four lines in each case. And the hy- 
pothesis that these irregular variations of radial velocity are related to prominence ac- 
tion has already been advanced by Struve in the case of UX Monocerotis.'**4 

The rotational disturbance shown by H deserves special mention. At the partial 


23 Struve, Ap. J., 99, 295, 1944; WeDonald Contr., No. 94. 
24 Ap. J., 106, 255, 1947; McDonald Contr., No. 138. 
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phases, except around second and third contacts, the radial velocities are absolutely 
smaller than for Catt, showing a behavior similar to the one found in U Cep,!™!8!% 
RZ Set, and RW Tau.” But immediately before second contact and after third contact, 
the radial velocities from the different members of the Balmer series show a trend as 
though they are affected by an emission component, the influence of which becomes less 
and less effective as we consider higher members. Near second contact the emission com- 
ponent affecting the results seems to be a red one; near third contact, a violet one, just 
as it must be according to the eclipses which each of the emission components of 7 under- 
goes, as described above. Table 5 gives the individual radial velocities for different mem- 
bers of the Balmer series from plates at phases near second and third contacts. Clearly, 
if we consider the radial velocities from the higher members of the series, which must be 
the less affected by the emission, the maximum value for the rotational disturbance is 
of the same order for Ca 11 and for Hf. 


TABLE 5 


Rapiat (Ka /Sec) 


Immediately after fourth contact, the radial velocities from Halso behave like in U Cep, 
ete. in the sense that the velocities are too positive. The smaller velocities —positive and 
negative, respectively obtained from H at the partial phases and immediately after 
fourth contact, can be interpreted, according to Hardie,'* who followed a suggestion by 
Struve,” by assuming that we actually measure an asymmetric line resulting from the 
blending of a Stark-broadened line coming from the main body of the star and a narrow 
line displaced by rotation coming from the tidal bulge facing the secondary star. The ob- 
servational fact that, at the partial phases near second and third contacts, the velocities 
are no longer smaller than those from the other elements would be in agreement with this 
theory, since we then observe only the tidal bulge of the primary star. 

lhe relatively inconspicuous peculiar distribution of too positive velocities after phase 
0.75 P, shown by 7, may be explained by one of two hypotheses: either the profiles of 
the stellar and the stream components are such that we actually measure an average 
velocity between that of the star in its orbit and that of the stream, or the stream // 
velocities as seen projected upon the A5 disk are smaller than those of the Ca U stream. 
\ third possibility could be that the velocities from the H stream are modified by those 
from a field of prominences with predominantly negative velocities. The visual inspec- 
tion of the // lines on the available plates inclines us in favor of the second hypothesis, 
hut there is no conclusive evidence for either one. 

©) The radial velocities derived from the rest of the elements are too small in number 
for us to be able to infer much from them. Nevertheless, we can mention that the three 
elements show the rotational disturbance, but the velocity of rotation suggested is smaller 


® Struve, address of the retiring president of the American Astronomical Society, Pop. .Astr., 58, 
1, 1954 


Hardie, 110, 438, 1949; MeDonald Contr., No. 180 
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than in the case of Cau because the metallic lines from the AS5 star, at the relevant 
phases, are blended with the lines from the secondary star. 

The distribution for Fe 11 is rather peculiar, especially in the first half of the cycle, but 
the scatter is such that we cannot draw any conclusion. 

CONCLUSIONS 

We are concerned, in the present investigation, with another close binary system, 
formed by a dwarf primary of early spectral type and a giant late-type secondary, in 
which (1) one or both stars of the system seem to depart from the mass-luminosity rela- 
tion; (2) the velocity of rotation of the primary star is larger than its orbital velocity; 
(3) the primary star displays prominence action; and (4) gaseous streams are present. 

The central emission of Ca 11 which characterizes the spectrum of the secondary star 
suggests, according to the conclusions reached by Struve?’ from the study of the behavior 
of emission in some especially suited eclipsing variables, that the secondary star is ‘‘sur- 
rounded by a very extensive calcium chromosphere which is tidally elongated along the 
radius vector of the orbit to a much greater extent than is the photosphere of the star 
itself.””** Our observations of the Ca 1 central emission are limited to the total phases, 
and the velocities obtained show a large scatter; however, since the mean value does not 
greatly differ from the value which seems to correspond to the systemic velocity, perhaps 
we can also say for S Vel that “the emitting mass which produces the Ca 11 lines belongs 
dynamically to one of the components of the binary [the secondary star in our case] and 
is carried with the latter in its orbital motion.” 

Now the behavior of the absorption Ca 1 K line observed outside eclipse—in profile 
as well as in radial velocity—and the fact that, during the total phases, the spaces cor- 
responding to Ca UI in absorption in the spectrum of the secondary star are filled with 
emission suggest that Struve’s ‘peanut model’’’ holds also for S Vel. 

In the case of H, the smaller—telative to Ca 11—velocities corresponding to the pecu- 
liar distribution after phase 0.75 P may mean that the direction of motion of the stream 


when we see it projected upon the A5 disk at the relevant phases, prior to eclipse, is dif- 
ferent than for Ca 11; and this seems to suggest that in the case of the H stream we may 
be dealing with Kuiper’s ejection mechanism of type A.*° This would imply different 
initial conditions for the Ca and H ejected material, such that H moves around the A star 
and Ca moves along a Jacobian equipotential external to both stars. 


I am greatly indebted to Dr. L. Gratton and Mr. D. McLeish for allowing me to ob- 
serve S Vel at some critical phases during observing time of theirs. Also to the former 
and to Drs. J. Landi Dessy and R. Platzeck for kindly obtaining for me several spectro- 
grams used in this investigation, and to Mr. Julio Albarracin for assistance in the reduc- 
tion of the plate measurements. 

Note added in proof.—After reading a copy of the manuscript of this paper, Dr. O. 
Struve called my attention to a further detail of the structure shown by Ca 1 during the 
emission stage. Actually, to the violet of the emission features described under ‘‘The 
Spectrum” (see Figs. 1 and 2), Ca 1 H and K also show the presence of a faint negative 
displaced absorption (radial velocity of — 380 km/sec), a phenomenon similar to the one 
found by Struve in UX Mon, which was interpreted as evidence of rapidly approaching 
prominences from the star facing the observer (the late-type secondary in both cases). 
In our case the reported absorption feature is shown only on the plate taken at phase 
0.018 day. 


27 Ann. d’ap., 9, 1, 1946. 

Thid., p. 5. 

Tbid., p. 2. 

30 4p. J., 93, 133, 1941; McDonald Contr., No. 28. 
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THE SPECTRUM OF U CYGNI (MINIMUM) IN THE 
VISUAL AND INFRARED REGIONS 
Yosuio Fujita 
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Received November 1, 1951 


ABSTRACT 

Glass positives of spectrograms-of U Cygni at its light-minimum, obtained by R. F. Sanford with the 
coudé spectrograph of the Mount Wilson Observatory, have been measured in the visual and infrared re- 
gions. Attention is called to the remarkable intensity increase of the lines of some elements which origi- 
nate from the lowest excitation level. A table of wave lengths and identifications is given. 


Spectra of stars of classes R and N with dispersion of 10 A/mm in the photographic 
region and 20 A/mm in the visual and infrared regions have been obtained by R. F. San- 
ford with the 100-inch telescope and its coudé plane-grating spectrograph. A general de- 
scription of the spectrograms of these stars has been given by him.! 

Of these stars, U Cygni is a particularly interesting object, because its spectrum has 
been taken at its light-minimum; at that time it showed the late spectral type of C9.— 
the coolest type, according to the classification of Keenan and Morgan.’ As suggested by 
Sanford, it seems worth while to investigate the details of the spectrum of the star; the 
results of the detailed study of U Cygni in the visual and infrared regions are given here. 

The spectrograms investigated are positive copies on glass of coudé spectrograms ob- 
tained by R. F. Sanford, the details of which are given in Table 1. 


TABLE 1 


DATA ON SPECTROGRAMS 


Expo- 


Coudé 

| Star Date Emul. 
| utes) 

' U Cygni (minimum) 3485 1944, July 5 170 103a-F 
5742 1949, July 10 200 I-N* 


tized with 


* Hypersensi 


The spectral region between 5940 A and 8830 A has been measured. However, there 
are some small regions in this interval where the accurate determination of wave lengths 
is impossible, owing to underexposure. 

The identification of the lines was aided by the Revised Multitlet Table’ and M.I.T. 
Wavelength Tables; in addition, the table of the infrared solar spectrum by Babcock and 
Moore? facilitated the recognition of the telluric bands of water vapor and oxygen. 


Ap. J., 11, 262, 1950 
1p. J., 94, 501, 1941 
°C. E. Moore, Contr. Princeton U. Obs.. No. 20, 1945 


'G. E. Harrison, Massachusetts Institute of Technology Wavelength Tables (New York: John Wiley & 
Sons, Inc., 1939 


® The Solar Spectrum, \ 6600 to X 13495 (Pub. Carnegie Inst. Washington, No. 579 [1947}). 
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The intensities of the star lines were estimated on a scale where 0 represents the 
faintest and 10 the strongest lines. After the identifications were made, ninety-five atom- 
ic lines which are sensibly free from blends and are comparatively sharp features were 
selected for the purpose of determining the radial velocity of the star. The result is 
+ 10.4 km/sec, which is in good agreement with the results of Sanford.® 

As the equivalent widths of some of the atomic lines have been given by Sanford,! it 
seemed worth while to compare our visual estimation of intensities with them. The re- 


log E.W. 


0.80 


! 
4 


Fic. 1.—Relation between visual intensity and equivalent width of some lines in U Cygni 


sults are shown in Figure 1. From this figure we can roughly estimate the equivalent 
width of any lines corresponding to our visual intensity. 

The presence of the following elements is confirmed from our identifications: Li, Na, 
K, Ca, Sc, Ti, V, Cr, Fe, Co, Ni, Rb, Sr, Y, Zr, Cs, Ba, La, Ca uu, Sc u, Ba ut, and Law. 
The presence of V 11 and Zr 11 is also probable; however, as the lower-level lines of 1/ 
are in the shorter-wave-length region and the low-level line of Mg is 4571.10, it is impos- 
sible to make sure of the existence of these two elements. 

The most interesting result is that all lines which originate from the lowest energy 
level are present. If we plot the visual intensity of each atomic line against its lower exci- 
tation potential, the results are shown in Figure 2. It will be noted from this figure that 
the elements La and K have very strong lines and that the tendency for the decrease of 


° Op. cit., p. 270. 
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the intensity of the lines with the increase of the lower excitation potential is marked.’ 
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rhus the limiting excitation potential for the elements which are observed in this star 
can be estimated. The figure also indicates that U Cygni at its light-minimum is near 


the coolest stage. 


‘Il 


In addition to the atomic lines, many lines of CN and C, have been identified. C2 
Hand CN are present, and the new red system of Cz which has 


heen found by J. G. Phillips® seems also to be present. However, there still remain many 


lines which are doubtful in identification because of blending and diffuse appearance. 


sit 


For the investigation of these lines, higher dispersion is needed. 
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Pic. 2. Relation between visual intensity and lower excitation potential of unblended lines in 


\ll the lines which have been identified are listed in Table 2, with the estimated inten- 
ies and with multiplet numbers from the Revised Multiplet Table by C. E. Moore. Num- 


bers in parentheses after the wave lengths refer to notes at end of table. Telluric and un- 


identified lines have been also included, as it was believed they would be of help in the 
identification of lines in the future. 


ly 


by 


gation. 


In conclusion, the writer expresses his hearty thanks to Dr. W. W. Morgan, who kind- 
arranged for him to study the copies of the spectrograms of the Mount Wilson Ob- 


servatory and gave him advice and many suggestions during the course of this investi- 


7 The lines of Latin the spectrum of U Cygni and two other carbon stars were originally recognized 
Sanford (Pub. A.S.P., 59, 333, 1947). 
J., 107, 389, 1948. 
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TABLE 2 
WAVE LENGTHS AND INTENSITIES. 


Identification Intensity Identification 


-65 V 49 
Fe 


Ti 2 


221 Fe 64 
Co ? 
3s Fe 63 


7290 V 49, .62 Ti 70 
Ba 7 


yu 


wy 
223 Fe lh, Fe 63, Co 
Y 3 


025 Fe 63 


-83 Ti 15h 


262 Co 


Bw 


OFN Ew 


-68 Ti 2 
212 Co 


-70 Ba 7, 2.01 Co 


Co 


TA 154 
VL9, Co 
0.89 TA 72 


wrwnr 


Co 37 
Ti 2, OV 


3 
4 
3 
3 
3 
Tb 


056 Ti 154, 9.08 Cy 


rwennnr WNW 


209 C 
ell V 34, Co ? 


8.76 Ti 70, .25 ScII 20, 
2? 

53 ScII 20, 0.91 Co C (2,4) 

+27 V U9, 1.89 Co 


62.07 
63.1065) .12 Ba 7, 2.88 2r 3, 2.89 
Fe 63 


239 Co 
Co? 
-03 Co 37 Ti 69 
66.77 LalI 48 
68.58 


9.32 


Beever 


031 Ni 


Wave Length Intensity 
46.99 
47.75 
48.18 
51.24 
52015 
53.17 

55.36 4 

57.07 
58. 26! 1) 
59 
6.3? 
65.97 
67.53 
68.16 
69.19 
73.33 
7h 
75.99 
76.84 
78.52 
61.18 
82.86 3 
83.23 
83.61/55 076 Co 
8.65 
86.63 
88.77 
90.68 
93 
97.82 
— 
98.50 

99.91 
6001.33 
2565 
2.85 
3.83 
5.33 
6.30 
7.40 
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Identification 


Identification 


NENNO FE 


oli2 3h 
072 Fe a 


Ti 69 


055 VL9, V 33, Cy ? 


els? V 33 


v 33, v 3h, Co ? 


Co 37, .81 Ti 153 


ol:2 V 33, .08 Fe 64 
9.09 Co 


c22e13(1 ,3) 
2.72 Ca 3, .21 
C2 


eli? ZrII 106 ? 
6.977 V & 

8.12 ni LS 

062 V 3h 
4.78 Zr IT 93 

099 Co 37 

9.21 Co 

51 V 3h, 0.25 Fe 
86 2r 2h, 1.01 Ti 153, 
1.23 Co 

022 Ca 3 

286 Zr Qh 


Zr 2 
230 V 33, 099 Ni 


057 LaII 47 
258 2r 2 
036 V 3h, .07 V 60 


7.00 Fe 62 
lh Y 3 


250 Zr 
BaII 2 


2r 1 
T1153, 238 Co 80 


213 V 20 


78.78020) 


2 
3 
1 
4 
6 
4 
4 
3 
4 
2 
2 
2 
5b 
4 
2 
3d 


51 V 33, 262 Fe 62 
023 Na 5 


26 V 20 


V 19, .97 Co 37 
Se 3 

9 Vv 20 
CN 


Se 2, .78 Se 3 
U: Vv 20 


19, 2.80 v 19 
V 20, .51 Se 3 


SeII 28 


la7 


vig 


V 19, Ni U3 
72 Til 


296 Se 3 
c 


V 20, .10 Ti 104 
030 LaII 33 


4.83 Ti lbh, Fe 62 
6.02 
032 V 20 
V 20, .50 Ti 103 
V 20 


039 Til, .76 LaII 131 
67 V 19 


Se 2 
288 Atm 0, 


) 
Wave Length Intensity PC Wave Length Intensity a = 
"0710.13 3 6151.70 
72.15 3 53-13 
4 55.08 ) 
77.18 | 5 56.51 
57.91 
18.23 | 2 
61.07 0.75 Na 5 
62.09 Ca 3 
81.72 7 a 
82.63 | 5 | 63.46 56 Fe Gy 
6212.60 3.06 2h 
85.13 i 
88,12 . 
89,31 | 4 16.72 V:19 
9 18.16 +05 CN 
91.58 2 
96.60 0 22.80 ¥ 2 
2.70 
97 28:18 
| 98.92 | 
99.78 | 30.20 
6101.51 7 
| | 1. 7 
32. 5 
| 37h ols 
10.44 | 1.2.06 
.78 
eres 
7 17.75 
49.27 
20.76 | 50.16 9.92 
22.26 | 51.83 
| 55.07 
28.47 57.79 
| | $8490 
62.43 
393 id 
LO.L9 68.73 
| || 70.15 
46.57 | 7.85 
| 75056 9) 
48.93 | 
| 
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Identification 


Identification 


2 
5 
5 
5 
3 
1 
5b 
3 
2 


0.63 Fe 13 
V 19 
71.64 


V 19, .00 Ti 103, 
297 Atm Op 57 La 
Til, Uh, 4.97 


Atn 
1, 52V19 


TL Ub 
270 ScII 28 


035 Zr hy 3675 Ti 104 
2457 Sc 2, 6.05 Sc 3, 
82 Atm Op 


ol:8 CN, 9.90 ScII 28 
10h 
005 2r 65 


203 Ti 103 


0.85 ScII 26 


022 TL 1 
5290 la 2 
Ni 


010 Cr 6 
233 CN (5,1) 
‘a 62 


3) Fe 
+10 Ti 103 


1.68 Ba 6, .08 ScII 28 
Sc 1 


oA Fe 13 

7.10 Zr 2 

8.12 LaII 47 
& Fe 13 


96 
-87 cr 6, .29 Sc 1 


092 Til 
035 Ti 103 


282 Sc 1 
Ti 196 


LaII 33 


Fe 13 


203 Zr 2 
015 CN 


052 CN, La 7 
TL 1, 035 Sel 


Ti 196 


9091 Co 81 
235 Fe 62 
1.91 CN 
5.02 Y2 
8,03 CN 


Ca 8 7? 
23 Co 
5076 Zr 57 


Se 1 


81 Ca 19 7, 023 Co 37, 
299 Co 8 
023 Co 37, 085 Ba 6 


FenO FW 


Wave Length vave Length 
3 
86.7 2 
87.69 3 
88.91 72.76 
90.36 1 7h 
91.81 2 76.06 
93034 2 77 
95.51 ub 78.9 
{ 81.L9 | | 
36.64 
98.29 
6300.58 | 85.92 
2.19 
86,20 
3.11 87.06 
88.62 
5.90 90.41 
92.11 
6.87 
12.18 97075 
13.12 6400, 30 
14.59 
15.87 0.95 
2.15 
: 17.16 3018 
18.31 Be 
19.03 
20.45 1.05 
2.1 
9e 
25 216 13.20 
26.02 
27.57 14.39 
: 15.95 a 
31.12 20.78 
33015 21.9 
35.67 
3710 26.10 
39.61 30.22 
10.76 
47.32 37.87 
49.78 
40,00 
52.21 
53-79 46.02 
48.2% 
57498 48.85 
59.87 090 Til 
62.74 me 
51 


TABLE 2-Continued 


Intensity 


Identification 


Wave Length 


Intensity 


Identification 


3 
5 
4 
1 
3 
2 
1 
1 
1 
4 
1 
1 
1 
2 


1, 5.60 Ca 19? 


057 Ca 18 2, .72 Fe 13 
067 Fe 13, o70Ca 19? 


297 V 32 


025 Zr 65 
55 Ca 18 2 


295 Fe 34 


9.68 Zr 65, Co 81 


Ca 18? 
6.99 BaII 2 
076 Ba 6 9S Fe 13 
65 Ca l3 ? 
1.21 cr 16 


4.16 48 


8.7 Ca 18 ? 


48 


289 Ni Gy 

268 Co 
6.99 CN 
7-92 Cr 16 


7h.39 
76.66 
78,68 
79015 
81.25 


83.47 


ol? La 7, Y LB 


Ti 102 
058 Fe 13 


oy Sr 12 
268 Fe 13, 047 Co Su 


ee2 Ti 102 
007 Ti 102 


Y1 
«59 


Co 80 
v 48 


0.96 
Ca ly .90 Cr 16 


Fe 13 
Lal 


8.96 ¥ 32 
022 Fe 34, 0.96 Cr 16 


389 Y1 


Ti 102 
33 Ba 6 


ell Ti 9, 225 Cy 
La 


el 


19 
5298 48 


082 V 59 
268 Fe 13 


«74 YII 26, .83 Fe 13 


5.0 Fe 13, .86 V L8 


202 Cr 16 
Co 111 7 


264 Ni 43 
208 Fe 13 


| 
"Wave — 
Wave Length | 
45.53 
5236/42) é | La | 
56.11 | 
56.95 | | 
58. 51085 
60.93 | 
| | 57.52 
58.21 | | 
| 5915 
68 | 
69.40 
63250 
72.40 | | 
| 73059 
75,66 n 
80,60 | | 
83.86 
85.92 - 
86.44 
87.37 
90.98 | | 
90.89 
| | 91.89 
92480 
| 95 
96.78 
| 07 
| sas 99. 
2e 
3289 2.8 
| Oe 47 | | 
| | 9.76 
9,10 
9.92 | 
| | 14.98 
| 12633 | 
| 18.25 
| 19.72 
| | 21.17 
| | 23.72 
CN 
| 22.75 79 
| 28.85 
| 25,05 | 
28.19 | | 
29.33 
31.26 
| 
32.9 
13656 
38.10 
39.82 
52 


TABLE 2-Contimed 


Intensity 
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2 
2 
1 
2 
2 
1 
6 
1 
3 
1 
1 
3 
i 
2 
1 
1 
2 
1 
2 
3 
1 
3 
2 
2 
1 


La 


Fe 34 
55 Ti 101 


ell LaTI 33, 31 Co 


027 Ba 6 
282 Co 


4.98 V 31 


oh Lil 
9.9 La 6, Fe 3h 
8.88 1 
V 31 
095 Co 


9.94 V 31, 9.92 Co 81 
oly V 31, YII 26 
2.93 Zr 1 


7.91 Lall 33 


Fe 34 


53.54 5u.52 
55416 55.38 
57.52 
6,08 59.75 
61.57 &.96 

6.80 
65.56 66.61 32 
66.63 67.80 278 Ni 57 
69.40 69.53 
71.36 71.02 Co Sh 
72.56 7h 3s 28 Lal 2 
750140 75072 
80.01 
81.68 80.79 
83.25 82.17 
85.26 83.12 
87.70 57 Y1 87.48 
88.60 88.71 
: 89.147 90.00 
92.89 89 CN 91.09 202 Sr 3 
93.93 Ba 6 92487 
97.688 276 CN 96093 
6700.93 98.01 
2053 98.99 
6800.60 
5075 1.67 87 Fe 34 
7.83 
10,03(29) 
13.25 | 
15072 
17.56 | 
| 
20.64 
22.37 17.05 
23.50 18.37 
24.72 19.97 
28.27 23,02 
2933 24.17 
30273 25055 
31.80 27.18 
33013 28.43 
3467 30.14 
35672 32.16 | 
36079 33.93 
37095 3471 
39239 Fe 34 35059 ef 
111.68 36686 
42.93 3.12 Ti 38.10 
4h.07 40,05 
50.90 41.78 089 V 31 
50.87 
: 
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7239 


16,67 
18.53 


19.65 
20,5872) 
29.47 
32.97 
33.62 


35.60 
36.30 
37253 
39.50 
40,38 


41.37 
42.41 
43.69 
45022 
L6.k5 


log 


NNO 


Fe 
YII 26 


22h 9.10 AtmOo 
201 Atm 0. 

1.29 Atm Oo 

Co Sh, 225 Atm 05 


265 Atm 
+72 Atm 0p 
Atm 09 
Sr 3, 9.0 Atm Oo 
3 Atm 09 


8.95 atm 0 
9490 Atm 05 
057 Sr 1, .37 Atm 09 


231 Atm 05 
6600 YT 26, 6.04 atm 02 
6.97 Atm O05 


295 Atm O 
287 Atm O5 


5.02 Atm 


053 9.43 Atm 
212 9.00 Atm 09 
CN (2,0) 


031 Atm Oo 
277 215 Atm 
055 Y1, .61 Atm 


278 .81 Atm 
KT 
270 Atm 
261 Atm 
«19 Atm 


222 atm 
037 015 Atm 
250 Atm 


Co 110 


oS Ata 

209 8.98 Atm 

075 1.2 Atm 

268 YII 33 

252 LalI 18 

4.54 LaII 1, .58 Atm,CN 
A 

249 Atm 

Atm 


226 Atm 
018 .69 K 7, Atm 


258 Atm 

287 Atm 

Atan 

CN (3,0) 

237 1.03 Atm, CN 
280 Atm 

085 3.52 Atm 


8.01 A 
8.96 Atm, 
Ni 


081 Co 89, 275 atm 


7.81 Ti 100 


60 Co Sh, ohh Atm 
250 Atm 


6.9L Atm 


Fe 61, 053 Atm 


6.86 Atm 


087 Co Su, 078 Atm 


6817.23 6 6947 073 3 
L9.71 2 149.06 | 
56.63 | 3 51.68 3 : 
: 58.22 | 3 52.48 2 
59.91 | 2 53.90 : 
61.18 55.67 
62 2 56.57 
1 59.35 
ais 
68.58 | 64.045 
70.02 4 989 66.73 
70.97 Sb 95 68.07 
72.63 +32 68.83 
| 5 71.05 0.87 Atm 
76.10 5 5.5 
® 7756 77094 
78.89 4 79.65 
ik 80.15 5b 9.9 81.85 
| 81.15 | 62.88 
{ 62.11 2 64.59 
83.38 5 283 Atm Op 86.54 
85.64 7 +75 Atm Op 87477 
86,90 7 +74, Atm 05 88.9 
87.62 2 89.78 
88.10 1 90.66 
a 89.10 2 91.77 
90.02 é 92.72 
92655 | 97698 
93639 9 | 97.96 
99.87 6 6437 
6900.98 6 8.01 
2.52 5 9688 
1.8) 
1.83 7 11670 
6.27 16.61 
20.96 
| | | 
23.67 
| 
26.01 
27.16 
28.88 
30.91 
| 32.22 
37 
39.81 079 Atm 
43.78 
45086 196 La 6 
47.01 
49.26 
| 
52.79 
54 
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Wave Length Intensity Identification Wave Length Intensity Identification 
705L 1 7156.98 
57.06 1 200 Atm 58.09 3 
58.13 1 59.88 1 
59.95 4 ba 60,50 233 Ti 98 
60.97 1 1.51 Atm 63.72 2 
62,33(72) 1 650h7 2 
64.72 0 67.65 2 236 Atm 
65 1 Ti 100, Atm 68.97 2r 
5 LalI 1 70.42 5 057 209 Ata 
68.23 5 237 Lal 72.70 2 Atm 
70.05 0 .07 Sr 74.006 3077 015 atm 
711.82 76.08 3 5.96 015 Atm 
72.85 77.14 3 ell 237 Atm 
78.46 1 033 27, Atm 
76,22 3 80.21 3 202 Fe 33 
79023 2 8.8L 059 Atm 81.73 052 476 Atm 
82,68 2 age 2 
8.93 3b 027 Co Shy 025 Ti 99 3 053 Atm 
87.30 3 35 2r 88.15 3 055 Ti 99 
88.11 3 atm 
91.68 4 atm 
90.53 3 CN (3,1) 93.82 4 e74 YII 33, 056 77 Atm 
92.90 %® 95470 1 Ba 10, .80 .04 atm 
i320 2 9711 3 007 Ni 62, 23 Atm 
95007 98.25 7087 atm 
95078 2 
7200.94 3vb | .56 1.20 atm 
96430 2 
1.33 228 
4.70 fe) 13.52 Ti 143 
5.93 2 15.02 1 
7.08 3b 16,22 1 220 Ti 98, 53 atm 
10,0854 4 CN 18.20 1 202 Atm 
e71 2r 23, 0.91 Ni 20.98 2 
13.23 2 23-75 3 26h, Atm 
14.93 1 27634 Atm 
17.98 2 28.58 1 
20.05 3 30 oll; 1 
22.21; 3 32.98 4 290 Atm 
24.50 2 Co 53 34.81 3 o7k Ata 
26.33 1 36.14 2 Ata 
27-31 1 i 37.83 3 095 Atm 
28.31 3 15 9.13 Atm 38.91 1 9.04 Atm 
3.31 3 23 Ti 100 40.77 4 262 .82 Atm 
31.82 3b 43.45 2 .72 Atm 
35077 2 4h.72 2 286 99 
37695 8.05 Ti 98 45.83 3 268 Ata 
3914 3 8.91 Ti 99 47. 2 221 Atm 
40.00 2 49.03 3 8.92 Atm 
41.42 2 50.10 1 12 Co 53, 22 atm 
43.10 2 52.14 2 TL 99, 37 Atm 
45.20 2 52.97 5 3076 Ti 143, 085 3.12 
1 +73 Atm 
48.11 2 Ca 30 3 
57 1 210 237 Atm 
L9.91 3 
51.36 4 018 27 59.57 256 Atn 
53033 1 60.55 0 073 Atm 
She 0 269 Co 89 61.51 2 Ni 162, 0.73 
55077 3 2.01 Atm 
4.31 3 19 YII 33, 260 Atm 
6.10 3 029 Ti 143, 5.59 atm 
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7.00 Fe 61 
075 Ool3 Atm 
ol] Ti 97 
297 Ata 
Atm 


7266.91 
6 YII 37 
1.27 Atm 
el Ba 10 


Ne 


or 


6.09 Atm 

070 Atm 

230 Pa 5, 067 
1, .30 Atm 


Ne 
Nr 


038 8.13 Atm 6.23 YII 25 


or 


2.03 Ti 143, 1.8 Ni 63, 
1 tm 
17 


51 Ni 62 


14.56 
038 Co 89, .06 Ti 


203 (27) 
"67 17.18 


NNNSEO Ww 


008 .27 Atm 
Atm 
Co 89, 52 Atm 


7229 Atm 
9 .38 .69 Atm 
9 .85 Atm 
Atm 
Atm 


216 Co 53 


Ti 143, .86 atm 
9.89 ar 23 


Ti 143, 097 YII 25 


7 La 
2 Zr 23, atm 


2 TL 97, 3094 076 Atm 
032 YII 25 
53-90 


18.76 56.37(28) 035 Ti 


50.12 (26) 


NWrON OMnmwn 


eo 


Ata 


52.07 
54.70 
57.02 
57.62 
&.29 


ol0 Atm 
Ti 97 


035 Atm 


NN 


TL 142 


62.41 
63,38 
65217 
66.70 
69.02 


69.87 


4.22 Ti 97, Atm 


260 Ti 96 
8.47 Atm 


0.05 Ti 
TL 


250 Atm Ti 142 


077 Co 53 


nmr 


LaII 1 
8.08 Ba 5 


ONNOD 


e72 Fe 33 


75.40 | 
| 
77.70 | 
7963 | 
80.L4 
82.33 
83.68 
87.68 
89.2, 
90.83 
| 
92.52 | 
93487 
95-35 } | 
99.58 
7303.01 | 
| 
| 
5.87 Ti 22.1 
8.76 .52 Atm 22.95 3017 Ti 97 
11,20 0.91 23.99 
13.15 24.81 
15.56 73 27.59 
16.99 28.97 
18.L0 30.68 
20.71 of 31.83 98 Ti 142 
2h, ) 322 32.96 
27037 3 34.89 
| 29.03 37.17 
30.91 097 
| 32.57 226 
3.07 (25) 42639 
L5.3h 
57.38 
58.9h 
058 Co 53 0.92 CN (653) 
6576 
| | 66.61 
i} | 
73032 
71.45 
72.30 78.69 
7h.20 79.57 
75099 81.59 
77.51 
80.67 87.95 | 
81.83 89.57 
83.61 272 Atm 93.99 
85.22 94,681 
| 
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Wave Length Intensity Identification Wave Length Intensity Identification 
7496.21 1 7621.04, To 00 Atm Oo 
98.79 23017 To 229 Atm 
7500.30 2 To 50 atm 
1.45 27.07 «05 Atm Oo 
2.67 2 28.20 8b | «23 atm 05 
5.02 2 2956 1 
6.24 1 31.01 Tb 02 atm 
7036 2 32.02 7 17 Atm 05 
9073 1 35206 6> | 219 atm 05 
10.70 1 36.30 6 233 Atm 02 
1 37-21 5 18 Atm Oo 
15.16 1 259 Atm O 
16.29 2 271 Atm 
18.65 2 41.98 2065 atm 
20.68 42.71 265 Atm Op 
22.95 1 220 atm 02 
45037 To 231 atm 
27.03 1 48.90 3 
33. Sl. 
37652 54.02 209 Atm 
39.18 3 55.19 218 atm 08 
43212 59239 3 237 Atm Oo 
3039 1 
51.01 2 €y.91 (31) 10d | K 1, 5695 Atm 
52079 1 68.41 2 
54.062 3 073 Zr 23 70072 4 260 atm 02 
55027 1 71.75 lb [2.09 Ba 5, 67 Atm Op 
58.70 2 73.10 1 
61.90 1 76.55 2 Atm Oo 
62.60 3 77073 2 262 Atm 
65229 81.59 1 
70428 83.65 2 2676 280 Atm Oo 
The75 90.10 2 9.68 422 Atm 
77078 93027 2 
79296 95073 3 Atm 
86412 2 2 Atm 05 
88.49 1 98.93 10 98 KL 
: 90.63 057 Co 89 7702.44 2 +7 Atm Oo 
| 
91.87 1 3286 1 76 Atm Oo 
93671 3 270 4.00 Op 
94,80 ub 251 097 Atm Fol 
96.15 | S277 223 50 Atm Op 14.37 3> | Ni 62, 456 Cp (350) 
97039 Atm 16.71 1 056 Co ? 
98.67 5 +65 Atm Oo 17462 1 Co 
7600.31 9 07 20.51 1 Co 
2,01 ob | 1.70 Atm 23470 1 
3052 5b 056 Atm 0 27-73 2 056 Co 
So | Atm 02 32.1 1 o12 Ca 
Sli? kb Atm 09 33.16 1 
7.85 5b 293 Atm 02 38.86 
10.51 To Atm 02 
12.06 5b 206 Atm 46.91 7.05 C2 
13-13 5b +19 Atm Oo 52.98 Co 
15.06 6b 206 Atm 02 C2 
16.00 5b 215 Atm 
19.28 0 62.71 1 
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Wave Length 


Identification 


Nr ONY 


SCOONN 


Nr nooco 


er rrwwnr 


w 


138 Co 


Ba 
Ni 62 
Rb 1 
22h Co 79 


2r 40 
CN (2,0) 
o74 Ti 3h, CN 


eli 
6.98 Atm 


0.00 Zr Ata 
CN, Atan 


6657 Atm 


+70 atm 
32 


eOl CN, Ti 34 
CN, Atm 


CN Atm 
290 CN Atm 
3042 CN, 3.5] Atm 
252 CN, 250 Ti 3h, 
052 Atm 
7296 CN, Atm 


278 CN Atm 


e75 Ba 10, .€0 CN 


CN Atm, .60 Co ? 
9.61 CN, 80 Co 7, 266 
Atm 


73.64 
74.61 


78.51 
79.68 
81.10 
84.80 


87.75 


3 
4 
4 
6b 
3 
2 
4 
4 
1 
3 
3 
2 
4 
4 
5 
3 
2 
ie) 
1 
5 
5 
3 
2 
3 
3 
3 
2 
3 


Bal 
2.89 Fe 12, .80 CN 
CN (2,0), ol Co, 
Atm 

+78 8,38 CN, .71 Cy 
2h CN, 067 Atm 


9 
7093 CN, 262 
81 CN 


212 .48 CN 


265 CN 
053 Ti 151, 9.23 CN 
200 CN 
CN 
4.65 Zr LO, CN (2,0) 
7h CN 


60 
el7 Ti 125 


Zr «71 CN 
o21 ON, Atm 


oh? CN, 12 atm 
11 CN 


079 CN 
CN 


222 CN 
256 CN, 268 Ti 151 


215 CN 


Co 89, CN 
2 CN 


-88 0,30 CN, 0.30 atm 
CN 


o47 CN, 272 Ata 
6 CN 
209 CN 

2094 Ata 


| — — 
7764.13 
65.50 i 
15.53 
75054 
77.00 17.95 
20.41 
79.52 olds Co 
50.43 22.82 298 CN 
82.68 235 Atm 
66.50 | 26.35 
88. 28.05 
29.87 
7800.11 
5.87 30.56 : 
9.32 33023 
10.53 34.82 
19.54 36.02 
37.56 
28.96 
32.65 38.98 
36.96 40.19 
42.22 
45.19 | 
| 
a 51.76 273 CN 
59.10 53-96 
| 61.55 659 57 CN 
64; 58.37 
59.76 
65.89 
72.93 62.64 .61 CN 
73.50 696 CN 63.25 CN Atm 
CN (2,0) 65.06 4.97 CN Atm 
67.15 210 CN 
4 75.9) 6.11 CN 
77223 -53 CN, 68.67 
78.93 oN 
— 80.76 85 CN, 
82,01 1.90 YII | | | 
42.87 
BL.32 
87.61 
CN 
89.39 | | 
92,18 
95.15 | Fo 94.88 5.02 CN 
| 95-71 263 CN 
6.56 | 96.88 Co 79 
8.53 038 CN 98.22 225 Atm 
7900.70 280 CN Atm 8002.28 
| i,.80 
3 7.69 
5056 2 8.52 
6460 1 10,09 
10,50 | 3 13.08 
58 
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ave Length Intensity Identification Wave Length Intensity Identification 
8015.35 1 8116.87 L 280 Vv 30 
16.87 2 7.04 CN 18.79 2 91 CN 
18.23 2 CN 20,11 
20.65 2 Atm 22,08 1 19 Co 
2, 609 2 218 CN CN (3,1), atm 
25.51, (34) TL ISL, 287 CN 26.07 5 CN 
27.3k 3 036 V 30 27.02 3 6.52 Li 3, 019 Coy 6685 Aten 
28.52 3 25 Atm 27.81 2 
30.76 2 29.20 
32.44 2 CN 30.49 5 246 CN Atm 
33.79 61 4.29 Atm 32.87 3.00 40 
35203 2 4.96 CN 33-67 3 053 Coy 036 Ti 195,078 Atm 
36.28 1 | ate 35.15 0 | 205 atm 
38.01 1 36.64 5 253 Atm 
40.03 225 CN, 9.60 Atm 37.45 
41.74 CN 40.57 5 267 Atm 
7b 3.87 CN, 3017 Ata 41.93 5 Atm 
45.52 2 253 Atm 44.20 4 058 V 30, 3679 Atm 
47283 Fe 12 46.71 lb 7419 Atm 
49.78 2 290 CN 48.47 3 208 239 atm 
50.81 5 49.7h CN, .69 atm 
52.98 2 3210 CN 52.48 4 250 Atm 
54.20 2 CN 54.82 6 267 Atm 
55038 1 57.8h 3 8,02 CN Atm 
56043 0 61.83 V 30, 297 
2.35 Atm 
57099 2 8.14 Zr 
60.43 5 225 CN 64.55 6 Ata 
62.64 5 3.10 2r LO, 059 CN 69.50 8.82 .39 0.00 Atm 
64.11 fe) ell CN 70.86 1 
205 Ti 151, .20 YII 31 729 1 
4 268 Atm 
67.30 2 226 CN (2,1) 
68.27 1 TH 151 77.11 4 6.98 Atm 
70.41 1 e12 Zr LO, 262 CN 78.97 2 49 9.06 Aten 
72.38 3 238 CN 80,20 1 
The 2h 1 CN 81.90 235 Atm 
83.11 3 226 Na 
75202 
76.92 86.49 2 V 30, .37 Ata 
79205 2 
80.70 3 255 TL 195 87684 3 
81.53 3 052 CN 89.21 4 227 Atm 
92.87 6 3011 Atm 
82.51 2 254 CN 
8.96 3 5.18 CN 95.20 4.79 Na 
89.83 3 97655 4 270 Ata 
91223 2 99.01 1 8.87 V 30 
92.85 5 320k CN 8200.57 Sb 9.99 Ata 
4.u 210 Fe 12 
4.82 0 93 Fe 12, 8 
9 292 CN, 6058 Atm 82. 093 283 Atm 
97.7739) a 648 1 
99039 220 2 
8100.92 2 9256 3 256 Atm 
1,12 0 
12.46 59 Zr LO, 
369 3 r O, .13 Ata 
5026 3 14.87 3 
8 0} . Ata 
22,40 1 
9.72 5 28h CN 
10.33 2 209 CN, 018 Co 2h, 2/3099 atm 
1.59 2 oh? Co 25 05 1 
1.68 | 29.90 1 | .76 Atm 
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94,018 


96.17 


98.32 


8300.34 


Cc 


ON NNR O 


wonrr 


5.90 V 30, 52 Ata 


269 Atm 


Atm 


Atm 
CN (352) 


Atm 
Atm 


016 Atm 


Atm 
230 Atm 
209 Atm 

Zr 
296 

Ata 

222 Atm 

Atm 


259 Atm 


06 Fe 60 


Aun 


Atm 
037 Ti 33 
Atm 


9.03 Atm 


Fe 12, ell Ti 33 


2 


NONOW 


NONNH 


Identification Wave Length Intensity Identification 
029 270 Atm 8349.05 205 Fe 12, 016 atm 
3-91 Atm 50.83 1 
Atan 53047 3 015 Ti 33, atm 
261 V 30 57.20 3 Atm 
59 86 1 


290 230 Atn 
Ti 33 
Atm 
Zr LO 
Atm 


238 Atm 
290 Ti 33 


023 Fe 12, .82 Ti 33 


078 Fe 
Zr LO 


202 Atn 


093 Ti 33 


036 Ti 33 
4,00 zr 0 


Ti 150 
5,89 Fe 12, Ti 33 


098 TA 33 


263 Fe 12 


265 2r 4o 
Ti 150, Fe 60 


3016 Ti 150 


| 
— 
wave Length Intensity} 
6231.59 
37.38 
1.79 | | 
; 645.02 
3 | 67452 
10. 
2 | 30 73064 
5348 2 
16025 
81,91 3 
82.59 
1 
= 86.28 
66.3 
| 90.26 
226 1 ols 
35 Atm 96419 
82.20 | 202 Atan 
83.23 | | 
| 3 | 11.33 
3 11433 | 
72-30 i 15.47 
| 17.03 
18,51 
| 19.93 
20.76 
5616 26431 
| 43.77 
11.86 | | | 
45.92 
| 
117260 | 
| 6.04 | £0.37 
| 9 | 
20.16 | | 
| .10 Ti 
| 57.22 10 
| 60.20 225 
| 6.63 
2 | 
28.49 
29.83 68 | 
| 31.55 13092 
Be 
81.82 
37.62 
38.92 
43.68 87 
45.76 
60 | 
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Wave Length 


Intensity 


Identification 


TH 


002 CaII 2, zr LO 


4.08 Fe 60 
037 Ti 150 


Cs 1 


236 Ti 
CN (553) 

209 CaII 2 
207 Ti 150 
TA 


8591.12 
98.33 
8601.03 
2.50 
3292 


7.35 


~y 


3 
3 
0 
2 
3 
6 
ie) 
4 
4 
3 
3 
1 
1 


0.98 Ti 142 


2.91 Ti 


oll, Call 2, 1.91 Fe 60 
038 Ti 68 
263 Fe 
o3 Ti 68 
270 Ti 68 


0.82 Co (2,0) 


223 Fe 60 


d = diffuse 
vb = very broad 


Wave Length | — 
93430 
97 63k 
98.09 
8502.10 
9.92 
11.27 
6.27 13.00 
10.00 15.58 
13.95 16.83 
19.18 23405 
~ 22479 29.08 
31.83 
096 
38.08 
3708 
39-66 | 41.91 
46.56 | 
62.12 
88.76 
92029 
60.91 51.0h H 
65.60 ohS Ti 5h..10 3092 Co 
67.21 57.06 +10 Co 
68.90 61.09 216 Co 
70.72 63.87 £70 
72.0 66.76 Tt 68 
74.58 67.87 Cp 
75499 72094 3418 C2 
78.31 Ti 78.62 .66 Ti 140 
79283 82.15 204 Co 
81.97 92.37 +31 C2 
82.80 880.90 +70 2 
19.58 039 Ti 68 
91.09 2h. 2h 
b = broad | 
61 Boe 


YOSHIO FUJITA 


NOTES TO TABLE 2 
Contribution to the intensity by 5958.23 Fe 14 predominates. 
Contribution to the intensity by 5971.70 Ba 7 predominates. 
Contribution to the intensity by 5984.59 77 2 predominates. 

The trace of 5996.01 77 154 is seen close to this line. 

Contribution to the intensity by 6062.88 Zr 3 predominates. 

The trace of 6116.99 Co 37 is seen close to this line. 

The region between 6164 A and 6212 A was impossible to measure. 


. 6213.44 Fe 62 may be blended. 

. The trace of 6277.53 Ti 144 is seen close to this line. 

. The trace of 6279.76 Sc 11 28 is seen close to this line. 

. Contribution to the intensity by 6410.98 La 7 predominates. 

. Not listed in R.M.T. It was identified from the M./.T. Tables. 


Contribution to the intensity by 6455.99 La 1 predominates. 


. Contribution to the intensity by 6543.17 La 7 predominates. 

. Contribution to the intensity by 6572.78 Ca 1 predominates. 

. The trace of 6586.33 Ni 64 is seen close to this line. 

7. Not listed in R.M.7. It was identified from the M.J.T. Tables. 

. Not listed in R.M.T7. It was identified from the M.J.T. Tables. 

. Contribution to the intensity by 6709.49 La 6 predominates. 

. The region between 6909 A and 6916 A was impossible to measure. 
. The region between 6921 A and 6929 A was impossible to measure. 
. The trace of 7062.97 Ni 64 is seen close to this line. 

. Contribution to the intensity by 7111.71 Zr 23 predominates. 


7312.62 Atm is not seen. 


. Not listed in R.Mf.7. It was identified from the M.J.7. Tables. 
. 7349.49 Atm may be blended. 
. 7417.06 77 is not seen in R.M.T. In the table of infrared solar spectrum its lower excitation potential 


is 1.06 e.v. 


. Not seen in R.M.T. In the table of infrared solar spectrum its lower excitation potential is 0.81 e.v. 
. Not seen in R.M.T. In the table of infrared solar spectrum its lower excitation potential is 0.83 e.v. 
. Not seen in R.M.T. In the table of infrared solar spectrum its lower excitation potential is 0.81 e.v. 
. 7665.95 Atm Oy is weaker than 7660.44 Atm. Therefore, contribution to the intensity by 7664.91 K 1 


predominates. 


. Contribution to the intensity by 7912.89 Fe 12 predominates. 
. 7971.52 Atm may be blended. 

. The trace of 8026.38 CN is seen close to this line. 

. The trace of 8098.50 77 195 is seen close to this line. 

. The trace of 8107.84 Atm is seen close to this line. 
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ABSTRACT 


With a grating spectrograph at the prime focus of the 82-inch reflector, spectra have been obtained 
of 20 double galaxies at approximately 330 A/mm dispersion. For each exposure, the slit was placed 
across both members of a pair and guided accurately so that two spectra appear side by side between the 
comparison spectra on each film. These films were measured both for the mean radial velocity of each 
pair, V, values of which range from 900 to 6700 km/sec, and for the difference in radial velocity between 
the two members of each pair, AV, which ranges from 0 to 360 km/sec. Measurement was facilitated by 
the emission lines, Ha and {O 11] \ 3727, which appear in many of the spectra. The errors are estimated 
to be about +100 km/sec in V and +30 km/sec in AV. 

Using the measured values of V, the velocity-distance relation, and the angular separations, the pro- 
jected linear separation of each pair is derived. From this and the measured value of AV, and assuming 
circular orbits, a ‘‘double-angled mass function’’ is obtained for each pair. The mean of these mass func- 
tions yields as a mean mass for the components of double nebulae, the value 8 X 10!° solar masses with 
an estimated observational error less than +40 per cent. 

Although the observations do not yet permit an accurate determination of the frequency distribution 
of masses among these nebulae, there is good evidence in these and other data that many individual 
masses are over twice the mean, and many others are one-tenth the mean or less. In fact, these limited 
data indicate a sharp division between heavy-weight and light-weight galaxies of 1.5 X 10"and0.5 x 10" 
solar masses, respectively. 


INTRODUCTION 


In principle, there appear to be at least four distinct methods for estimating masses of 
the galaxies: (a) from internal rotational motions in individual systems, as applied by 
Babcock! to M31, by Mayall and Aller? to M33 and to observational data of Pease and 
Humason’ for NGC 3115 and 4594, and by Oort? to the galaxy; (6) from orbital motions 
of double galaxies as proposed by Holmberg;> (c) from the spread of velocities in clusters 
of galaxies, as applied by Sinclair Smith® and modified by Tuberg;’ and (d) from a suit- 
able mass-luminosity ratio.* 

Since the outer regions of a galaxy may be too faint to record, the first method (a) 
yields a lower limit only; it is time-consuming and can be applied with accuracy only to 
near-by objects of large angular dimensions. The third (c) is limited to cluster nebulae, 
which may differ from the field nebulae due to the collisions studied by Spitzer and 
Baade;’ this method may also be subject to theoretical criticism.” '° The last (d) will not 
be applicable until a good deal of detailed mass data are obtained by the other dynamical 
methods. 

The method applied here, (5) above, can, in principle, yield an accurate average value 
of the masses of galaxies involved in pairs without neglecting their outer parts. It de- 


* Contributions from the McDonald Observatory, University of Texas, No. 204. 


+ On the staff of the Operations Research Office, The Johns Hopkins University, Chevy Chase, 
Maryland, since September, 1951. 


1 Lick Obs. Bull., 19, 41, 1939. 2 Ap. J., 98, 5, 1942. 

3 Proc. Nat. Acad. Sct., 2, 520, 1916; Humason, Ann. Rep. Dir. Mt. W. Obs., 1936-37, p. 31. 
4 B.A.N., 3, 275, 1927; 4, 79, 1927. TAp. J., 98, 501, 1943. 

5 Lund Ann., 6, 1937. 8 Hubble, Ap. J., 79, 8, 1934. 

SAp. J., 835 23, 1956: 9Ap. J., 113, 413, 1951. 

'°G. C. Omer, Jr., private communication; Holmberg, A p. J., 92, 265, 1940. 
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pends on measurement of AV, the difference in the radial velocities of two galaxies, which 
is assumed to be a projected orbital velocity in a circular orbit. The projected linear 
separation is obtained from the angular separation, 5, and the distance, D; the latter is 
determined from the mean radial velocity of the system, V, and the velocity-distance 
relation, V = kD. 

The application of this procedure to determine the average mass of a galaxy, and 
thence the mean density of matter in the universe, may appear to suffer from four 
weaknesses: 

1. The double galaxies may differ statistically from the field galaxies. 

2. The determination of mass is unreliable for wide pairs and for very close pairs moving within 
one another. It does not apply if the relative motion is hyperbolic. 

3. Tidal effects and other second-order effects may greatly increase the complexity of reducing 
mean masses from observed radial velocities. 

4. Because of the projection, a relatively large number of pairs must be studied to obtain a reli- 
able mean mass, even with simplifying assumptions. 


However, Holmberg has shown’ that the double galaxies have roughly the same di- 
mensions and absolute magnitudes as the field nebulae. The 827 double and multiple 
systems listed in his catalogue are so much more numerous'' than the computed number 
of chance optical pairs among nebulae brighter than his limiting magnitude of 14.5, that 
virtually all these pairs can certainly be considered as physical systems. Holmberg de- 
rives a mean separation of 4000 psc. 

It seems unlikely that the double galaxies are in the process of collision; that is, it is 
likely that they are moving in closed orbits. For, if they were moving in hyperbolic or- 
bits, the number of pairs of field nebulae expected to be in random collision at any one 
time would be smaller by several orders of magnitude than the number of pairs actually 
observed. 

Tidal effects have been neglected here, on the evidence of Carpenter’s photographs, 
some of which are reproduced in Figures 1 and 2. As Carpenter” points out, many of 
these pairs ignore each other, tidally speaking; the major axes of the individual galaxies 
being perpendicular to the line joining the pair. If tidal coupling were complete, we would 
expect orbital and rotational angular momenta to be parallel; a plan view would then 
show two spirals of the same sense; and an oblique view would show the major axes 
parallel. 

In the analysis of Section II below, the two galaxies in a pair are considered to behave 
as point masses. Such an approximation seems appropriate in view of the presently 
limited observational material and the complex dynamics of extended fluid disks. For 
the same reasons, the effects of one or more distant members on a close pair involved in 
a multiple system are neglected. 

In criticism of this approximation, it may be noted that six, or possibly seven, of 
Carpenter's photographs show pairs of spirals formed in the same sense (i.e., both $ or 
both 2), while only two (NGC 1241-3 and NGC 5278-9, both doubtful) show spirals 
possibly of reversed senses. This evidence of coupling between orbital and rotational 
motion in spiral pairs deserves further study. 

Professor E. F. Carpenter has kindly provided the photographs reproduced in Fig- 
ures 1 and 2, together with the following information: 

These photographs of some of the double galaxies which you are studying spectrographically 
are part of a collection of plates of more than 150 such objects having apparent separation of 
centers not exceeding the apparent diameter of the larger member. These photographs were for 
the most part made before World War IT in a continuing systematic survey of this type of object. 
The original negatives have a scale of 45’ per mm. They were made with the 36-inch Steward 


" Holmberg, op. cit., Fig. 2, p. 13; Ap. J., 92, 200, 1940. 
" Address of the retiring president, Section D, AAAS, Dec. 1950. 
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Reflector, usually with exposures of about an hour on Eastman I1a-O plates or an equivalent. 
he observing list was based largely on a‘ms. compilation generously given me a number of vears 
ago by Professor Knut Lundmark. 


I. THE OBSERVATIONAL MATERIAL 


Spectra were all obtained with the B spectrograph attached at the prime focus of the 
82-inch reflector. This spectrograph was originally designed by H. W. Babcock and 
modified by the author. Light passes through the slit and a central hole in the grating 
behind the slit to fall on an f 4 Pyrex paraboloid collimator of 2 inches aperture, whence 
it is reflected down on the grating and reflected again into an f 0.65 thick-mirror type 
UV-glass Schmidt camera of 2.5 inches aperture. The grating first used was one ruled in 
aluminum on Pyrex by H. D. Babcock at Mount Wilson in 1940, with 15,000 lines per 
inch and blaze at A 5000 in the first order. This grating deteriorated with age and was 
replaced in March, 1951, with an aluminized Bausch and Lomb replica grating'* of 15,000 
lines per inch and blaze at \ 6500, which increased the speed at Ha by a factor of 3. 

The scale at the prime focus of the 82-inch telescope is 2574/mm. The maximum slit 
length used was 11.4 mm (4/8 at the prime focus), and the reduction factor in the 
spectrograph is 5.7. The scale perpendicular to dispersion on the spectrograms is 
2'4/mm. The dispersion varies linearly with the wave length on any one spectrogram 
and with the wave length centered on the spectrogram by adjustment of the grating. 
The two grating settings used were designated G (green centered) and a (//a centered) ; 
for the former the dispersion was 330 A/mm at Ha and 415 A/mm at \ 3727; for the 
latter, 370 A/mm at Ha. 

In order to obtain spectrograms in good focus from \ 3727 to Ha, the emulsion was 
curved to the 2.6-inch radius of curvature of the solid Schmidt camera face. All spectra 
were taken on Eastman 103a-F film, hypersensitized in a cool ammonia bath, dried 
quickly, cut to size 7% X 3% inch, and constrained to the proper curvature between a 
convex disk and a ring. The concave glass surface of the solid Schmidt camera face was 
oiled with clear kerosene (to provide good optical contact) and the emulsion pressed 
firmly against this surface during exposure. Before development, the kerosene was 
cleaned off the emulsion with methalene. Measurements of over 30 test films and other 
spectrograms have shown no evidence of film distortion or emulsion “‘creeping,”” within 
the errors of measurement. Several of the spectra are shown unretouched in Figures 
3 and 4. 

The curvature of the slit image was determined accurately from test spectra and found 
to be symmetrical, though not circular. The curvature varies systematically with wave 
length. A correction for curvature is applied to all the following measurements, although 
such correction is less than 1 for the differential measurements of AV between spectra 
of two galaxies symmetrical to the optical axis. The correction for curvature between 
comparison lines and galaxy lines for measurement of V is generally less than 3y. 

Accuracy of measurement was limited by the slit width (0.20 mm, corresponding to 
14 A at Ha); by the grain of the hypersensitized 103a-F emulsion, by the broadening of 
the lines, and by the inclinations of the lines in some of the spectra. In order to get the 
highest accuracy possible, all spectra were measured twice, once direct and once reversed; 
three settings were made on each comparison line and 10 or more on each galaxy line, 
there being roughly three near-by comparison lines for each galaxy line measured. Dif- 
ferential velocities were determined from the average differences between settings made 
on the galaxy lines in rapid succession, a procedure which certainly improves, for this 
purpose, upon separate individual measurements relative to comparison lines. 

Great care was exercised in adjusting the micrometer run parallel to the dispersion 
and the micrometer wire perpendicular thereto in each measurement. Settings on the 


13 am grateful for a Research Corporation grant which made this purchase possible. 
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TABLE 1 
THE OBSERVATIONAL MATERIAL 


Est. Line Iwrensities 


Ha 


An 9:44a 1439 2 | 44] 44 0.65 | 6070! 1.8] 4 3.8 
| 
| | 
| +3) +1) +3 


3769 
Anon. | 


3786 
3788 


3790 
3800 


4039 (N) 


4278 


2540 3.6 — 2.9 


5544 1 0.25 | 3170] 1.5) — 40) 01 

5545 1 2 

5929 710-2) 43} 43 0:20 | 2610) 5.7 ~185) 10.0 

5930 +3} +5) +1 

5953 3 | +3 | 45 43 0.83 | 2120 | 12.1 | + 40] 12.0 


* Known to be multiple systems rather than simple pairs 
t Other lines were measured as follows: 


NGC 3395 A 5007, Int. +3, HB + 2, Hy +1 NGC 4485; Hy through H; in absorption 
NGC 3396 é 5007, Int. +5, HB + 4. Hy +5 NGC 4490: Hy through H; in absorption 
NGC 3786 A 5007, Int. +8 NGC 4649: G, Int. —2 
NGC 4038(S HB, Int. +2 NGC 5194: A $007, Int. +3 


NGC 4038(N): HB, Int. +2 NGC 5195 HB, Int. —2, Hy — 1,5 — 2 
NGC 4278 G,Int 1 NGC §427: A S007, Int. +5. 


No : 
av | 
Nu} | 3727 D H k | | Sec) SEC) (4¥) 
2820 1.59 | 1590) 1.0/+ 7 1.0 
3875 ~4 | 0.54 | 3280} 2.6 | 2.9 
50 | 16.8 
(S fas- is 
ter) 
+I 2 5 
) 4. 
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comparison lines on either side of the galaxy spectra determined an average deviation 
from perpendicularity at each galaxy line, which was applied as a correction to the dif- 
ferential measurements (generally less than 1 y). 

As a result of these precautions, the unit mean error of a differential measurement of 
one emission line is believed to be about 2 uv, or 30 km. sec at Ha, and the mean unit error 
of an absolute measurement, about 4 u, or 60 km sec at Ha. These estimates are roughly 
confirmed by the internal errors derived in Section IIT below. 

The early spectrograms taken in 1948-1949 indicated that a remarkably large propor- 
tion of the double galaxies show \ 6584 of [N 1], Ha and \ 3727 of [O 11] in emission. In 
some cases, \ 5007 of [O 11] and other hydrogen lines also appeared in emission. Another 
paper is in preparation on these emission features; it is sufficient to note here that prac- 
tically all irregular and Sc type nebulae show emission lines and that the proportion de- 
creases through Sb and Sa to some 20 per cent of E nebulae. Since the emission lines are 
generally sharper, more definitely identified, and more easily measured, there is a natural 
selection of emission-line objects in this study. However, the H, K, G, and D absorption 
lines were also measured on many spectra and these values combined at lower weight 
(see Sec. IIT). 

TABLE 2 


MEASURED RADIAL VELOCITIES 


NGC Humason Mayall Page Weight i 


| +1751km/sec | +1641 km/sec 
3396. . +1643 | 41645 (16.5) 
| +1625 (13.3) 
4038-9 | +1636 km/sec (13.3) 
4278... + 630 + 700 (0.6) 
4283. +1070 +1150 (0.6) 
4485 +b 625 | 640 (1.0) 
4490 | +1370 NS + 795 (1.0) 
4567. | +2284 | 42228 (2.9) 
4568. | +2413 | +2172 (2.9) 
4647. +1448 +1100 (0.5) 
: | +1244 | + 840 (0.5) 
5194. + 438 | + 470 (1.0) 


+ 560 


Multiple Galaxies,® limiting the selection to pairs of separation less than 4/4 and mean 
surface brightness, 7, generally brighter than 13.5 mag. per square minute of arc. Pairs 
with large differences in H were avoided. It was found that an emission-line object of 
H = 13 mag. required an exposure of at least 4 hours with the Babcock grating, or 2 
hours at Ha with the Bausch and Lomb grating. 
In all, some 55 spectra were obtained of 25 different pairs, of which 36 spectra of 20 
different pairs were chosen for measurement. These 20 pairs are listed by NGC numbers 
in Table 1, together with Holmberg’s catalogue number, number of films, estimated line 
intensities, separation of the two spectra Ay, measured mean velocity V’, measured dif- 
ferential velocity AV, and weights. For 13 of the nebulae in this list, velocities have been 
measured separately by Mayall and by Humason, who obtained the values given in 
Table 2, kindly made available to me in advance of publication. With a few exceptions, 
mainly the values of low weight, the agreement is satisfactory. 
The measured mean velocities, V’, have been corrected for galactic rotation by means 
of the relation 


V = V’+ 250 cos 8 cos (X — 55°), 


where and ) are galactic latitude and longitude, respectively. Values of V are given for 
the 20 pairs in Table 3. 


5195 | + 542 (1.0) 
rhe pairs of galaxies were chosen primarily from Holmberg’s Catalog of Double and Be at 
H 
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2820 
2872 
2875 
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An. 9:44b 
3395 
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$39 


1278 
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12.6 0.5 | 760 |2750+ 50/-185+ 20 30 15- 45 75 
12.5 | 910 11.9 
| | 
| | 
10.7 0.8 360 2190+ 30+ 40+ 20 0.185 0.04— 0.47 10.8 
12.5 1.83 1780 16.05 10.85— 23.35 23.0 


TABLE 3 
DATA FOR 20 DOUBLE GALAXIES 


é V AVt F Range 
Ps Km /Sec) Km/Sec) | Suns) (10% Suns) | Suns) 
1 740 /1680+100'+ 7+ 50° 0.021/0- 1.5] 45 
4 2780 | Soa | 6.5 
5 1.35, 1050 3150+ 50 —640+ 40111. 92. -137. | 16.5 
4350 | 12.5 


7 1.62) 6540 5910+ 50+ 80+ 30 4 142- 8&0 | 50. 


3270 


1 1.32) 1150 1610+ 30- 4+ 15 0.00210. — 0.05/15 
7 1330 | 6 


6 |1.25) 1150 | 770+ 50+ 36+ 20 0 086, 0.01— 0.22) 3. 


6 220 


1.52) 2380 2540+ 80+4410+ 80 42.0 (24.5 — 65.0 | 14 
2 2380 ‘ 


2 1.42; 1340 |3400+ 44+ 40) 0 61 | 0.01 — 2.42) 
0 3440 


0 1.10 (820) 1480+ 30 50+ 15} 0.26/|0.11— 0.49) 2 
0 (820) (S faster) 
1 3.7 | 1020 | 920+ 80'~—450-4 600 44.0 '29.5 63.0 of 
5 460 2 


6 13.5 160 904155+ 90 41 0.62— 11.8 4 
3 1810 3 
3 1.27} 2120 !2130+ 56+ 25) 0.55/10 1.3 
6 3700 


42.8 800 910 +100 +2600+ 90 11.1 4.0 — 23.0 9 
5 1360 


1150 
920 


4170 + 100 +630 4 


3.9.73 8404100 + 60+ 40 014 0.50 1. 
8) 4.4, 3480 | 605+ 70+ 90+ 50! 1.38 / 0.23— 3.8 | 10 

? 


670 


8 1.42) 2220 |6660+ 70'+175+ 50! 18.5 8.7 — 33.0 


6 4050 90 
7 | 2880 |2480+ 60 — 964+ 30; 3 8 bod 6.9 | 27 


2740 


1190 (3090+ 70 — 104100; 0.012 0. — 
9 2050 1 
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+ | 0.7 | 12 25 
Sb 12 43 
} 13 0 
Si titi] it 3 
4 $3 12 
16 12 9 
2.742 
782 KO 0.5} 11.4 0.71 52. ~—102 57 
Irt 13 7 
Irr 11 | 
Si (14 
Irr 13 
Sb 11 
Sh 1? «| 
5 } 1 3 
S544 i G:7.1 43 3.0 
5545 I 3.0 
ko 
5080 
3953 | 
3954 Sc 
Mean 
* Under 4 whicates that-em 
— 


DOUBLE GALAXIES 


II. DYNAMICS 


For two galaxies, here considered as point masses M, and M2 moving in a circular 
relative orbit, we have the following relationships: 


av? 
(9.487) 2’ 
AV =vcos¢, 2 


M,+M.=2M = 


._asiny 


60D” and 


where a is the radius of the relative orbit in astronomical units, v is the circular velocity 
in km sec, ¢ is the angle between ¢ and the line of sight, S is the angular separation in 
minutes of arc, y is the angle between the radius vector and the line of sight, D is the 
distance to the pair from the earth in parsecs, and & is'* 5.26 K 10~* km/sec, psc. 

Since v is perpendicular to a, we have i 


cos @=sinicos2, and (S) 


cos =sinisinQ, (6) 


where 7 is the inclination of the orbit to the plane of the sky, and 2 the angle of the 
secondary galaxy from the receding node. Combining these expressions, we obtain 
60 


(0.482)? SV (AV)?=M sin? i cos* Q (1 —sin? 7 sin? Q)!?, (7) 


F=64.1SV(AV)?=M/, 


where / is a double-angled mass function, analogous to the mass functon derived for 
spectroscopic binary stars, and f < 1. An observed value of F, therefore, sets a lower 
limit to the mean mass of any one pair of galaxies. The calculation of F for each of the 20 
pairs is set forth in Table 3. 

If, as seems quite likely, the orbits are inclined at random and the secondary galaxies 
of various pairs are at random angles from the node, the average value of f for a number 
of pairs is 


w/2 /2 
[ do sin? 7 cos? Q (1 — sin? 7 sin? Q) 


fa i di 


0 


where the integration has been performed by expanding the radical to three terms. From 
equations (8) and (9) we find the mean mass per single galaxy for a number of pairs to be 
M = F 0.295. 

For random i and & we can also determine the distribution function N(f), defined as 
the fraction of all values of f which lie between f and 1.0, by integrating under curves of 
constant / in the 2 cos 7 plane (cos 7 is used in order to provide the weighted interval sin 
i di). The integration has been done graphically, with an accuracy of 1 or 2 per cent, 
vielding the results given in the second column of Table 4. 

We see from Table 4 that the distribution of f is sharply peaked at f = 0; that is, a 
given set of randomly oriented pairs of galaxies, all of the same mass, will yield values of 


4 Hubble, 4p. J.. 84, 517, 1936. 
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F mostly near zero, with decreasing percentages for values of F up to the limit of F = M. 
It is this geometrical weakness of the present method which limits the accuracy of deter- 
mining M, the average mass; in effect, all but a quarter of the observations are lost in the 
projection; only a quarter of the observations are effective in determining M. 

One of the possible effects of selection treated in Section VI below may arise from the 
underrepresentation of wide pairs in these data. The average projected separation of the 
20 pairs in Table 2 is 1/83 and, although the average projected separation of the pairs 
listed in Holmberg’s catalogue’ is about 1/5, there is reason to believe’ that the average 
for all dynamical systems of about 13 mag. is considerably larger. 

In the following paragraphs a correction for this selection will be derived. Later the 
theory will be applied to a second group of data in which much wider pairs are repre- 
sented, with results that confirm those derived from the data of Tables 1 and 3. 

The major effect of a selection of pairs closer than average is to favor small y (the 
angle between the line of centers and the line of sight) and hence to alter the expected 
distribution function, V(f), from the values given in the second column of Table 4. Now 


TABLE 4 
THE THEORETICAL DISTRIBUTION FUNCTION N(f) 


| 


| 


| 
| Selection S<2 | Selection S<5 S<2 
0 1.000 1.00 1.00 || 0.50. 0.241 0.19 0.15 
0.01 0.370 | 0.81 0.80 || 0.60. 0.182 0.145 | 0.112 
0.02 0.815 | 0.77 0.71 || 0.70 0.1295 0.102 0.078 
0005 0.725 0.66 | 0.58 || 0.80 | 0.0825 0.064 0.049 
0.10 0.617 0.54 0.45 || 0.90. 0.0393 0.030 0.022 
0.0000 


0.295 


lines of constant ¥ can readily be drawn in the Q cos i plane, using equation (6); a set 
of modified distribution functions, V(/, ¥ < Wo), can be obtained by excluding the area 
of ¥ > Yo from the integration. However, for a given ‘“‘cutoff”’ of projected separations, 
S < Spo, the angle Yo will depend on the average space separation, a, being considered: 


sin Py = = (10) 
a 
Hence the modified .V(/) will depend on the “cutoff” of the projected separation, So, and 
also on the frequency function of space separations, V(a). 

The latter has been determined by Holmberg" from a statistical discussion of pro- 
jected separations. He derives the logarithm of the number of secondary galaxies per unit 
volume at radius vec or a (the primary galaxy of each pair being taken at the origin). 
For a given “cutoff,” So, the distribution function V(f) will be normal for a < So and 
moditied in varying degree for a > So. For the pairs of separation between a and a + da 
the modified N(/) will be NV(f, Yo = sin-'So/a), and the number of such pairs is 
tra’ V(a)da. The effective distribution function for these conditions will be: 


Ns (f) =N(S) (a) dat f 4ra2N (a) N (f, Wo) da. (11) 


'% Holmberg, 1p. J., 92, 200, 1940. 
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The integration of equation (11) has been performed graphically to give the values in the 
third and fourth columns of Table 4 for two values of So. 

Holmberg’s values of \(a) are for a in units of one minute of arc at the standard dis- 
tance corresponding to apparent magnitude 13. All projected separations, S, were there- 
fore reduced to Sr, corresponding to the standard distance, by the relation 


Sp =F KX 2) 
where m is the magnitude of the brighter nebula in the pair. For the 20 pairs listed in 
Table 1 we find Sg= 1/28, whence the effective cutoff is taken to be between 2’ and 3’ 
(at 13 mag.). For the data on 15 pairs in Table 5, Sx = 7/9 and for all 35 pairsSz = 4/1. 
The “cutoffs” So = 2’ and So = 5’ were used in calculating Vs,(/) in Table 4; the change 

TABLE 5 
MAssS DATA FOR 15 OTHER DOUBLE GALAXIES 


| 
NGC Source* at 


(Km, | (10% Suns) 


| 

| 
| 370 | 158t 28 

247-53. . 76. (200)¢ | 

2366-2403... (300) ¢ 
3190-93... | 1270 
3226-27... 1140 
3379-84. 720 
3623-27. 725 
4382-94. 630 
4467-72... 1150 
5236-53. 
5457-61... 
5574-76. 
5982-85...... | 
6027a-b. 


NN Y 


RUS 


Mean... 


*Hu = Humason, niet: Hol = Holmbe org, Lund Ann., 6, 101, 1937; Ho Il = 
Holmberg, Ap. J., 92, 257, 1940; Sey = Seyfert, Pub. A.S.P , 63, 72, 1951. 

t These hie of V are determined from estimated distances; the measured V’ are small 
or negative. 


from So = 2’ to 5’ being roughly equal to that from So = 5’ to Sp = © (no selection). 
The effect on f, and hence on M = I’/f, is 40 per cent between Sy = 2’ and Sy = ©. In 
calculating M and the distribution of masses, the distribution function N»2’(f) ) will be 
used with the observational data for the 20 pairs of Table 1 and N;'(f) for ail 35 pairs 
for which data are available. 

III. ERRORS 


In Section IV below, we will derive information about M and the distribution of M 
from observed values of the mass function F. However, it is first necessary to determine 
how the observational errors in F will affect these conclusions; in fact, how the observed 
values of F should be combined with due regard to their errors. Unfortunately, the data 
are not homogeneous; some values of V and AV are of higher weight than others, owing 
to more and sharper lines, better exposure, more spectrograms, etc. A rough root-mean- 
square error was derived for each observed value of V and AV in the following way: 
weights were assigned to each line measured, giving unit weight for a sharp Ha emission 
line, and half-weight for \ <4800 A, for a diffuse line, a slanted line, or an absorption 


| 0.29 i 
0.54 
| 43 
8.7 
| 0.8 
1.44 
36. 
0.00 
10.2 
128. 
i 
| | 3 
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line, for a slit-curvature correction greater than 3 or a case where less than three near- 
by comparison lines were measured. The individual measures of V and AV for each pair 
of galaxies were then combined in the standard manner to determine weighted means, 
and the deviations and squared deviations computed. The error of unit weight was deter- 
mined from the root mean square of all deviations and the r.m.s. error of the weighted 
means (some of which had weight less than unity and were based on but one measure- 
ment) were derived in the usual manner. The result of this procedure is that the error of 
a single measurement of unit weight is +50 km sec in MV and +100 km, sec in V._ 
From equations (8) and (9) we will find the mean mass, M; but the error in M is 
obviously not the error of the weighted mean of F, since the distribution function of / is 
so far from normal. In order to get an estimate of the error in M due to the known errors 
of measurement, a minimum and a maximum value of F’ were determined by applying 
all errors first in the positive sense and then in the negative sense, replacing negative 
values of F with zero. The error is probably overestimated by this procedure. The error 


TABLE 6 


THE OBSERVED DISTRIBUTION, V(F) 


20 Pairs in 
$5 Pairs ae 35 Pairs 
Table 2 


0.046 + 020 0.073 
02 2 0 000 4 020 0.034 
O4 0.000 0.019 
06 5 0.000 0.006 
06 0.000 0.001 
| 7 © 5 20.4 
035 ; 4.1 
.030 
025 114 ; = 2 0.25 or 0. 295 
022 O86 JO) 7 3 81.6 or 68.0 


5’ or © 


in S was taken to be +0/1. An upper limit to the error in M is thus determined to be 
+ 40 per cent. 

In the study of the distribution of the mass functions F, it was necessary to take into 
account the fact that the values of F determined from the observations are subject to 
errors in differing amounts, despite the requirement that each value of / must enter the 
distribution function with unit weight. On this basis each value of / was considered to be 
spread out over the range of values between its maximum and minimum value, with a 
peak at its normal value. Thus, the single value of F for NGC 5257-8, probably at 
18.5 X 10° with low weight (so that its value may be as high as 33.0 or as low as 
8.7 X 10°), was considered to lie 50 per cent in the interval 15-20 & 10°; 13 per cent 
each in the intervals 5-10 and 10-15 X 10°; and 8 per cent each in the intervals 20-25, 
25-30, and 30-35 & 10%. 

In this manner the observed distribution function, V(/), defined as the fraction of all 
values of F lying between F and 1.0, was derived, listed in the second column of Table 6, 
and plotted as crosses in Figures 5 and 6. (Two figures are necessary to show the dis- 
tribution function with the required accuracy over the range / = 0 to 160 X 10° suns.) 
A smoothed curve through these crosses is taken as the best estimate of the true distribu- 
tion function V(/) for a large number of doubles. Statistical fluctuations are expected to 


ViF) N(F) 
Table 2 
0 100 + 0 
05 0.64 + 
1.0 0.57 4 
10 0.29 + 
15 0:25 + 
: 20 0.218 4 
0) 0.194 + 
i 40 0.175 + 
i 60 0.100 + 
80 0 060 + 
i 
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introduce errors in the observed distribution function of the order +/N’, where N’ is 
the actual number of values of F observed in the interval, except that the curve must 
obviously pass through the value V(0) = 1.0. This effect of statistical fluctuations is 
shown as an error in the second column of Table 6 and by the two lines bounding all 
crosses on Figures 5 and 6. A curve which fits the observed V(F) must lie between these 
lines of error. 


0.00 T T 
0 5 10x 10° F 


Fic. 5.—The distribution function, N(/), for small &. The ordinate is the fraction of al] values of F 
which lie between F and 1.0. The crosses represent observed values of N(F), and the two continuous 
lines labeled ‘‘Error”’ indicate the estimated statistical fluctuations in these values. The remaining lines 
show the expected V(F) for four different distributions of mass. 


At this point it is appropriate to consider errors introduced by approximations in the 
dynamical analysis of Section II. In order of importance, four approximations are in- 
volved: (a) disk-shaped galaxies are treated as point masses; (6) in several cases the 
presence of more distant members in multiple systems has been ignored; (c) relative or- 
bits are treated as circles; and (d) the mean radial velocity, V, has been taken as an ac- 
curate indicator of distance, in accordance with equation (4). No estimate can be given 
here of the effects of (a) and (8). 

If the orbits are not circular, the error due to (c) above can be calculated by a treat- 
ment analogous to Russell’s for common proper-motion stars,'® which shows that the 


16 Ap. J.,38, 89, 1928. 
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derived mass functions must be increased. Since no reliable estimate can be made of the 
distribution of orbital eccentricities for the double nebulae, it will only be noted here that 
the correction to F’ and M can at the most be of the order of +70 per cent (for eccentrici- 
ties all near 1.0) and that, if the mean eccentricity is 0.5, the correction will be only +11 
per cent, well within the estimated error in M of +40 per cent. 

Deviations from the velocity-distance law among field nebulae are generally" less than 
+0.1 in log V, this value including errors in the distance criteria used by Hubble. Such 
errors, of +25 per cent in D, enter F directly. However, the errors in F allowed in cal+ 
culating M and N(F) are considerably larger than +25 per cent in all but one case 
(NGC 2872-5). Hence, the effect of (d) above can be neglected. 


\ 


M=80 x oy 
50 100 «10° 


6.--The distribution function, N(/*), for large F 


IV. MASSES OF THE DOUBLE GALAXIES 


As shown in Section IT above, the mean mass per galaxy in a number of pairs can be 
determined from the mean of the observed mass functions; that is, M = I’/f, where f 
can be determined analytically if the orbital inclinations and angles from the node are 
randomly distributed. The selection of close pairs requires a correction to f based on the 
cutoff at Sy ~ 2’ and on the mean space separations of double galaxies. For the 20 pairs 


listed in Table 3 we find: 
M = (77+30) X 10° solar masses , 


where the error has been estimated in the liberal manner described in Section III. 
Confirmation of the correction to / for selection of close pairs is obtained by adding to 
these data those for 15 other pairs observed previously and listed in Table 5. Four of 
these are early radial-velocity measurements cited by Holmberg,® and three refer to very 
wide pairs which were identified as physical systems by their common radial velocities. 
IT am indebted to Mr. Milton Humason for permission to include data for 8 of these pairs 
not previously published. Since the individual radial velocities were measured separately 
in each of these pairs, the errors in AV’ may be quite large. Because of this fact and the 
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heterogeneous nature of these data, no estimate of the error in Ff or V(/) derived from 
them can be given. However, the mean mass derived as above, assuming no cutoff (since 
separations as large as 276’ are included, and Sx = 7/9) is 


M = 89 X 10° solar masses . 


Combining the data for all 35 pairs and assuming an effective cutoff at So = 5’, 
M = 82 X 10° solar masses . 


The agreement between the determinations for two independent selections of pairs 
lends considerable weight to the conclusion that M is near 80 x 10° solar masses for “et 
double galaxies, although at least 3 of the pairs—NGC 2872-5, 4467-72, and 5982-5 
have masses considerably larger than this (since M is greater than F observed for any 
pair, and the observed values of F are 111, 178, and 128 for these three pairs). 

However, the observed distribution of F, listed in Table 6 and plotted on Figures 5 and 
6, gives further evidence of a wide range ‘in M. In principle, it is possible to derive the 
distribution of M from the observed distribution of /, using the appropriate theoretical 
distribution, V(f). However, as noted by Chandrasekhar and Miinch” in another con- 
nection, the solution of an integral equation of the type required to obtain V(.M) from 
N(F) depends on the derivative of V(/’), which is poorly determined by the data. For 
this reason several discrete frequency functions of M were assumed, and the distribution 
functions .V,(F) constructed for comparison with the observed V(/’). Each assumed fre- 
quency function can be expressed in the form + mo(Me2) +... +(M,)+..., 
where = land = M. 

The simplest of these is the case of m, = 1, M@,; = M = 80 X 10° ©, all masses equal 
to the mean, for which No(F) = N(/), and F = Mf. As shown in Figures 5 and 6, 

No(F) does not fit V(F) within the lines of error. 

In the more general case, the constructed NV,(F) = mN(fi) + +... + 
niN(fi) +..., where f; = F/M;. N(f) is taken from Table 4; N(f) = 0 for f 2 1. 0. 
The frequencies and masses used in four separate trial fits are listed in Table 7 and shown 
graphically in the top part of Figure 7. 

The derived distribution functions, V,(/), from these trials are plotted in Figures 5 
and 6. Trial No. 2 coincides with No. 1 for large values of F, but is too high between 
F = 1and7 X 10% suns. No. 3 is too high for F < 20 X 10°. 

The distribution function for No. 1 lies everywhere within the lines of error and fits the 
observed N(F) (shown by crosses in Figures 5 and 6) as accurately as the significance of 
these data will allow. 

The significant result of this fit No. 1 is that two sharply separated masses of about 
5 X 10° suns (representing about half of these galaxies, which may be termed “light 
weights’) and about 150 X 10° suns (representing the other half, which may be termed 
“heavy weights”) are required. 

The terms “giant” and ‘“dwarf,’’ referring to luminosity, have been applied to the 
galaxies before, but the sharp distinction in mass has not previously been demonstrated. 
From the mass and luminosity data for six galaxies assembled by Mayall and Aller? 
(reproduced here in Table 8), they identified three or possibly four giants. Two of these, 
the Galaxy and M31, are comparable in mass with the “heavy-weight” double galaxies. 
The two dwarfs are comparable in mass with the “light-weight” double galaxies. It is 
possible that the intermediate masses of NGC 4594 and NGC 3115 are underestimated 
and that these objects are heavy weights as well as giants in luminosity. 

The observed distribution of F for all 35 pairs of galaxies lies for the most part close 
to N(F) for the 20 pairs in Table 3 (see Table 6). As partial confirmation of the methods 


17 Ap. J., 142, 1950. 
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used above it is to be noted that Trial No. 4 (Table 7), the best fit to V(/) for all 35 pairs, 
vields a mass frequency very similar to that of Trial No. 1, except that 20 ner cent of 
intermediate masses can be included. 

As a further check on the sharp separation between heavy weights and light weights, 
trials No. 2 and No. 3 were made: No. 2 consisting of equal groups of dwarfs, intermedi- 
ates, and giants, and No. 3 an approximation to a uniform spread in masses. The fact 
that No. 2 yields N(F) too high from F = 1 to 7 X 10° suns is taken to indicate that 
masses intermediate between giants and dwarfs are rare among the double galaxies. 


TABLE 7 


ASSUMED MASS FREQUENCIES 
N,(F) has been calculated using N(f) for So = 2’, 
except in Trial No. 4 


Trial No. 1 Trial No. 3—Continued 


150 x<10° 0.0625 110 

5 0625 100 

0625 00 

M =77.5X10° 0625 80 

|! 0625 70 

0625 60 

Trial No. 2 0625 50) 
0625. 40 

0625 30 

150) «10° 0625 20 


80 | 0.0625 10 


— 1.0000 VM =85.0% 109 
M =77.3X10° 
Trial No. 4 
Trial No. 3 _(For 35 Pairs, So=5’) 


0.0625 100 10° 200 
0625 150 50 
0625 140 5 
0625 130 

0.0625 120 M=80.3 


Trial No. 3 indicates the same fact; it contains too many intermediate masses to fit the 
observed V(F). 

It is therefore concluded that the average mass of the 40 galaxies listed in Tables 1 and 
3 is about, 80 X 10% suns, and that they may be divided into two groups: light weights of 
individual masses about 5 X 10° suns and heavy weights of individual masses about 
150 X 10° suns, with possibly one or two pairs of intermediate mass. Unfortunately, it is 
not possible to specify explicitly which of the pairs are light and which heavy, although 
NGC 2872-5, with F > M, is undoubtedly a pair of heavy weights. If these 40 galaxies 
in double systems are a fair sample, some 50 per cent of the field nebulae are light and 
about 50 per cent heavy. 


| 
05, 
0.5 
1.00 
py 0.333 
J 333 
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M= 80 «10° 


(BEST FIT 
20 PAIRS) 


No. 4 
f] (35 PAIRS) 
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20 PAIRS 


~28NEAR BY 
50 100 20010’ OL 


Fic. 7.—Distributions of mass and luminosity. Ordinates represent numbers of galaxies. The histo- 
gram “No, 1”’ represents the best fit to the present mass data for 20 pairs of galaxies. 


TABLE 8 


MASSES AND LUMINOSITIES OF SINGLE GALAXIES 


} 

| | 

M | Designa 
Object Type (109 Suns) (10% Suns) tion 


Galaxy. . | Sc | Giant 
1 | | Dwart 
NGC 4594 S 2 250. Giant 
NGC 4111. 3 | Dwarf 
NGC 3115. yi a 30. Giant? 
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V. LUMINOSITIES 


It is of interest to determine whether the luminosities of these nebulae also show a 
separation into giants and dwarfs. To this end Table 3 lists absolute luminosities in 
terms of the sun derived from Holmberg’s® magnitudes, using the mean radial velocities 
given in Table 3 to determine distances by equation (4). Thus 


log L = 0.4(16.39 — m’+5 logV), (13) 


where Z is the absolute luminosity in terms of the sun, the constant term includes the 
absolute magnitude of the sun taken as 5, and the constant & from equation (4), and m’ is 
corrected for galactic obscuration by the relation 


m’=m—0.25 csc B. (14) 


The error in L due to estimated errors in &, m, and V is found to be +95 per cent. The 
error in m has been assumed to be + 0.5 mag., based on comparison of Holmberg’s magni- 
tudes with those of Shapley and Ames."* Such large errors limit the conclusions which can 
be drawn from the luminosity data. 

The arithmetic mean of these 40 luminosities in Table 3 is 23.0 K 10% suns. Combin- 
ing this with the mean mass from Section IV above, the mean ratio of mass to luminosity 
is found to be os 

‘ = 348 (in solar units) , 


a figure considerably in excess of previous determinations.* The error in L derived from 
the random 95 per cent errors in L, is +5 suns; for these 40 galaxies, therefore, it is prob- 
able that 171 << _M/L < 620. Even the lower limit of the mass-luminosity ratio is very 
much larger than previous estimates,'® 

The distribution of these luminosities is plotted at the bottom of Figure 7. There is no 
indication of a sharp separation between giants and dwarfs in luminosity, although ob- 
servational errors in L may have obscured such a separation. For comparison, the dis- 
tribution of Z among 28 near-by galaxies recently studied by Holmberg”? is also plotted 
in Figure 7 (lowest graph). The single large value refers to M31. Errors in Holmberg’s 
magnitudes are probably less than 0.1. The differences in luminosity distribution be- 
tween the 20 pairs and the 28 near-by galaxies is probably also a result of the large errors 
involved in the former. This interpretation is partly borne out by the means and disper- 
sions given in Table 9. 

Since the errors in L are large and the classification of elliptical, irregular, and spiral 
types doubtful among the double nebulae in Table 3, little significance can be attached 
to the means for different types of double nebulae in Table 9. However, the total mean 
and dispersion of the double galaxies appear to be sufficiently similar to that for the 28 
near-by galaxies to support the contention that these doubles form a similar sample of 
the field nebulae. At the same time, the large dispersions in Holmberg’s more accurate 
luminosities of the near-by galaxies and the wide differences between spirals and the 
other types bear the warning that any small sample can easily be biased. 

It is concluded that the 40 galaxies studied here have luminosities similar in their 
mean and dispersion to the 28 near-by galaxies studied more accurately by Holmberg 
and that the mean mass-luminosity ratio for these double galaxies is greater than 170, in 
solar units. 


18 Harvard Ann., Vol. 88, No. 2, 1932. 

'9 Hubble, The Realm of the Nebulae (London: Oxford University Press, 1936); Wyse and Mayall, 
Ap. J., 95, 24, 1942, 

2° Holmberg, Lund. Medd., Ser. II, No. 128. 
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VI. EFFECTS OF SELECTION 

This study of the double galaxies was undertaken in order to gain information about 
the average masses of all galaxies, an aim which can be realized only if the objects studied 
represent a fair sample. The criteria for a fair sample, in this case, must be based on one 
or more of the following observable characteristics of galaxies: (a2) membership in groups, 
(6) luminosity, (c) form, (d) size, (e) spectral characteristics, and (/) surface brightness. 
Distance (and radial velocity, proportional thereto) has been omitted from this list since 
nonhomogeneities of the universe are beyond the scope of this paper. 

As for (a), Holmberg has shown that the double galaxies listed in his catalog’ are a 
fair sample of the field nebulae—better, certainly, than the cluster galaxies. It would 
therefore be sufficient to show that the 20 pairs studied here are a fair sample from Holm- 
berg’s catalog. On the basis of mean separation, S, this is very nearly true (see Sec. II). 

With reference to (6), it has been shown in Section V above that the rather inaccurate 
luminosity data are at least consistent with the assertion that the 40 galaxies studied here 
are a similar sample to the 28 near-by galaxies. Table 9 shows that irregular forms may be 


TABLE 9 
MEAN ABSOLUTE LUMINOSITIES IN UNITS OF 107 SUNS 


| 
20 Pairs 28 Near-BY GALAXIES 


| 

. 
| Me: Disper 
| $10 


Elliptical nebulae. 
Spirals. . . 
Irregular nebulae. 
Local group 


32.4 


underrepresented by a factor of 1/4.5, and spirals overrepresented by a factor of 1.3. 
However, the classification of forms among the double galaxies is not reliable, and this 
apparent defect in the sample may not be significant. 

In order to use criterion (d) above, linear diameters, d, have been calculated from the 
expression 
d= Dsin A = A V/ 1.81 parsecs , (15) 


where A is the angular diameter in minutes of are given by Holmberg? and the constant 
includes & from equation (4). The mean diameter of these 40 objects is 1780 psc. The 
mean of log d, and its dispersion, agree closely with the values derived by Holmberg”! for 
145 field galaxies, as indicated in the accompanying tabulation. 


40 Double 145 Field 
Galaxies Galaxies 


log d.. 3.13 | 3.17+0.03 


Dispersion . 0.34 0.34+0.02 


2 Lund Ann., 6, 41, 1937. 


| | 
| 16 | 20.1 | 167 | 6 | 1.1 0.9 
| | 20 | 20.4 | 30.8 | 10 | 28.2 | 49 i s 
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As shown in Table 3 (third column), all but 9 of the 40 spectra show emission lines. 
‘This proportion, which depends primarily on the proportions of elliptical and early-type 
spirals included in the sample, is not significantly different from the proportion of field 
nebulae showing emission lines. There is no evidence that the spectra of double galaxies 
differ systematically from those of field nebulae; no further analysis of spectral types has 
been undertaken here. 

With reference to criterion (f), it must be noted that the surface brightness varies 
widely over each image and that a mean surface brightness depends critically on the di- 
mensions used. The dimensions available, those listed in the Holmberg’ and Shapley- 
Ames'* catalogues, were generally measured roughly on small-scale plates; accurate 
photometry has led to increases in these dimensions”’ by as much as a factor of 2. In 
order to make a rough comparison, the average surface brightness, defined as 


H=m-+2.5 log(A-B), (16) 


where 4 and Bare the major and minor axes, has been computed for the double galax- 
ies and for the 28 near-by galaxies, using Shapley and Ames’s values'* of A and B. There 
was a natural selection of objects of high surface brightness in the present observations, 
contirmed by the comparison of mean H and dispersions given in the accompanying 
tabulation. Individual values of H are listed in Table 3. 


40 Double 28 Near-by 
Galaxies | Galaxies 


i 1235 13™9 


Dispersion 


VII. CONCLUSIONS 

()n the basis of the assumptions and approximations listed in Section HI above, the 
measured radial velocities and angular separations of 20 pairs of galaxies lead to a mean 
individual mass of 8 X 10!° suns, with an uncertainty much less than +40 per cent. 
\lthough more data are needed to determine the distribution of masses accurately, it 
can be stated with confidence that the distribution is not normal about this mean. 
Rather, there appear to be two groups among the 40 galaxies studied: light weights, of 
mass about 5 X 10° suns, and heavy weights, of mass about 150 X 10° suns, about equal 
in frequency. Intermediate masses cannot be present in appreciable number. 

Luminosity data are too poor to allow identification of luminous giants with massive 
heavy weights. However, the over-all mean mass-luminosity ratio for these 40 galaxies is 
in the range 170-600 solar units. 

The 40 galaxies studied appear to be a fair sample of the field nebulae (excluding only 
the cluster nebulae) on the basis of similar luminosities, sizes, and special characteristics. 
However, they are systematically of higher surface brightness than both the average 
near-by single galaxies and the average double galaxies. There is imperfect evidence that 
the 40 galaxies studied include more spiral types and fewer irregular types than the 
average. 

There is no reliable observational evidence to indicate that the double galaxies differ 
systematically from the mean of all galaxies in mass, luminosity, or other characteristics. 
Pending further information, therefore, it is suggested that these conclusions apply to all 
field nebulae: (a) the average mass is about 8 X 10! suns, and (8) in any group of galaxies 
chosen at random there are roughly equal numbers of light weights of mass 5 X 10% suns 
and heavy weights of mass 150 & 10° suns or more. The latter conclusion is consistent 
with measurements of individual masses from internal rotations. 
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ABSTRACT 


Individual velocity-curves were obtained on 26 nights from 442 Mount Wilson and Lick spectrograms. 
These curves are represented as the sum of three periodic oscillations: P2 = 0.16916 day (453™3554), 
P, = 0.17085 day (4%6™180), and Ps = 12.097 days. The corresponding semi-amplitudes are K2 = 14.8 
km/sec, K, = 4.5 km/sec, K = 23.4 km/sec. The absorption lines vary slightly in contour, probably in 
phase with P. They are sharpest on the ascending branches of the velocity-curves. The periods P; and 
P; combine to produce a beat period of Ps; = 17.15 days. 


Merle Walker’s discovery,' in August, 1950, at the Lick Observatory, of a 4-hour vari- 
ation in the light-velocity and radial velocity of 16 Lacertae has inspired the present in- 
vestigation. Walker’s own photometric observations, obtained in 1951, appear in a sepa- 
rate article. Through a fortunate coincidence, G. R. Miczaika secured numerous photo- 
electric observations of 16 Lacertae at Heidelberg, also in 1951. Thus, for the first time, 
there is available for discussion a large amount of data secured simultaneously with pho- 
toelectric photometers and with powerful spectrographs. It has seemed best to carry out 


TABLE 1 
LIST OF STAR LINES 


| | | 
ee | Element | Plate* Pt Element Plate 
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3919.29. Cc 4143.76 | Het 
3920.68. cr Cc || 4267.17 
3933.66......| Call || 4340.47 
3945.05. | Ol C | 4387.93. Het 
3954.37... OF € i} 4471.48. | Het 
3964.73. C, ¥ | 4481.23 Mg it 7, L 
3995.00. Nil ¢ | 4552.65 Si 111 L 
4009.27... | Hel C+ | 4567.87. Si ul L 
4026.19. | Hel C,y |! 4574.78. Si 1 L 
4069.79. | On C, ¥ | 4590.97 Ou L 
4072.16. OR 4596.18 Ol L 


| 


*C = Mt. Wilson coudé spectrograph on the 100-inch telescope. y = Mt. Wilson cassegrain, on 
the 60-inch telescope. L = Lick three-prism spectrograph on the 36-inch refractor. 


the discussions separately, without attempting to iron out the small remaining discrep- 
ancies. 

Table 1 gives a list of the star lines used in this work. The Ca 11 line K was not used 
in forming the mean values for each plate. This line is partly stellar and partly interstel- 
lar. On several high-dispersion plates it is completely resolved into two components. 
Table 2 gives the individual plate velocities. No heliocentric corrections have been ap- 


* The observational material used in this investigation was obtained at the Mount Wilson and Lick 
Observatories. 
Pub. 63, 35, 1951. 
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August 


691 
. 750 
. 759 
.776 
.812 
.820 
. 828 
841 
.859 
868 
886 
.902 
.927 
947 
955 
963 

979 
987 
| 994 
+ 870.002 


869 


August 


| 970.740 
. 748 


.758 


PHASE 
(Day) 


11, 1951 


0.103 
129 
162 
002 
| O10 
| O19 
| 
046 

055 
| 063 

071 
| 084 
| 
All 
| 
129 
137 
145 
153 
.162 
001 
021 
029 
037 
046 
| 
| 0.076 
| 


| 
| 
| 
| 


12, 1951 


TABLE_2 


VELOCITY 
| (Ku/SeEc) 


| 
| 


| 


| 


Ree 


PLATE 


TIME 
(U.T.) 


| 
1031" | 870.938 


PHASE 
(Day) 


jo | 

2433+ 

| 
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August 12, 1951—Continu 


947 


| 


$71.003 


ed 


VeLocITY 


tt++tte | 


NO UI 
CCS WWE EN 


COPE 


RADIAL VELOCITIES 
Time | JD 
| — 
| | 727.4 || 4 
5 12 —19.6 44 | 00 | —4 
6 00 | ~10.4 | 57 | —-.956 | — 4 
13 | mil .966 | 025 | 3 
38 | | — 37 | | | —10 
7 O04 —19.3 || 51 | 053 | —18 
17 | —18.0} 12 04 | (062 | —23 
41 | | —27.9 | 
4 53 | | —35.5 || | 
—24.7 || | August 13, 1951 
37 | —36.4 || | é 
9 02 |. —21.4 || 436 | 871.092 | 0.074 | —2 
| 16 “19.0 | | 49 701 | 083 | —1! 
27 | | 503 ‘310 | .092 | 
39 | 16 719 | | —1 
| 51 | 29 110 -1 
10 03 42 738 | .120 | 
15 | - 55 747 | | - 
43 — 6 08 .756 
55 | 22 765 147 
| 11 07 - 35 174 156 
19 | | 47 
| 30 | | 702 006 
| i 12 03 | — 42 821 034 
| | 55 830 043 
8 08 052 . 
| ag 22 "349 | .062 | — 
| 48 867 | .080 | —2 
7 5 45 | 0.137 | - 9 02 | .089 | 
57 | - 445 | 16 .886 |  .099 
611 | 155 | 27 .107 
24 | .767 | .164 | 38 | - : 
; 36. 003 | | 50 910 | 123 | -1 
49 012 | | 10 01 917 .130 
i 703 |  .794 022 | | 12 925 |  .138 
q 16 | .803 | | 24 933, 
29 | | | 35 940 | 
| 
| 814 | $43 | .071 | - 09 965 .009 
| 42 | .862 | .090 | - ‘974 | .018 
| 872 100 | 982 |  .026 
| 9 23 891 =| - 46 990 | 034 
10 02 O17 145 | - 20 O14 | 0.058 
17 928 | 0.156 | — | 
$2 


TABLE 2—Continued 


Jb | Puask | VeLocity Time | PHASE VeLocity 
2433+ | (Day) | (Km/Sec) (U. (Diy) | (Kw/Sec) 


August 14, 1951 I August 16, 1951—Continued 


| 874.842 010 
35 858 | .026 
875 | .043 
893 .061! 
912 | 080 
933 
951 119 
971 | .139 
991 0.159 


+++ 


| 
Ge Ge Un 00 UNS 


August 17, 


.003 
0.022 


| 
.953 | 
.962 | 

| 


| 
| 
| 


Wh OO OO 


.972 


August 18, 1951 
August 15, 1951 


886 
907 
928 
949 
971 


873.808 
819 
826 


August 25, 1951 


883.728 | 0.100 


GR 


OOD & 


| 
Wwe 
| 
he 


+ 


August 16, August 31, 1951 


874.797 889.775 0.057 —27.0 
074 —32.0 
811 0.093 —35.2 


) 
a 
y....| | 872.686 | 0.053 419.2 

42 | 696 | .063 +17.3 
55 + 5.7 

5 09 715 | 082 
52 .744 AM | 1 — 1.7 
06 154 .121 | | | + 5.6 
33 773 | | +18.7 
18 | .804 | .002 | +4 1951 
47 | .824 | .022 | 

2 | g00 | .031 | C....| 522 | 875.724 | 0.087 | + 
14 | .843 | .O41 | + 49 .742 065 | — 
050) + 616 .761 084 | — 
41 | .060 26 . 768 .091 pes 
| 54 | 069 | — 709 | .798 121 
10 38 | 141 | + | 34 | 815 138 | + 
| 52 | 151 | + | | g00 |  .833 -| + 
11 06 1600 | + | + 
| 19 001 | + 52 | | + 
0.157 | + 1.9 
39 6.7 
50 2.2 
22 .849 | 4.6 
.856 | .039 | +14 
43 | .863 | .046 | +10 
54 .871 | .054 | +9 
905 | .878 | .061 5 
15 | .885 | .068 | 
a 25 | .892 | .075 | Se 
35 | .082 | 
45 | .906 | 089 | 
| 55 | | :096 | 
10 05 | | _.163 
15 | .927 | .110 
| 35 | 940 | 
45 .948 131 
56 | .956 | 0.139 | 
| 
| 50 
‘ 


JD 


2433+ 
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5m 
8 43 

9 31 
10 05 
37 


889.830 | 
863 | 
.897 | 
.920 


| 
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PHase 


| 


VELocITY 


(Day) | (K/Sec) 


0.112 
.145 


0.055 


September 8, 1951 


897.719 
740 
769 
797 
837 
858 
878 
809 | 
928 


September 


| 904.715 
435 
. 784 
838 

858 
876 
894 
912 
931 


September 


639 | 


910 
660 


0.051 
101 
.129 
000 
.021 
O41 
062 

0.091 


15, 1951 


0.111 
131 
152 
O11 
045 
085 
103 
121 
. 139 
0.158 


21, 1951 


0.115 


28, 1951 


0.018 
0.042 


4h 
5 


CNNCO 


September 28, 1951 


| 
38" | 917.693 | 
10 | .715 | 
| 736 | 

806 

825 

847 


| 


(Day) 


Continued 


0.064 
086 
107 
.128 
.156 
008 
027 

0.049 


October 6, 1951 


| 925.741 
. 7605 
. 784 
.824 
841 
895 
933 


October 18, 


| 937.766 
776 


October 19, 


735 
| 
| 
765 
174 
784 


| 938 


0.161 
016 
056 
O75 
427 

0.015 


1951 


0.007 
O17 
045 
064 
074 

088 
.099 
108 
L117 
. 126 
. 146 
165 
0.005 


1951 


0.130 
140 
. 150 
. 160 
000 

0.010 


VELoctty 
(Ka/Sec) 


4 
BOR 


UN 


WIN ON CAN 


| Tie | Time JD 
j 
| «$1.2 |] | —4 
|| | || i 
010 97) | —4 
| —15.4 || | 6 | 
| | —29.0 || | 
7 | 
: 
| 6 27 | | { | 
7 07 | - 7 
i | | | 242 
9 05 .. —21 
| 34 | | 46 —29 
29 =12 
| 10 24 | | 
| ! | | | | | 
&§ | 608 —26.4 || = 
49 | —21.0 | 
807 —48.0) 37 2 
35 —51.8 || 51 
901 —48.7 || | 04 794 ~12 
—44.1 || 804 —14 
| | —32.3 | | 32 —29 
| 10 21 | 45 823 —29 
| 58 833 —41 
| 819 847 — 36 
| + | 9 02 .876 | —26 
86+ (6. | 15 885 —16 
| 420 O81 | | +20 43 905 -4 
| 50 | ‘007 | | s6 | _-914 
| § 20 722 | .028 | +108) 10 11 924 
| 55 747 .053 | + + 3 
15 802 |. | + 2.8 || | 
| 8 18 846 | 0.152 | +14. | 
| ly....| 539 ~29.3 
September 6 | | 
L....| 332 | 917.647 | | —23.0 35 —13.6 
, | 406 671 | | | —36.6 | | 49 — 7.7 
84 


} 


| 
| 
| 


TIME JD 
(U.T.) 2433+ 


PHASE 


(Day) 
| 


October 19, 1951—Continued 


938.793 
16 .802 
29 | 812 
42 | .820 

10 840 
23 849 
37 
50 | . 868 

9 04 
18 | . 888 
31 .896 

October 


519 939.722 
34 
48 . 742 

601 | 
15 .760 
28 . 769 
42 .779 
54 . 788 

7 08 
21 . 806 
35 
48 

8 02 
16 844 
30 854 
44 864 
58 | 

9 883 

October 

5 11 | 940.716 
25 | .726 
38 
52 

6 06 
19 
32 
45 
58 .790 

72 
25 809 
37 817 
52 .828 

05 837 
18 846 
46 865 
59 

9 13 


0.019 —12 
.028 —14 
.038 —20 
.046 —24 
.057 —35 

. 066 
| .075 —37 
| —47 
—47 
| 104 —44 
| 114 —33 
0.122 —32 


20, 1951 


(0.102 —48. 
112 —43. 
122 ol, 
131 
| .149 — 19. 
008 —19. 
017 
| .027 
| 036 
045 —39. 
055 —36. 
065 —46. 
075 —45. 
085 —59. 
0.094 | 
21, 1951 
0.081 —53 
091. 
‘100 —53 
109 —41 
119 | —45 
| | —34 
137 | —32 
146 | —32 
| .155 —29 
| .164 —20 
005 
013 
024 —26 
| | 
042 
052 
‘070 | —54 
0.080 | —47 


VELOCITY 
(Ka/Sec) 


PLATE 


w 


a 


wn 


a 


02 | 


N 
— 


07 | 


JD PHASE 
2433+ 


October 22, 1951 


941.603 | 0.122 
612 131 
622 141 
633 | 
645 164 
655 005 
664 
674 | 
683.033 
692 | 042 
702 |  .052 
714 | 
724 | .074 
.083 
742 | 092 
751 101 
761 
771 124 
780 130 
790 140 
149 
808 158 
817. 0.167 


November 11, 1951 


961.603 0.161 


.612 ; .001 
.622 O11 
.631 .020 
.640 .029 
649 .038 
658 
667 .056 
677 066 
686 
695 084 
704 .093 
713 
722 111 
731 .120 
751 .140 
760 .149 
158 
778 167 
008 
0.017 


November 12, 1951 


962.755 | 0.129 
765 139 
. 148 
. 183 0.157 


| VeLocitTy 


(Day) (Ka/Sec) 


\ 


| 
| 


—24.6 
—25.9. 
—19.1 


TABLE 2—Conlinued 

| ——|—- 

2829™ | | 

| | 

| | wil | 

| 29 = 

43 

| 

35 | 

| | 6 

| | 710 

| 36 | —19.5 

| 

| 41 | | — 1.4 
| 35 | | + 3.4 
3 08 | | + 3.6 

47 | —21.8 

i! 4 O01 | —21.5 
28 | —22.3 ee 

\ | 41 | —20.0 

| | | -19.0 

| 20 | | —13.0 

| 33 | —12.5 

| 46 | | — 9.5 

601 | — 7.3 

i| 14 | — 7.1 

28 | | — 1.8 

| 41 | — 3.4 

54 — 3.0 

107 = 49 

| | — — — 

21 | 

| 34 

| 
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PHASE 
(Day) 


JD 
2433+ 


Time 


PLAte (U.T.) 


November 12, 1951—Continued 


962.792 
801 
811 
.821 
830 


| 
qh 


November 


. 163 
003 
O12 
021 
| 058 

.078 

O88 
0.102 


963.634 
644 
053 
. 662 
.672 | 
681 | 
719 | 
729 | 


543 


November 14, 1951 


0.113 
.122 
. 140 
.149 
.158 
.167 
.025 

034 
.070 
079 
088 
.097 
. 106 
.116 
.134 

0.153 


| 964. 599 
.626 
.635 
653 

662 
.672 
.681 
. 690 


STRUVE ET AL 


TABLE 2—Continued 


| VeLociTy 


JD PHASE 
(KM/Sec) 


Vr Locity | 
24334 | (Day) 


(Ku/Sec) PLATE 


November 15, 1951 


2520" | 965.597 


16, 1951 


0.081 
.090 
.099 
. 108 


wan 


plied to the dates or the phases. 


Figures 1-5 show the individual velocity-curves on 26 


nights, between August 11 and November 16, 1951. These curves immediately reveal: 
(a) a periodic change of 2A and (6) a periodic change of y. 


86 
| 
| | oy | 0.090 —43.7 
| 9.166 | 7.9], % 9°33 606 | | —43.6 
46 | 615 | .114 | —36.0 
| 52 661 .1600 | —24.1 
| 405 | 670 000 | —22.6 
— 18 | .679 | .008 | —19.4 
8 | 31 | .688 | O17 | —18.0 
44 697 | .026 | —22.8 
| 58 | .707 | .036 | —28.8 
| | | | | | —32.4 
| 407: | | 24 | 054 | —38.0 
20 | | 37 | .063 | -43.6 
| 50  .743 072, | —40.1 
46 | | || | 603 | 752 | —40.0 
|| 16 .761 | .090 | —43.1 
| 5 15 —40.9 || | go | 
30 | | 43 | .780 | 109 | —38.3 
56.789 118 | —33.7 
| 709 | .798 | 0.127 | —29.4 
2 23 | —37m || | 
36 2.20 | 966.597 | 
49 —20 | 33 | 006 | ~ 
| 302 | || 46 615 
| 45 | || 59 | 624 | EE 
28 | || 312 | .633 28.8 
| | 25 | 126 | —28.7 
| 54 | | 36.650 134 | -14.3 
407 | || 51.660 144 | —18.7 
i 20 | || 404 669 —14.4 
33 | || 17 | 678 162 | —12.0 
: 46 | 699 | || 30 | 688 002 —10.2 
|) 500 .708 —4 43 O11 | —16.0 
13 | 717 | || | 56 . 706 .020 —16.4 
4 26 | | 510 715 029 | —20.4 
| | || 23 724 .038 —26.1 
744 | | 36 | 047 —29.0 
| 605 | .753 | 49 .742 .056 —41.4 
| 18 | —41 602 | | .065 | —46.9 
| | —38 15 | 760 074 | —42.6 
45 781 | —33 || 28 769 083 | —42.3 
58 .790 | —27 41 .778 .092 | —44.4 
| 54 788 102 | —38.1 
25 | .809 | 7 07 | 797 | 0.111 | —23.7 
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The observed values of 2K are listed in Table 3. The major obstacle in the determina- 
tion of the period of variation of 2K is the lack of a well-observed minimum or maximum. 
The November observations appear to be best suited for choosing an epoch, in spite of 
the fact that they have a great deal of scatter. The best choice is JD 2433962.70. If 
Walker’s 1950 observation is ignored, a value of 17.4 days gives the least amount of scat- 
ter for the majority of the observations which fall on the descending part of the curve. 
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Fic. 5.—Radial velocities of 16 Lacertae 


TABLE 3 
DETERMINATION OF THE BEAT PERIOD FROM THE AMPLITUDES 


2K Phase* Phaset || 2K  Phase* Phaset 


| | | 


JD 2433+ 


| (Km/See) | (Days) (Days) 


(Km/Sec) | (Days) (Days) 


.22 
3:53 
47 


910.73, 


*Epoch = 961.73; 17.15 days. 
+ Epoch = 962.70; P = 17.40 days. 


The 1950 observation, however, falls at an impossible position on the curve, as indicated 
in Figure 6. In order to put this observation at a reasonable position with respect to the 
other observations, it is necessary to change the beat period from 17.4 days to either 
17.15 or 17.75 days. Of these two values, 17.75 days is preferred, since it gives a smaller 
dispersion in the observations. The 17.75 period also appears to displace the August ob- 


servations too far to the right. 
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The two calculated curves given in Figure 6 were based upon the formula: 


The appropriate values of K, and K» were determined from the maxima and minima of 
the curves. The best epoch associated with the 17.15-day period is JD 2433961.73. The 
1950 observation was purposely shifted to the right of center by choosing a period of 
17.15 days, since Walker’s light-curves indicate that it was obtained a few days after 
maximum light-amplitude. Apparently, this choice of period and epoch gives the best 
results when all the factors are considered. We shall adopt the following values for the 
beat period: 
Epoch of minimum = Zero phase = JD 2433961.73 , 


P; = Beat period = 17.15 days , K. = 14.8 km/sec , K, = 4.5 km/sec . 
If this beat phenomenon is the result of the superposition of two harmonic oscillations, 


then there should also be present a periodic oscillation of the observed times of maxima 
(or minima) from their mean positions. 


TABLE 4 


EPOCHS FOR MAXIMUM VELOCITY * 


Observed Computed oO-C Phase Observed Computed Oo-C Phase 
JD 2433+ JD 2433+ (Days) (Days) 


JD 2433+ JD 2433+ (Days) (Days) 


869.926.... 869.826 0.000 7 917.790 7.798 
870.772 . 870.772 000 925.765 25.749 
871: 963... 871.956 007 938.785..... 38.774 
872.807 .. 872.802 005 39.789 
873.824 873.817 007 940.812.... 804 
874.840..... 874.832 941.660 650 
875.850. 875.847 003 611 
883.791..... 883.797 006 963.657 641 
889. 890 889.887 964.652 656 
897. 830 897.837 007 965.670. . 5.671 
S04. 780 . 904.773 007 966.682... 966. 686 
G10. 685 910. 694 0.009 


I+ 


* Maximum vel. = JD 2433869.926 + 0.16916E. 


In Table 4 the epochs for maximum velocity are given. The computed epochs are 
based upon the formula 


Max. vel. = 2433869.926+0°16916E . (2) 


The 0.16916-day period, P2, represents Walker’s 1950 observation as well as the present 
observations. The difference in days (O — C) is given in the third column of Table 4. 
The phases are based upon the 17.15-day period. They were taken directly from the 2K 
material in Table 3. 
The formula used to calculate the shift of the observed maximum is* 
K, sin X 
8 + Ky cos 


2Q. Struve, Ap. J., 112, 520, 1950, 


93 
2 
2 
; 
—0.008 
+ .016 1 
+ .O11 1 
— .002 1 
| + -008 | Clr 
| + 010 | 1 
006 
~ | 2 
— .004 
— .001 i 
—0.004 


94 O. STROVE £T AL 
where XY = (27/P)t. Here ¢ was assumed to be equal to 0 at phase 10.76 days, corre- 
sponding to the observation on JD 2433869.926 from which the epochs for maximum 
velocity were calculated in formula (2). The solid line in Figure 7 gives the resulting the- 
oretical variation. The agreement is as good as could be expected. 

An attempt to correlate the (O — C) data of Table 4 with a period of 12.1 days, which 
is an improved value for the orbital period originally found by Struve and Bobrovnikoff 
in 1925,* gave no results. 

The value of the 4-hour period derived in equation (2), viz., P2 = 0.16916, rests upon 
the observed maxima of the observed velocity-curves (Figs. 1-5) and therefore repre- 

sents that value of P which is associated with the oscillation of larger amplitude, A, = 
14.8 km/sec. 
(0-C) 


-3 
10 day 
+16 


+12 


+8 


lic. 7.—Periodic shifts of phase 


We know that the period /), associated with the smaller-amplitude oscillation, Ay = 
4.8 km ‘sec, is related to the beat period in the following way: 


There is an uncertainty in the signs which cannot be resolved from the values of P; and 
P, alone. It will be recalled that in the case of 8 Canis Majoris this uncertainty was easily 
resolved by the observations of the line profiles. These varied with the period P2,—the 
longer of the two—which was, in 8 CMa, associated with the oscillation of smaller ampli- 
tude. Thus the phase of maximum line width appeared to slide along the observed 6-hour 
oscillation. The shape of the observed velocity-curve was caused mainly by the (P1, Ay) 
oscillation, but the line contours obeyed the longer value, Ps. 

In the case of 16 Lac, as we shall see, the variation in line contour, though unmistaka- 
bly present, is too small to be of value in finding the corresponding period. We are there- 
fore uncertain as to whether P, is longer or shorter than Ps, the latter having been defined 
in the case of 16 Lac as the period associated with the larger amplitude. 

3 4p. J., 62, 139, 1925 
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But, if we turn to Figure 7 and Table 4, we find that, when the two oscillations are 
exactly in phase, at JD 2433869.926, the value of O — C is zero. As we move toward 
later dates the (O — C) become at first positive. Only after a lapse of 8 or 9 days, or half 
the beat period, do they become negative. This means that P; is longer than P2, and the 
correct expression for computing P; is 


0.16916day 17.15 days’ 


Ps P; P, 

This gives 785 
P,=0.17085 day. 


If we next turn our attention to the line contours, we recognize, first of all, that their vari- 
ation is much smaller than in ¢ Scorpii, 12 Lacertae, v Eridani, and even 8 CMa. They 
are, however, more pronounced than in 8 Cephei, where they cannot ordinarily be seen 
even with a dispersion of 3 A/mm. 

The spectrum of 16 Lac would at all times be considered as having narrow absorption 
lines. The type, as given by Jane Ramsey, is B2, and the presence of the forbidden He 1 
line at A 4470 relates this star to 8 Cep and @ Sco (but only when the lines of the latter 
are narrow) and to other main-sequence B stars. 

Yet, with the dispersion of the Mount Wilson coudé spectrograph, the variation in 
line contour is unmistakable. The only high-dispersion spectrograms which we have ob- 
tained were taken on August 15, 16, 17, and 18. They fall upon the descending branch 
of the curves in Figure 6, about between phases 12 and 16 days. It is possible that the 
line contours would show a greater amount of variation at the maximum of the curves, 
near phases 8 and 9 days, but this cannot now be ascertained. On all four nights the lines 
were broadest on the descending branches of the individual curves of Figures 1 and 2, and 
they were sharpest on the ascending branches. It is not possible to decide definitely 
whether this variation is associated with P; or P2, but the latter is the more probable case. 

There is a strong indication that the variation of line contour is more conspicuous in 
the case of the stellar Ca 1 line than in the other lines, such as those of O 11. The stellar 
line Ca Ir K is at times as strong and as sharp as the interstellar component. Our high- 
dispersion spectrograms show rapid changes in intensity and sharpness of this stellar 
line, which are not shared by the interstellar component. These changes occur most often 
near the middle of the ascending branch in the P: cycle. They are not correlated with any 
of the periodic effects found thus far and probably represent real and rather drastic vari- 
ations in the physical conditions of the atmosphere of the star. The presence of a Ca 
line of considerable strength in a star of class B2 is perhaps in itself somewhat unusual. 

As we have already remarked, there is a conspicuous periodic variation of the mean 
or y-velocity as determined from the curves in Figures 1-5. 

In assembling the observations, an earlier period of 12.3106 days, determined by 
Struve and Bobrovnikoff,‘ was used, which yielded a systematic displacement of the Sep- 
tember, October, and November observations relative to those of August. A plot based 
on this period is shown in Figure 8, 1. A new period of 12.097 days was then adopted, and 
a plot based upon it is shown in Figure 8, B. The average values of the velocities and cor- 
responding average phases from epoch JD 2433869.500 are listed in Table 5. The observa- 
tions of 1909 and 1924-1925 must play a part in the determination of this period. These 
earlier observations have been assembled with the period 12.097 days, and the results are 
shown in Figure 8, B. The lower curve represents the average of the 1951 observations 
and engenders a curious feature: There is no noticeable systematic displacement in phase, 
but there is a rather strong one in velocity. If one adjusts this curve upward by a small 
amount, a much better fit can be obtained. The procedure adopted is as follows: 

The residuals to the 1951 curve of each observation, regardless of weight, were read 
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Fic. 8.-—The 12-day oscillation of the mean velocities of the individual curves 
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off the plot of Figure 8, C; an unweighted average residual of +5.2 km/sec was obtained, 
and the 1951 curve was raised by this amount and drawn in. The need for this adjustment 
is difficult to explain as the result of the large secondary oscillation, because from 31 ob- 
servations one would expect a uniform scatter of the points about the mean curve. There- 
fore, we must consider two possibilities, the first of which is the more probable: (a) there 
is a systematic difference between the Yerkes plates and those of the current series; 
(6) there is an additional long-period binary motion. An attempt was made to determine 


TABLE 5 
AVERAGE PHASES AND VELOCITIES OF THE 12.097-DAY PERIOD 


Ve 


JD 2433+ ve Date JD 2433+ (Km/ 
Sec) 


917.750 —31 
. 800 —19 
.900 915 —20 
.825 —29 

—35 

—38 

—30 

—11 

Insufficient observations 

9.496 | —31 1 
10.521 —35 1 
11.521 —31 1 

0.424 —28 1 


869.925 
870.900 
871.850 
872.750 
873.850 
874.875 
875.800 
876.850 
883.825 
889. 850 
897. 800 
904. 825 
910.725 


TABLE 6 


1951 Preliminary 


Element 1925 Elements 
Elements 


—13.6km/sec 
0.007 

23.4 km/sec 

28° 

JD 2433875.10 
3.883 10®& km 


0.10+0.03 
| 22.2+1.0km/sec 

7°8+82°5 

| JD 2424063.894+0.016 
3.650 108 km 


(12.3106 days) | 12.097 days 
| 
| 
| 
| 


preliminary elements of the orbit from only the 1951 observations. Unfortunately, the 
eccentricity is nearly zero, and the Lehmann-Filhés method is not very effective. 

Table 6 gives a set of elements which are consistent with the curve of Figure 8, B. The 
difference between the two y-velocities is now 6.7 km/sec, which is close enough to the 
value determined from the residuals, 5.2 km/sec. 

The final result of this investigation is of considerable interest. The periods P; and P» 
interfere as in 8 CMa® and » Eri.® We have adopted the designations of the periods pro- 
posed by Struve.” The beat period is P3 = 17.15 days = 101.38 P,. The fact that three 


®Y. P. Zessevich, A.J.U.S.S.R., 21, 94, 1944. 
6 
7 Pub. A.S.P., 64, 20, 1952. 
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stars are now known to have closely similar and interfering periods, P; and P2, shows that 
this phenomenon is of fundamental importance in the stars of the 8 CMa or 8 Cep type. 

Previous investigations have shown only the existence of P: in ¢ Sco and 12 Lac. This 
probably means that in these stars Ay >> A, and that, consequently, /; is not detectable. 
We do not yet know whether the beat phenomenon exists in 8 Cep. The absence of a vari- 
ation in line profile would perhaps lead us to expect that only P; is present. But the star 
is certainly variable in light. Moreover, all previous investigators agreed that K is also 
variable. Thus our next task will be to find whether both P; and P2 are present. 

In the light of our work on 16 Lac, in which the variation in line profile was barely 
detectable with the highest dispersion, we should be prepared to find that P: may, after 
all, be present in 8 Cep, even though the change in line contour is not observable. Until 
this test has been made, it is futile to enlarge upon what has already been stated else- 
where concerning the physical interpretation of these phenomena. 

Finally, in our proposed classification the 12.1-day period would be designated as P;. 
There is no definite indication of a change in Ke, and consequently there is no P, (or /4). 
But the fact that the lines change rapidly, and perhaps in an irregular manner, on the 
ascending branch of the 4-hour velocity-curve, suggests that we may have to investigate 
this question further. 

The velocity obtained from the interstellar line Cam K is — 13.5 km/sec. 
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THE LIGHT-VARIABILITY OF 16 LACERTAE 


G. R. MIczAIkKA 
Badische Landessternwarte, Heidelberg-Kénigstuh 
Received February 25, 1952 


ABSTRACT 

A total of 1821 photoelectric observations of the 8 Canis Majoris star 16 Lacertae during 28 nights in 
the autumn and winter of 1951 have been obtained. They revealed that the light-variation of the star is 
characterized by four periods. Two nearly equal periods P; and P» of about 04169 and 0"07, respectively, 
0™04 amplitude, combine to produce a beat period Py; = 1746. The observed amplitudes vary from 
0"03 to0™11. The residuals of the observed maxima and minima from uniform elements show a strong 
tendency to oscillate with the beat period. 16 Lacertae seems to be a spectroscopic binary consisting of 
a 8 Canis Majoris object and a second star with Py = 12°1 as period of orbital motion. It is supposed 
that both short periods are induced in the atmosphere of the 8 Canis Majoris star. 


INTRODUCTION 


The early B star 16 Lacertae was announced as a spectroscopic binary by O. J. Lee! 
in 1910. O. Struve and N. T. Bobrovnikoff? derived a spectroscopic orbit from 31 spectro- 
grams obtained in 1909 and 1924/25. They found a slightly eccentric orbit (e = 0.10, 
w = 7°8) with P = 12.3106 days and K = 22.2 km/sec. Merle F. Walker® discovered 
in 1950 that 16 Lacertae is also a 8 Canis Majoris star having a light-variation of 
0.06-0.11 mag. and a radial-velocity variation of 40 km/sec in a period of nearly 4 hours. 

Photoelectric observations of the star made at Heidelberg with a 12-inch refractor 
confirmed the period and character of the variability as found by Walker. I gave* the 
improved elements M = JD 2433505.926 + 04169012 derived from the maxima avail- 
able until September 30, 1951. Through this note a particularly fortunate coincidence 
resulted, as Dr. Struve and Dr. McNamara had been observing the star at the Mount 
Wilson and Lick Observatories, while Mr. Walker had been getting photoelectric obser- 
vations at the Lick Observatory during the same time. Hence there resulted frequent 
discussions by correspondence, mutual information, and the decision to publish all the 
papers together. A very large amount of material on the behavior of the star during the 
last season is available. At Heidelberg a total of 1821 photoelectric observations was se- 
cured during 28 nights between August 24, 1951, and January 7, 1952. 

Il. THE OBSERVATIONS 

The observations were made with an RCA 1P21 photomultiplier and a 12-inch re- 
fractor. The electronic equipment built in the shop of the observatory and to be described 
elsewhere consists of a two-staged d.c. amplifier of the feed-back type and a power supply 
regulated by tubes. The output of the amplifier is given on a 0-1 milliammeter. The meas- 
urements were made in the way aVal’. . . . One observation of a star consisted of three 
readings of the deflection made within 30-60 seconds, preceded and followed by one 
reading of the intensity of the sky. A time constant of RC = 4 seconds was used. All the 
measurements were made without color filters, the corrections for differential extinction 
being based on Am = 0"35 A sec ¢. The coefficient 0"35 is usually adopted for a 1P21 
multiplier behind a refractor and is not critical, as Am seldom surpassed 0.01 mag., 
owing to the short distance of the comparison star, 14 Lacertae, from 16 Lacertae. 

All the observations are plotted in Figures 1 and 2. The scattering of the single points 
is rather different from nizht to nizht. In August and September the measurements had 


1Ap. J., 32, 307, 1910. 3 Pub. A.S.P., 63, 35, 1951. 
2 Ap. J., 62, 139, 1925. Nachrichtenblatt AZ, 5, 32, 1951. 
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Fic, 1.--Light-curves of 16 Lacertae. The ordinates are magnitude differences, 16 Lacertae—14 


Lacertae. The dates are given in abbreviated Julian days. 
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Fic. 2.Light-curves of 16 Lacertae. For further explanation see Fig. 1 


m 
-0.60 - 
3926 3939 0.60 

3929 4002 0.40 ote 
wk 
— | 3935 4019 
— 
0.40 
-0.40 — 
— 4020 
101 


102 G. R. MICZAIKA 


to be made on very humid nights, whose neighboring nights were heavily clouded. It is 
our experience that single clear nights lead, in general, to mean errors which are consider- 
ably larger than on nights of a long clear period. Such a series of nights occurred in Octo- 
ber, 1951, when Mount Konigstuhl lay in very dry air, rather high above a temperature 
inversion. Mean errors of +0.003 or +0.005 mag. are representative for these very rare 
nights. The light-cutves secured at the favorable atmospheric conditions of October are 
by far the most regular ones. Hence it may be concluded that the light-variations of 
16 Lacertae run in general without sudden disturbances or secondary waves. 


TABLE 1 


LIGHT-MAXIMA AND MINIMA OF 16 LACERTAE 
MAXIMA MINIMA 


243+ 


3504. 806T 

3504. 988T 

3505. 

3521. 882t 

3523 .908F. 

3527. 

3883. 425. 

3887. 492 

3888 509 

3894 413 

2262 3895. 425 
3895. 345 2302 3896, 432 
3895. 5 2303 3914. 371 
3896} 23 3914. 528 
3912 240. - 3923. 360 
3914. - 2415 3923532 
3914. 62 2 = 3924. 377 
3923. 273 2467 2 3925. 381 
3923 2468 3925. 533 
3924.2 247. 3927. 390 
3924 45 247 3927. 550 
3925 292 247 3929 402 
3926 248: } 3930252 
39206 3930. 417 
3927 2 3935. 354 
3928 2498 3935. 520 
3929... 250. 3936. 369 
3930. 315 25 3947. 349 
3930 3948 360 
3935 4002. 331 
3936, 285 4004. 364 
3936. 448 4019. 255 
3939 4020. 250 

3947.25 
3947 
3948 2 

4002 27 
4004. 2 
4020 
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* Maxima derived by Walker, Pub. A.S.P., 63, 35, 1951 


Minima determined from Walker's light-curves 
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Ill. THE SHORT PERIOD OF THE LIGHT-VARIABILITY 


From the plots of the observations, 32 light-maxima and 27 minima could be deter- 
mined. They were used with 7 maxima derived by Walker in 1950 and 6 minima taken 
from his diagrams, to compute the elements of the short-period light-variability. The 
whole interval beginning with August 11, 1951, can be covered with uniform elements 
for both the maxima and the minima. The mean value of 0.169168 day of the periods of 
the maxima (0.169166 day) and the minima (0.169170 day) can be regarded as represent- 
ative for the time from August 11, 1950, to January 7, 1952 (see Table 1). 


TABLE 2 
ELEMENTS OF 16 LACERTAE 


Maxima... ... JD 24333505918 + 07169166 
Minima. . JD 2433504. 809 + 07169170 
M—m 0.094 day 


Moximum P=124997 
° Minimum 


+0,020 | 
0.000 
-0.020 
-0.040 
-0.060 


0.0 O04 OG o6 1.2 


Fic. 3.—Phase shift of the light-curves, represented by P = 124097 and P = 1746. The maximum 
and minimum phases of the light-amplitude are marked by 7 and m, respectively. Phases are arbi- 
trarily counted from JD 2433505.9. 


The residuals O — C computed with the elements of Table 2 are represented in Figure 
3, with the period found by Struve and Bobrovnikoff in the radial velocities some twenty- 
five years ago and now changed by the California observers to 12.097 days, as well as 
with the beat period, 17.6 days. Phases are counted from JD 2433505.9. The run of the 
residuals is obviously very much better with the beat period of 17.6 days than with the 
12.097-day period. The material is not yet absolutely conclusive but speaks strongly in 
favor of the longer value. The scattering around the mean curve is probably due, to a 
large extent, to errors of the determination of the extremes in consequence of observa- 
tional disturbances. The maxima and minima observed by Walker in 1950 are not given 
in the plot, as the beat period is not wel] enough known to combine both observational 
series. In the 17.6-day plot the phases are marked, when the variation of the light- 
amplitude reaches its maximum (M) and minimum (m) in the beat period, as discussed 
in Section IV. 
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IV. THE AMPLITUDE OF THE LIGHT-VARIABILITY 

It was already suspected during the course of the observations that the amplitude of 
the light-variations is variable. The 12-day period seemed too short. If this variation was 
periodic at all, it required a little more than 15 days for one complete cycle. During the 
discussion I was informed by Dr. Struve’ that the radial-velocity work under way in 
California revealed a period of 17.6 days in the amplitudes of the short-period velocity 
variations. It can be regarded as a beat period of two periods having nearly the same 
duration of 4 hours. A plot of the amplitudes (Fig. 4) against phases computed with 
P = 17.6 days immediately shows the beat phenomenon in the light-variation, too. This 
is beyond doubt, although the phase of maximum variability is only incompletely cov- 
ered. The variations of the amplitude can be represented with the same period over the 
whole interval covered by my measures. 

The photometric amplitudes of the two 4-hour periods producing observed light-am- 
plitudes of 0.03-0.11 mag. were estimated to be 0.07 and 0.04 mag. A theoretical curve of 
the amplitude variation calculated with 


A = V[(A,+ A2 cos x)? + (Az sin *)?], 
Xx = (w; — we)! — — de), 


0.02 


1°) 2 4 6 8 10 12 14 16 18 204 


Fic. 4.—Variation of the photometric amplitude of 16 Lacertae with the beat period, Ps = 1746. 
The phases are arbitrarily counted from JD 2433883.3. 


is given in Figure 4. Maximum amplitude 4 occurs at JD 2433884.5 + 1746E. The beat 
period is not so exactly known as is necessary to bridge the one-year interval between 
hoth observational series. If a conclusion can be drawn from Walker’s 1950 curves and if 
the counting of the epochs elapsed is correct, an improvement of —0.3 day may perhaps 
be indicated. The maximum and minimum of the light-amplitude occur approximately at 
the phase of the largest positive or negative shift O — C of the light-curves. 

The 12.1-day period could not be established in the amplitude variation. 


V. DISCUSSION 


The light-variability of 16 Lacertae is characterized by four periods: 

a) Two nearly equal short periods P; and P2, one of them lasting 0.169168 day, the 
other differing from that value by about 0.0016 day, as computed from 

b) The beat period Ps = 17.6 days of the amplitude variation, and very probably 
regulating the phase-shifting of the light-curves; 

c) The period of the mean radial velocity, Py = 12.097 days. 

5 Later on, the California observers found from the 1951 data alone P = 17.4 days and preferred 
for their whole material P = 17.15 days. The difference means little for the present discussion, especially 
with regard to the value 17.4 days for 1951. 
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16 Lacertae differs from the other objects of the 8 Canis Majoris group discussed in 
detail, in so far as a fourth period, P = 12.1 days, is well established. The other stars do 
not show such a pronounced variation of the y-velocity and a cyclic behavior of the light- 
curve. It is tempting to suggest the 12.1-day cycle as a real orbital motion of the 8 Canis 
Majoris component around a gravity center formed with a further component. Both the 
short periods may be evoked by oscillations of a rotating star, perhaps excited by a 
rapidly traveling stable satellite, lagging behind a strip of turbulence and waves in the 
adjoining layers of the B atmosphere and reinforcing one another with the beat period of 
17.6 days. This picture follows the lines of the hypothesis of Struve*® on the 8 Canis 
Majoris stars but approaches that of Ledoux,’ in so far as both the 4-hour periods are 
assumed as properties of the atmosphere and are not ascribed to the exciting satellite. Of 
course, its revolution period may be identical or nearly identical with one of them. 

The phase relation of both the 4-hour periods seems to be independent of the phase in 
the 12.1-day cycle. This period cannot be found in my photometric material. The ex- 
planation may be sought in the assumption that the orbital motion of the 8 Canis Majoris 
component with the 12.1-day period around the center of gravity is without appreciable 
influence on the light-changes and is probably not essential for the phenomenon of this 
type of light-variability. 

More observations of 16 Lacertae and related objects must be awaited to solve the 
problems here involved. 


In conclusion, the writer wishes to acknowledge his indebtedness to Dr. O. Struve for 
many discussions during the last phase of this work. Thanks are due to the Sigma Xi 
Society for a grant to cover the purchase of two RCA 1P21 photomultipliers through the 
kind intervention of Dr. H. Shapley, and to Mr. K. Bahner for assistance at the instru- 
ment. 

6 Ap. J., 112, 520, 1950; 113, 589, 1951; Pub. A.S.P., 62, 263, 1950; 63, 249, 1951. 


7The original paper of P. Ledoux was not accessible to the author; information was taken from 
Struve’s comment in Pub. A.S.P., 63, 249, 1951. 
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ABSTRACT = 

Photometric observations of 16 Lacertae in 1950 and 1951 have established the following periods: 
P, = 0.169165 day and P; = 0.170845 day, which combine to give a beat period P; = 17.20 days. The 
amplitudes of the two variations are approximately equal. Comparison with radial-velocity observations 
obtained simultaneously by O. Struve and D. H. McNamara shows that a well-defined relation exists 
between the amplitudes of the light- and velocity-curves. The light- and velocity-curves are ‘‘in phase,”’ 
maximum light occurring at the time of maximum contraction of the star on the pulsation hypothesis. 
The fact that P; and P: have a ratio of velocity amplitudes of about 3 to 1 and a ratio of light-amplitudes 
near unity can be used to explain: (1) the observed periodicities in the times of maximum light and of 
maximum velocity; (2) the periodicity in the phase relationship between the light- and velocity-curves; 
and (3) the shape of the beat-curves. From an integration of the velocity-curves, the fractional change 
in radius is found to vary from 1.5 to 2.4 per cent. The temperature variation required to explain the 
observations on the pulsation hypothesis is less than the limit of observational detection. 


The B2 star 16 Lacertae was discovered in 1950 to be a 8 Canis Majoris star with a 
4-hour variation in light and velocity.! During the summer and fall of 1951 spectroscopic 
observations were carried out by O. Struve at Mount Wilson and D. H. McNamara at 
Lick.’ Simultaneous photometric observations were obtained on 13 nights by the author 
at Lick. Additional photometric observations were secured by G. R. Miczaika at Heidel- 
berg.’ Each of these investigations is being reported separately, although, with the per- 
mission of the authors, I have made considerable use of the spectroscopic results in the 
later portion of this paper. 

With the exception of one night, all the photometric observations were made with the 
12-inch Lick refractor. The photometer employed a 1P21 photomultiplier tube and yel- 
low and blue Corning filters 3385 and 5562. The output of the cell was connected to a 
d.c. amplifier, designed by Kron,‘ and the amplified signal was then fed into a Brown re- 
corder. On August 13 the observations were made with a similar photometer on the 
Crossley reflector. 

The observations have been reduced to no atmosphere by the use of extinction coefti- 
cients determined each night from the comparison star, 14 Lacertae. The magnitudes and 
colors have been left on the system defined by the telescope-filter-cell combination. The 
individual light- and color-curves for each night are shown in Figures 1-3. The ordinates 
of the curves are for the light-curves the blue-magnitude difference and for the color- 
curves the color difference, 16 Lacertae minus 14 Lacertae. Heliocentric corrections have 
been applied to the times of observation. 

On several nights HD 217227 was used as an additional comparison star. This star 
gives a nearly constant magnitude difference for the mean light of 16 Lacertae. Thus it 
appears likely that 14 Lacertae is itself slightly variable and that this is the cause of the 
night-to-night changes in the magnitude difference between 14 Lacertae and the mean 
light of 16 Lacertae, which are evident in the illustrations. Observations of the Be star 
HD 217050 were also obtained and will be discussed in a subsequent paper. 


1 Pub, A.S.P., 63, 35, 1951. 

20. Struve, D. WH. MeNamara, R. P. Kraft, S. M. Kung, and A. D, Williams, A p. J., 116, 81, 1952. 
Ap.J., 116, 99, 1952. 
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Fic. 1.—Photometric observations of 16 Lacertae in 1951. The dots represent blue-magnitude differ- 
ences, and the circles color differences, 16 Lacertae minus 14 Lacertae, reduced to no atmosphere. 
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Fic. 2.—Photometric observations of 16 Lacertae in 1951. Ordinates and symbols as in Fig. 1 
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It is apparent from the color-curves that there is no definite change in the color of the 
star. Some of the curves seem to show a maximum blueness when the star is brightest, 
yet others, for light-curves having comparable amplitudes, do not. The color variation 
on August 12 is very likely the result of incomplete elimination of extinction; the color- 
curve is symmetrical about the time of meridian passage of the star. 

Perhaps the most outstanding feature of the light-curves is the pronounced beat phe- 
nomenon which they exhibit. The maximum light-variation observed in 1951 was 0.079 
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Fic. 3.—Photometric observations of 16 Lacertae in 1951. Ordinates and symbols as in Fig. 1 


TABLE 1 
THE BEAT PERIOD OF 16 LACERTAE 


| PHASE H 


(Ku /Sec) p=17.20| P | 3: | (Ku /Sec) 


|| 873.88.... 
|| 874.80... 
|| 875.82... 
| 883.85... 
‘ -603 |; 904.81... 
870.89. ... .056 | 910.76... < 
$72.88. 0.08 925.84....| 0. | 0.195 


* Taken from Struve’s paper (O. Struve ef al., Ap. J., 116, 81, 1952). 


mag. Only one set of observations was obtained at a time of minimum range. Unfortu- 
nately, there were some difficulties with the photometer during this night, August 16, 
and, as a result, the observations are not too good. On the following night the atmos- 
pheric conditions were very poor, so that again the light-curve is very uncertain. How- 
ever, on the basis of the predicted times of maximum and minimum light and the general 
appearance of the curves, I have considered that there was no light-variation on August 
16 and a variation of 0.025 mag. on August 17. Thus, while it is uncertain just what the 
smallest light-amplitude is, it must be less than one or two hundredths of a magnitude. 
The light-variations observed in 1950 and 1951 are listed in Table 1. 

The 1951 observations can be satisfied by a period between 17 and 17} days. If we as- 
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Fic. 4.--The beat period in the amplitudes of the light-curves. The ordinate is the light-variation, the be 
abscissa is the phase computed from zero phase = JD2433870.89 + 17.20K days. Circles represent ob- 
servations made in 1950, 
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Fic. 5.—-The beat period in the amplitudes of the light-curves. Ordinates and symbols as in Fig. 4, 
phases computed from zero phase = JD 2433870.89 + 17.27E days. 
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sume that the maximum amplitude occurs halfway between successive epochs of mini- 
mum amplitude, then the 1950 observations lead to a period of about 17.20 days, as 
shown in Figure 4. On the other hand, it might be that the maximum amplitude occurs 
later in time than the mid-point between the minima of the beat-curve, a region of the 
curve not covered by the photometric observations. In this case the observations could 
be satisfied by a period of about 17.27 days, as indicated in Figure 5. This latter suppo- 
sition seems rather unlikely, since Struve ef a/. have additional measurements of velocity 
on this portion of the beat-curve and find no evidence of asymmetry. However, if the 
17.20-day period is correct, there remains quite a large scatter in the observed ampli- 
tudes. In particular, the largest light-variations observed in 1950 are 0.03 mag. greater 
than those observed in 1951. This may be observational scatter, or it may be that the 
amplitude of the beat cycle is itself variable. Clearly, series of good photometric observa- 
tions covering the entire 17-day cycle in different seasons are to be desired. 


TABLE 2 


OBSERVED MAXIMA OF 16 LACERTAE* 


Phase Phase 
33+ —C ay 
(P=17.20 Days) Helioc. JD 24 O-C (Day) (P= 17.20 Days) 


906.... —0.013 0 826 871.849 +0.011 0.060 
000 776 872.854 OO1 | 
5.930 004 7 873.868 000 
957 O18 883.837 O12 
795t. O41 7 889.930 009 
834 032 897. 864 
921 005 d 904.828 003 
830T 046 910.701 045 
826 003 917.830 020 | 
870.996 +0. 004 0.010 925.801 —0.001 0.197 


* Max. light =Helioc. JD 2433505.765 + 0.169165E day 
t Low weight. 


On the basis of the foregoing discussion, I have tentatively adopted the following ele- 
ments for the beat period: 


Min. = JD 2433874.80+ 17.20E days . 


Note that the zero phase in all of the figures has been arbitrarily taken at JD 2433870.89, 
the date of the first 1951 observations. 

From the 1950 and 1951 observations of the time of maximum light, the following im- 
proved elements of the short-period variation have been derived: 


Helioc. max. = JD 2433505.765 + 0.169165E day . 


This corresponds to the P: period in Struve’s notation. These observed maxima and the 
residuals from the maxima computed with this formula are given in Table 2.5 The epoch 
of maximum light in the above formula was arbitrarily taken as the observed time of one 
of the first well-determined maxima. The fact that the residuals are not symmetrical 
about zero indicates merely that we have not made a very good choice. It would probably 
have been better to decrease the epoch given above by about 0.02 day. 

It is seen in Figure 6 that the residuals exhibit a periodic variation in the 17-day peri- 


» The 1950 observations were originally published without having the heliocentric corrections applied. 
These have been added to obtain the times given in Table 1. 
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od. As pointed out by Struve,® this is to be expected if the beat phenomenon is caused 
by the superposition of two harmonic oscillations. If the amplitudes of the two compo- 
nent harmonic oscillations are equal, the largest residual should be one-quarter of the 
period, or about +0.04 day. The largest phase shift observed is about +0.025 day. 
While this is smaller than would be expected if the amplitudes were equal, it is much 
larger than the value of +0.008 day found by Struve for the phase shifts of the time of 
maximum velocity. 


T T 


+02 


+Ol 


00 


-03 
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Fic. 6.—Periodic variations in the times of maximum light. The ordinate is the residual, observed 
maximum minus maximum predicted from the formula Hel. max. = JD 2433505.765 + 0.169165E day. 
The phases are computed from zero phase = JD 2433870.89 + 17.20E days. Circles represent observa- 
tions made in 1950. 


Since the residuals of the observed maxima from the mean period become more posi- 
tive after the time of maximum beat amplitude, we may apply Struve’s argument? to 
show that the other short period must be greater than the one given above, so that 


where P?. = 0.169165 day, P3 ='17.20 days, and therefore P; = 0.170845 day, using 
Struve’s notation. In view of the various uncertainties discussed above, I have hesitated 
to assign amplitudes to the two short periods. However, the general appearance of the 
beat-curve and the large phase shifts discussed above indicate that the values of these 
amplitudes are very nearly equal, much more so than the corresponding velocity-ampli- 
tudes determined by Struve. There appears to be no correlation of the photometric ob- 
servations with the 12-day period of the gamma velocity found by Struve? 

Let us now consider the light- and velocity-observations together. Taking the ob- 
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served light-ranges from Table 1 and the corresponding values of 2K from Struve’s 
paper,” we see in Figure 7 that there exists a definite relationship between the amplitudes 
of the light- and velocity-curves. As we have pointed out earlier, the photometric obser- 
vations on the two nights nearest to the epoch of minimum amplitude are rather uncer- 
tain. Thus the lower end of this curve is not well established. There is some indication 
that the relationship is nonlinear, but this depends rather heavily upon the observation 
of August 16. However, it seems fairly certain that the light- and velocity-amplitudes 
do not go to zero together. We shall return to this point in a moment. 

Except for the deviation of the curve for light-variations less than 0.05 mag., our ob- 
servations agree very closely with the amplitude-curve published by Hellerich,’ which 
combined data from all the known class members for which observations were available. 


Light Variation Mog 


Fic. 7.—Relationship between the amplitudes of the light- and velocity-curves. The circle represents 
the 1950 observation. 


The combined observations show that, as in v Eridani’ and 12 Lacertae,® the light- 


and velocity-variations are nearly “in phase.” That is, the light-maximum occurs very 
nearly at the time when the velocity-curve crosses the gamma axis in going from positive 
to negative values, or at the time of maximum contraction on the pulsation hypothesis. 
Similarly, minimum light occurs at the time of maximum dilation of the star. Table 3 
lists for each date the time difference between maximum and minimum light and the 
time of gamma velocity. Figure 8 shows that the phase relationship oscillates about the 
zero phase in the 17-day period. This also probably results from the difference in the size 
of the periodic shifts of the light- and velocity-curves discussed above. 

If this is so, then obviously the amplitude of the phase-relationship-curve should be 


7 ALN., 269, 258, 1939. 
M. F. Walker, Pub. A.S.P., 63, 176, 1951. 
*W. HL Christie, Pub. Dom. Ap. Obs. Victoria, Vol. 4, No. 5, 1927, 
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the difference between the amplitudes of the curves of the phase shifts of the light- and 
velocity-maxima. As we have mentioned earlier, the amplitude of the curve of residuals 
of maximum velocity was found by Struve to be about 0.008 day. Comparing this with 
Figures 6 and &, we see that within the observational error this does, in fact, appear to 
be the case. Thus the shape of the beat-curves and the size and shape of the various re- 
sidual curves for both light and velocity can be interpreted as the combination of two 
harmonic oscillations having a ratio of velocity-amplitudes of about 3 to 1 and a ratio 
of light-amplitudes near unity. 

Having available simultaneous light- and velocity-observations, it would be desirable 


TABLE 3 
PHASE RELATIONSHIP BETWEEN LIGHT AND VELOCITY 


AT* (Day Phase Phase 


(P =17.20 JD 24334 | (P=17.20 

Days) Days) 

1 2 
+0 003 +0.004 0.000 889.87 —0.008¢ +0.017/ 0.103 
+ 016, + .003 059 97 — 010 =~ ORS | 567 
+ 002 000 116-904 + .006 + 003 | 972 
001 Q20¢ 174 10.7 + 029 318 
227 17 — .005 — .008 | 726 
287 25 —0 001 +0.004 > 0.195 

003 ~0 005 0 753 


* 1 Maximum light minus gamma velocity; 2 = minimum light minus gamma velocity 


t Low weight 


PHASE 


Fic. 8.—Phase relationship between the light- and velocity-curves. The ordinate is the time differ 
ence, Maximum or minimum light minus gamma velocity. Dots refer to light-maxima, circles to light- 


minima, Small symbols indicate observations of lower weight. The phases are counted from zero phase = 
JD 243387089 + 17.20E days 
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to employ them to ascertain whether or not the star is pulsating. The hypothesis of pul- 
sation is particularly attractive in this case, since the light- and velocity-observations are 
in phase. A summary of the several semi-empirical tests which have been proposed has 
been given by S. Rosseland.'’ The basic idea involved in these tests is to separate out 
of the light-curve of the star the effect resulting from a change in temperature by making 
use of the change in the color index. The remaining light-variation is then assumed to 
be caused by the change in surface area produced by the pulsation. The change in radius 
computed from this light-variation should then agree with that computed from the 
velocity-curve. 

Unfortunately, there is, as we have seen, no definitely established variation in the 
color of 16 Lacertae. Either the light- and velocity-variations have no accompanying 
change in temperature, or, more probably, the effect is too small to be detected. Struve,!' 
on the basis of coudé spectra taken with the 100-inch reflector at Mount Wilson, believes 
that the spectral class of 16 Lacertae changes not more than one subdivision during the 
4-hour period. Since the spectral class is B2, the temperature change must be less than 
about 1000° K. If we assume that the star radiates like a black body with a temperature 
of 20,000° K, then for the cell and filter system used in this investigation a change of 


TABLE 4 
VARIATION IN RADIUS AND TEMPERATURE OF 16 LACERTAE 


MAXIMUM REQUIRED 
OBSERVED 


Licut 
ARUR VARIATION 


AR (Km) (Per Cent) Am, (Mag.) (Mac.) Amy (Mag.)| AT (°K) 


Aug. 16 8.0104 | 0.031 0.000 0.031 246 


5:5 
Sept. 28 13.0104 2.4 0.052 0.079 0.131 1040 


1000° will cause.a change in blue magnitude of 0.126 mag. and a color change of 0.004 
mag. It is thus obvious that, for a hot star such as this, the ordinary yellow-blue color 
system is too insensitive to variations in temperature. It may be possible to detect these 
small temperature effects by using an infrared to ultraviolet color base line. Until such 
observations can be carried out and the effect of temperature changes allowed for, it 
seems hopeless to attempt to apply the pulsation tests properly. 

We can, however, see that the observations might be explained on this basis. The con- 
tributions to the light-curve from the change in the surface area and in the temperature 
will be out of phase by 180°. Thus, if the range of temperature variation changed proper- 
lv with the changing amplitude of pulsation, one could have the observed case of the 
light-amplitude going to zero, or nearly to zero, while there remained an appreciable 
variation in radial velocity. Let us consider the two extreme cases: the observations of 
August 16, which show the smallest light- and velocity-amplitudes, and those of Sep- 
tember 28, which show the largest amplitudes. The data in Table 4 have been computed 
in the following manner. On the assumption that the coefficient of limb darkening is 
0.54," the velocity-curves were integrated to give the maximum change in radius on 
each date, using the formula!” 

AR = paD , 


‘0 The Pulsation Theory of Variable Stars (Oxford: Clarendon Press, 1949), chap. ix. 
Private communication. 


2H. N. Russell, Centennial Symposia (Cambridge, Mass.: Harvard College Observatory, 1948), p. 
195. 
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where 


6—2k- 


k is the coefiicient of limb darkening and AD is the displacement found by integrating 
the velocity-curves. Kopal and Treuenfels'’ have given the average radii of B- to K-type 
eclipsing binaries. From their data, the radius of 16 Lacertae has been assumed to be 
R = 5.51 & 10° km. The light-variation resulting from the change in radius, Am,, was 
then calculated by the formula!” 


—Am,=2.17 =. 


The last two columns in Table 4 give the temperature change and the resulting variation 
in blue magnitude which would be required to produce the observed light-curves, assum- 
ing that the light-variation due to the change in surface area is given by Am,. It is evi- 
dent that the percentage change in radius is not irreconcilable with the hypothesis of pul- 
sation and that, as we have seen before, the temperature change required to produce the 
observed light-curves is consistent with the upper limits set by the spectroscopic ob- 
servations. 

Hellerich’? has also applied a rather indirect test of pulsation in the 8 Canis Majoris 
stars. He finds that the relations bet ween the amplitudes of the light- and velocity-curves 
which he derived for stars of the 8 Canis Majoris, RR Lyrae, RV Tauri, and cepheid 
classes reduce to the same curve if the various stellar temperatures are reduced to a 
standard temperature, and the effects of the temperature variations upon the light-curve 
are modified accordingly. From this he concludes that the same physical process is oper- 
ating in all of these classes to produce the light- and velocity-variations. However, his 
analysis takes no account of the differences in the variations in the various classes, such 
as the degree of regularity or of the difference in the phase relationship between the light- 
and velocity-curves. Thus, while all of these stars may be undergoing pulsation of some 
sort, it seems likely that the details and perhaps the cause of the pulsation differ for 
each class. 

So far there appears to be no evidence that the 8 Canis Majoris class includes any 
stars other than the very homogeneous group of early B stars. The F star 6 Scuti, which 
is generally listed asa 8 Canis Majoris star, has a phase lag between the light- and velocity- 
curves similar to the cepheids.'* Thus it would seem that a somewhat different physical 
process is operating in this star than in the B stars. No simultaneous observations have 
been made of the several short-period A stars which are sometimes listed as 8 Canis 
Majoris stars; it would be very worth while to study some of these stars in order to de- 
cide if they should be classed with the early B stars or with objects like 6 Scuti. 


It is a pleasure to thank Dr. C. D. Shane and the members of the staff of the Lick Ob- 
servatory for making the facilities of the observatory available and for their interest in 
the observing program. 


18 Harvard Circ., No. 457. 
4 Ee. A. Fath, Lick Obs. Bull., 17, 175, 1935; Lick Obs, Bull., 18, 77, 1937. 
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DWARF M STARS FOUND SPECTROPHOTOMETRICALLY 
THIRD LIST 
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Received March 5, 1952 


ABSTRACT 


One hundred and thirty-three additional dwarf M stars are listed in Table 1. The 349 M dwarfs found 
at McCormick and published in the three lists include approximately 60 per cent of all dwarfs of type MO 
and later between apparent magnitudes 8.5 and 9.9 in the northern sky. The percentage is smaller for the 
brighter and fainter magnitude ranges. 


The list of M dwarfs presented in Table 1 is a continuation of two similar lists pub- 
lished previously.'? The discovery procedure has already been described. These stars 
were all discovered prior to July 5, 1949; since that time, nearly 100 additional M dwarfs 
have been found on our plates which are not as yet included in our published lists because 
motions are not yet available for half of them. The third list is being published at this 
time because radial velocities for most of the stars are to be published soon by Dr. E. R. 
Dyer, Jr., from spectrograms taken at Mount Wilson Observatory. 

The arrangement of Table 1 is similar to that of the second list.? As before, any star 
which has previously been included as a late dwarf in the published lists from Mount 
Wilson or McDonald Observatories is designated by boldface type in the first column. 
Wherever possible an effort has been made to improve on the relatively crude apparent 
magnitudes derived from the Bonner Durchmusterung by comparing the intensity of the 
spectrum with spectra of stars on the same plate whose magnitudes have been deter- 
mined at McCormick, Bergedorf, Potsdam, or Harvard. This has been possible in about 
two-thirds of the cases. 

Proper motions of sixty-four stars have been newly derived. The largest of these is 
that of No. 253, which exceeds one second of arc per year. In general, these were deter- 
mined from a comparison of positions on a recent McCormick plate with positions given 
in the A strographic Catalogue.’ In a few cases when no AC positions were available, com- 
parisons were made from pairs of McCormick pilates separated by two- or three-year in- 
tervals. In two cases early positions have been measured on Harvard MC plates which 
Dr. Shapley kindly put at our disposal. We are also indebted to Director Haro of the 
Tonanzintla and Tacubaya Observatories for unpublished positions from the Tacubaya 
Astrographic Zones. Proper motions for two stars of the second list® not previously avail- 
able are given in Table 2. 

The spectral class of each star was assigned chiefly, but not exclusively, on the basis 
of the strength of the 770 bands; a secondary criterion frequently used was the contrast 
of the break at the G band. In eight cases the spectrum was noted as peculiar when these 
two criteria were contradictory ; in these cases the break at the G band and the visibility 
of the individual lines in the interval between \ 4227 and \ 4310 indicated an earlier 
spectral class than did the TiO bands. With increasing experience, it becomes possible to 
include with confidence many more K8 stars and even a few classified as K5. 

The estimated absolute magnitudes in the ninth column of Table 1 depend on four 
criteria which have been described in a previous paper.‘ Since the four criteria do not al- 
ways agree, the estimated absolute magnitude is a compromise. Thus there is no one-to- 


1Ap. J., 97, 381, 1943. 3 Pop. Astr., 54, 499, 1946. 
2 Ap. J., 104, 234, 1946. Ap. J., 104, 239, 1946. 
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33 +72 3130 $499) 47211 100 0042 > + 002 MO 79 MeC-AC H 
3 244 407 1894 5 524, +67 59 90 —0 025 — 094 K& 75 Green. Astr | Ma 
235° +63 639 5596 | +63 9.0 +0.191 220 | K8 7 McC-AC | Ma 
236° +10 1032 6 29) +10 23, 10.3 +0 07 92 M5 12 + 101 | Ci 20.375 Ma 
: 137 +67 2080 6 145 +67 41) 110, +0 034 080 M 7 Green. Astr Ma 
i 238 +72 3338 627.3) +72 3} 110); 111 544 MO 96 + 040° Green. Astr H 
239 447.1355 6407 | +47 33 89) —0.244 721 | K8 7.71 E. B. Lex Ma 
fe 240° +40 1758 6 46.5 | +40 16 84 +013 - 41 K8 7.5 | + .032 | Ci 18.837 Ma 
4 241° +16 222-203 6529)! +16 6 100 —0 018 — 007 K& 7 + 026 | McC-AC | Ma 
242° +67 2334 6 53 0 | +67 10 8 | —0 259 - 077 | MO | 9.3 Green. Astr. | Ma 
243 + 68 467 7 19) +68 41 97 +0241, + 030 K8& Green. Astr. Ma 
| 244 +68 474 7 69) +68 31 97} +0.043 | + .134] K8 Green. Astr Ma 
j : 245 | +68 3124 716.9 | +68 55 | 10.5 | —0.178} — .121 | MO 94 Green. Astr Bo 
246° +36 1638 7 22 +36 32 | 104; —0.281; — 250 {| M2 102 | + .089 | E. B. Lex. Ma 
247 £14 1684 7229] +14 55 94 +0057 204 K8& 7 B. Lex V 
248 9 56-237 7240! +9 10.2} —0.077 | + .073 | KS 7 Toulouse \ 
aA 249 4-33, 213-242 753.9} +34 0; 104 0150) + 089 MO 79 + 014 McC Ma 
{ 250 +33 1646 7597) +33 14; 103  —0 048 192 MO 8.3 | + .033 | McC i 
. 251 +33 1694 8 16.0 | +33 6) 96 0.00 64 K8 7.5 | + 036 | Ci 20.473 \ 
252 429 1754 8184} +2923; 99 0 234) + 250! K8& az McC-AC V 
253 +36 28826 8 193 | +35 31 | 108 1 003 454 MO | 102 McC-AC \ 
¥ 254 +67 552 S 23.2 +67 47 9 3 —1 073 | + 048 | MO 98 + O87 Green. Astr V 
255° +3)? 1769 R295 +32 27 10 2 078 102 K8 7 McC-AC 
256% +43 1844 8 30 8 | +43 38 §9 —0 170 297 | K8 7 Hs. ph. 111215) V 
257 +10 1857 8 34.8/ +10 6) 96); +0 18 — 64 M2 94, + .035 | Ci20 484 | Ma 


TABLE 1 


DWARF M STARS 


Nx {Do ( Sp 
BD or A Ha Proper Motion 


218 447°19-173 Oh25m2 4+41°12’ 11.0 | 4+0°301 | +07155 MO 78 +07058 McC-AC H 
219 —30 277 048 7 —30 28 93° +0 34 + 14 K& 7 Luyten \ 
220 —26 348 0 57.4 26 23 | 10.0; —0 O41 - 351 | K8 7 + 039 | Yale zone iV 
221 307 2 9.0| —0.161 O45 KS 7 E. B. Lex | Ma 
222 + 4 2000-94 2163! + 411); 100); —0.07 + O04 MO 7'9 | McC-AC Ma 


223° 4+ 7 385 2198| +7 3 97 +0 092 - 179) K8& 7 Toulouse Ma 
224° + 3 339 2202 | + 3 46 86 +015 + 21 M2 91 + O70 Ci 18 319 Ma 
225 —26 1207 3 8S. —26 59 95 +0252; + 086 | MO 79 + 044 Yale zone \ 
226 4-53 2250-45 4 6 +53 9 105 , +0 33 — 39 MO 8 2 + 052 Ci20 271 Ma 
2 4 4 +42 14 + 78 + ph. 11554 


McC 


+0 096 337, MO 


258 +35 1890 8 447 +35 47 8 9 —0 203 295 K& 7.9 E. B. Lex Ma 
259 +11 1940 8 469 +1142) 100) —0.14 05 75 i+ .038 | McC-AC Ma 
260" +12 1044 8491 | +1212 11.0} 011 | — .327| MS | 11.8 McC-AC V 
201 +21 1949 850 2/421 6 91 +0 66 15 K& 7.5; + 045 | Ci 20.500 \ 
/ 262 + 2 2116 8 515 + 225 > 106 ~0 O51 — 067 MO & 5 McC-AC Ma 


+16 1877 8521} +16 24; 100; —0.126 + .009 | MO 87 McC-AC Vv 
264° +15 1957 8 $3.3 | +15 51 90 096 313 | MOp 88 +0 024 Ci 1066 Ma 

265 +47 2308-79 9 1.8 | +47 12 | 107 —0 38 02 MO 98 McC-AC 
266 $40 3903-28 915 0! +40 41 102 | —0 135} — 229; K8 7.9 His. ph. 1 83 Ma 

267 +40 2208 9183) +40 8 100 +0 143 139 K& 7.9 E. B. Lex 


+0043 — 055 MO 94 McC-AC 
8 +0185 — 290 7 McC-AC 
2) -0.13 17 K8& McC-AC iH 
O80 K8& McC-AC H 
2, +0 05 05 K5 7 McC-AC Vv 


273 45 1791 9 53 +45 16 & 8 0 240 — 075 K& 7 Hs. ph. 1 256 

274 12. 2201 10 146 +12 54 10.5 —0 287 — 026 K& 7.3 MeC-AC 

275 1 2013-63 | 10 45 2 16.5 082 030 MO 91 McC- AC 

276° 1 2457 10 45 3 118,100 —0 24 78 K& 79 Luyten Ma 
) 

2 5 7 Luyten \ 


278 +16 2216 11 O8 +16 33 92 +019 6 MOp| & 3 (j 20.611 \ 
279 +19 2423 11 16 +1950. 10.5 | +0.004 | + 052 | K8 3s McC-AC Vv 
280 1613-38 11 2.1 | +22 108) +0073 | + .005 | MO 87 MecC-AC 
281 +19 2427 1142) +19 48/ 105 0 160 099 ~K8& 79 MeC-AC Ma 
282 + 34 2214 1112.9 | +34 25 | 10.1 | +0.10 -0.27 KS 7 E. B. Lex. Ma 


i 


| 
| 
| 


De 
228 —15.728 428) 4); 104! —0 078 + 04: MO 8 3 AC 
29 447 977 4109 +4759) 91! —0030| + .028 | K8 7.5} .049 | McC-AC | Ma 
230 +26 10592 419 8 | +25 54) 107 | +0 071 - 050, MO 8 McC-AC \ 
3 2328-36 | 4248) + 348 | 103 033 147 0 8 8 McC-AC Ma 
448 6 | +48 32 11.2 86 + 020) McC-AC Ma 
a 
F 268 — & 2689 9 21.7 |'— 8 38 | 10 
+18 2213 922.7) +1854) 9 
270 +23 2121 9 29.0| +2321! 9 
271 +23 2124 920742310, 9 
72 9 2895 9 32 2 9 33 9 : 
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1855 0 
BD or AC Ha | Proper Motion Obes 
RA Decl 
McC-AC Ma 
Ross 911 iV 
Ci 18 1450 Ma 
+0'294 | McC 
McC-AC 


—07038 MO 


+07132 
+0 21 
-0 06 
+0 621 
—0 


—0 17 . | McC-AC 
Wolf 1427 
—0 M2 Ci 20 684 
+0 ] McC-AC 
—0.2 ~ G. C. 16745 


11>29m 


| 


McC-AC 
McC-AC 
McC-AC 
McC Harvard 
E. B. Lex. 


+0 
+0 
—0 
+0 


—0 
—0 
—0 
—0 


McC d 
Ci 18 1730 


E. B. Lex 
| Ci 18.1784 


cow 


E. B. Lex. 
G. C. 19374 


ano 


MOp 


K& 

| MO 
K8 
K& 
KS 
MO 
MOp | 
K8& | 


Ci 18 1920 
| Ci 18 1996 
MeC-AC 

McC-AC 

MeC-AC 


| MceC-AC 
| MeC-AC 
E. B. Lex 
| Yale zone 
| Ci 18 2354 


3 
2 
9 
& 
5 


“sas 


900 


Green. Astr. 
McC-AC 


Yale zone 


McC-AC 
| Yale zone 
| ‘Vale zone 
| McC-AC 
| Yale zone 


| McC-AC 

| MeC-AC 
Ci 20. 1331 
Yale zone 
Ross 780 


coun 


ne 


ww 


| MeC-Harvard 
5 | Yale zone 
| McC-AC 
Yale zone 
McC-AC 


McC-AC 
| McC-AC 
McC-AC 
McC-AC 
+0 056 | McC-AC 


200 
894 


a 


te 
oo 


3. 2781-116 
4988 
5691 
6640 
04438 
6219 | MO | MeC-AC 

7 MO | Luyten 

MO Luyten 


MO 


os 


7 68462 
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No ign 
283° 
284 
236 
287 + 
288 + 3 2569 9473) +357) 95 | \ 
289 +10 2374 5609 +10 0 9 6 |H 
290 + 0 1514-04 1f OF9 +019) 110 |v 
201 +59 1428 i 48) +5944 10.0 
+ 6 2573 86, +628! 95 
ae 293* + 1 2684 1 091 —0 022 MO 4 | Ma a 
294 +13 1308-25 | 1 065 —0 173, M2 4. + 050 H 
He 295 + & 2599 1 122 | —0.091 | MO 8 H 7 ES 
296 1 047 +0024 MO 3 | Ma 
297 +32 2274 1 05 | —022 | MOp | Ma 
298 + 36.2322 1250.9 | +36 1) 10 -019 | MO 8 McC-AC | Ma 

299 +35 2406 13 08 +3510!) 9 127 K8 | iV 
390 +10 2540 13136) +1041 9 | | 24 11 K8 | Ma 
301 * +29 2405 13 16.8 | +2959; 476 +0 244 MO 8 + 065 \ 
302 +39 2643 13 18.7} +3941 98! —0.08 —0 04 K8 | E. B. Lex. | Ma 

: 303° +48 2138 13319 +48 52 9 —0.21 —0.12 MO0p & E. B. Lex. Ma 
304 +36 2397 13 32.6 +36 42 | 10 | +0 063 —0 08 K8 & McC-AC Ma "ee 
305" +46 1889 13 33.4| +4656 | 108 | -0.04 | +039 | M2 Ma 
306 +39 2675 13 37.0) +3959} 90 +0095 | 097 | K8 5 | Ma 
307 +18 2776 13 38.1) +18 34} 9m | +043 | -1.81 | MO 1) + 086 Ma thet 
308 +15. 2620 13 38. 4 | +15 41 8 1} + 193 | G. C. 18602 Ma Bea 

309 + 22.2632 1340.8 +2210) 11 4 McC-AC Ma 
310% +16 2565 13 43.0} +16 7} 9 | | E. B. Lex. Ma cee 

+18 2811 13 53.9 | +18 47 | 10 1 Ma 
312 +30 2512 1415.7) +3019] 8 8 + O71 H 
313 +34 2541 14290; +3423 9 -0 73 +0 22 78) + .049 Ma 
314 +45 2247 1455.7 +45 58) 9 +026 +0 34 a4 + 068 | H 
315* +40 2881 19194, 440 9) 9 +007) +0 13 5 H 
316 +32 105-80 15 36.9 | +32 23 | 10 —0 090 | —0 025 | 9 | Ma ee 
317 +36 2641 15 39 5 | +36 24 10 +0 04 ~—0 06 ; Ma Se 
318 +11 2874 15 45 1) + 038 Ma 

319 +39 3048 16 44 6) + O15 Ma ie 
320 + 38 2847 16 45 + 028 Ma 
ee: 321° + 5 3409 17 23 | Ma ae 
ek 322 +68 946 17 37 + .203 Ma coe 
323 +71 850 17 386 | +7158 86. +0 101 | —0 059 | K8 + 045 | Ma 
324 + 4 2510-357!) 17 48 + 349/100 091 | +0 045 | MO 6) Ma 
325 +10 3665 18 41 +10 36 80 +0 115 -0 449 K8 5 | + 056 | Ci 18.2462 Ma q I Pe 
326 + 9 148-85 19 36 | +946) 96) +0189 +0099 | MO | 9 | McC-AC 
327* 12 5594 19 49 —12 56; 92) —0079 | —0.505 | MO | 1) + .055 | Ma 
i 
328 + 6 4450 20 1 5 Ma 
329 ~14.5652 20 1 048 | Ma 
330 20 $833 20 1 1 | Ma 
331" $30 4155 20 37 9 | | Ma 4 ee 
332 — 5 5480 5 

333 $24 4329 21 | Ma : on 
334 11 5581 211 8 
335 + 0 4810 21 5 4| + .102 Ma 4 Ce 
336 —21.6267 233 | 
337 —15 6290 224 : | + 206 \ 3 ae is 
| 
338* —12 6393 9/108); +0 —0.057 | M2 Vv 
339 23. 17699 —23 18! 76, +0 039 | MO 1} + .12 \ 
340 —26 16420 —27 5 96, +0112 | —0 158 | MO x \ ae 
341 —23.17748 —23 56 94) +0161 | —0 312, MO 3 
342 =16 6218 —16 11 106 +0 054 | +0 006 | MO 4 
| 
| 
343 Ma 
+ | Ma 
346 — 2 | 
347 + 34 Ma “See 
349° \ 
350 \ 
(Note, 
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NOTE TO TABLE 1 


*In the next to the last column ‘‘Luyten’’ means Pub. Minnesota Obs., Vol.3, No. 4; and ‘‘Toulouse"’ stands for Ann. Obs. 


Toulouse, Vol. 17. In the last cplumn ‘‘H”’ stands for K. G. Henize, a former graduate student of this observatory. 


one correspondence between spectral subclass and estimated absolute magnitude. This 
may or may not indicate a real dispersion in absolute magnitudes across the sequence. 
Absolute magnitudes brighter than 7.5 and fainter than 12 are extrapolated values. 


K5 on another plate 

ADS 1865, d = 0%6, Am = 0.2 mag 

ADS 2861, d 1°6, Am 0.2 mag 

Double (Alden, unpublished): d = 2°7, Am = 1.0 mag 

MO on another plate 

M2 on another plate 

Mount Wilson gives spectra of two components as KS and M1.5 and a combined spectrum as MO. Not in ADS 
K5 on another plate 

M2 on another plate 

Kuiper (Ap. J., 95, 201, 1942) lists Ross 989 as the faint companion to this star 

K5 on another plate 

KS on another plate 

M2 on another plate 

Double, d 176, Am = 0.5 mag. (Alden, unpublished 

ADS 7139, d 5”, Am = 0.1 mag 

K5 on another plate 

MO on another plate 

L 1258-39 and { 1258-40: d = 19", Am = 0.1 mag.; common proper motion 

ADS 8242,d = 272, Am = 0.2 mag 

ADS 8486, d = 2", Am 1.5 mag 

M2 on another plate 

The spectrum is composite: Mount Wilson observers give MO for the brighter and K6 for the fainter components. 
ADS 8887, d 0°7, Am 0.2 mag. 

ADS 8980, d 2°8, Am 0.2 mag. 

MO on another plate 

K5 on another plate 

K& on another plate 

K5 on another plate 

Spectrum overlaps with that of an A star. Dyer (unpublished) gives for the spectral class M1. 
K8 on another plate 

Double: d = 474, Am 3 mag. This star probably is Espin 366 = ADS 14230, although Espin originally identified it as 
BD) + 30°4159; the latter appears as a single star on our plates. 

MO on another plate 

\ccording to Luyten, a 15th-magnitude companion at 31” shares the motion of this star 


TABLE 2 


STARS FROM THE SECOND LIST 


Star No. Ma | Ms Source 
| +0"392 —0"098 McC 
135 —0.259 +0. 256 McC 


| | 


= 2 mag. 


We are indebted to Miss Louise F. Jenkins for twenty-eight of the parallaxes in the 


tenth column: these have been taken from the forthcoming third edition of the Parallax 
Catalogue of the Yale Observatory. Fifteen additional parallaxes have been kindly sup- 
plied in advance of publication by Director H. L. Alden of this observatory. He has also 
furnished the data on double stars found by him on the parallax plates; these appear in 
the notes to the tables. 


As regards the selectivity of the McCormick discoveries, Table 3 presents an array in- 


cluding all stars of the three lists. In this, the fainter components of double stars have 
been omitted and also star No. 69, which is not a dwarf. It appears that the optimum 
range of apparent visual magnitude for the discovery of M dwarfs on McCormick plates 
is between 8.5 and 9.9, It is evident that we must have missed relatively more stars in 


120 
223 
224 
227 
231 
235 
236 
240 
241 i 
242 
246 
2 ss 
256 
260 
263 
264 
269 
276 
277 ; 
9g 
393 
301 
303 
305 : 
310 
$11 
315 
321 
327 
2 
331 
348 
349 
| 
| 
*Star No. 90 is a physical double (Alden, unpublished): d = 1514, Am 
; 
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the brighter and fainter ranges. Moreover, the relative number of K& stars is undoubted- 
ly considerably greater than those we have been able to recognize with certainty. As 
stated above, most of these K8 stars are contained in the third list, only twenty having 
been discovered previously. Also it appears to be relatively more difficult to recognize the 
K& stars in the fainter-magnitude ranges. 
TABLE 3 
COUNTS OF MCCORMICK DWARFS BY APPARENT MAGNITUDE 


AND SPECTRAL CLASS 


M Total 


95-99. 


10.0-10. 4... 
10.5-10.9.. 


11.0-11.4.. 
11.5-11.9.. 


Total 


It appears that our three lists contain about 60 per cent of all the dwarfs of types MO 
and later between apparent magnitudes 8.5 and 9.9 north of the equator. This estimate 
comes from a comparison of the McCormick lists with the two Mount Wilson lists in 
Contributions, Nos. 511 and 726. Inthe brighter and fainter magnitude ranges the percent- 
age is smaller. 
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ABSTRACT 


Spectral types and luminosity classes have been obtained for 641 stars in the spectral range F5-K5 
brighter than 5.50 visual magnitude and north of declination —20°. These types show the well-known 
absence of subgiants later than K1 and, in addition, show that the stars near zero absolute magnitude 
become plentiful extremely abruptly between G5 and G8. In the range GO-G5 we have 4 giants; at G8 
we have 67. Color-magnitude diagrams show that this change occurs in a very small range of temperature. 

New calibrations of the absolute magnitudes are made for all spectral types and luminosity classes 
which contain enough stars to yield significant results. For the most part these agree well with older 
determinations. A surprising result is that the KOITII-K2 III stars are about 0.8 mag. fainter, on the 
average, than the giants at G8 and in the classes K3-K5. That this is not merely a systematic effect in the 
classification is shown by the fact that the mean absolute magnitudes for all stars of luminosity classes 
II-IV show the same phenomenon. 

Space velocities corrected for the solar motion have been computed for each star fainter than luminos- 
ity class IT. In the spectral range G8-K1 it is found that spectroscopic differences exist among stars of 
the same spectral type and luminosity class. Ii these stars are separated spectroscopically, it is found 
that the velocity distributions within the different groups are also different. The two groups which 
contain 85 per cent of the stars are about equally numerous. They are separated by the fact that the G band 
and 4226 of Ca1 are stronger relative to the remainder of the spectrum in one group than they are in 
the other. The velocity distributions indicate that the group with the stronger G band and \ 4226 is 
dynamically related to the group of weak-line stars in the earlier types and that the other group is dy- 
namically related to the strong-line stars. In addition, two other groups exist which are characterized by 
peculiarities in the cyanogen absorption. One of these has fairly strong cyanogen which is characterized 
by a peculiar appearance of the region near \ 4150 and by a strengthening of the absorption in this region 
compared to that near \ 4120. Dynamically, these stars cannot be distinguished from the weak-line 
group. The fourth group is characterized by unusually weak cyanogen absorption. As has been known 
for some time, these stars are the “high-velocity’”’ stars. Although some members of this group have 
fairly low velocities and some members of the weak-line group have fairly high ones, the mean velocities 
of the stars with weak CV is 95 km/sec, as compared to a mean of 41 km/sec for the weak-line group. 


I. INTRODUCTION 


As part of a program instigated some years ago by Dr. W. W. Morgan, covering all 
spectral types, spectra have been obtained of all nonvariable stars brighter than visual 
magnitude 5.50, north of declination — 20°, and with Henry Draper spectral types in the 
range FO to Ma. The revised types of 693 of these stars are in the interval F5—-K5 inclu- 
sive. These spectra form an important collection of data for statistical studies of stars in 
this spectral range, both alone and combined with the large amount of additional data 
available for these stars. The majority have measured trigonometric parallaxes, all but a 
few binaries without orbits have published radial velocities, and all the stars have well- 
observed proper motions. 

Of the 693 stars, 41 probably have composite spectra either because they are un- 
resolved binaries or because they are visual binaries too close to separate on the slit- 
head of the Yerkes 40-inch spectrograph. These have been omitted from this discussion. 
In addition, 11 of the stars do not appear to belong anywhere on the normal Hertz- 
sprung-Russell diagram. These will be discussed individually in the notes to Table 4. 
For each of the remaining 641 stars a spectral type, luminosity class, spectroscopic 
parallax and absolute magnitude, and, except for the supergiants, a space velocity have 
been determined. In addition, new calibrations have been made of the absolute magni- 
tudes in many parts of the spectral type-luminosity class diagram, and the distributions 
of the stellar speeds have been discussed. 
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Il. SPECTRAL TYPES 

Each of the stars has been classified on the system of the Yerkes spectral atlas,' except 
that two minor changes in that system have been suggested recently by Dr. Morgan.? 
The stars of types F5-F8, such as 8 Del and v Peg, which were previously assigned to 
luminosity class III, have now been assigned to luminosity class IV, and the former 
class IV stars, such as a CMi, have been included in class IV-V. The reason for this 
change is the fact that spectra of the stars of the older class III resemble the stars of 
class V more closely than those of class Ib. The class III stars of types G2-K1 have been 
reclassified using new criteria and a system of types for the standard stars which pro- 
vides a better correlation of spectral type with color. Dr. Morgan prepared a new list of 
standards for the types G&- K1 about a year and a half ago, basing his classification pri- 
marily on the appearance of the G-band region and, to a lesser extent, on the strength 
of X 4226 of Cat. For reasons mentioned below, the present author has also considered 
the strength of the hydrogen lines as an indicator of spectral type at G8 and KO after 
the luminosity class of the star has been accurately determined. The use of this additional 
criterion does not change the spectral type assigned to any of the standard stars, nor 
does it lessen the correlation of spectral type with color. 

Figure 1 illustrates the correlation between the Henry Draper and the revised spec- 
tral types. On the average, the agreement is good. The most notable features are the 
concentration of the HD G5 stars at G8 on the present system, the widespread and al- 
most uniform distribution of the HD type KO stars over the revised range G8-K3, and 
the sparing use of the types F8 and K2 in the Henry Draper Catalogue. Also, the mean 
revised type for the stars which were classified K2 in this catalogue is almost as late as 
K4. As mentioned in the preceding paragraph, the colors confirm the revised type G8 
for most of the HD G5 stars. The mean color for the G& giants is very nearly four- 
fifths of the way from that of the GO giant to that of the KO giants, and a smooth pro- 
gression in color from class V to class II is preserved for each spectral type on the revised 
system. The relative scarcity of K1 stars in the revised types is probably a systematic 
effect in the present classifications, since the decision to use this type was not made until 
alter the preliminary classifications were finished. However, the accuracy possible in the 
classification seems to warrant the use of this type. 

Figure 2 shows the number of stars in each region of the spectral type-luminosity 
class array as well as the divisions in luminosity used at each spectral type. Two super- 
giants have been omitted, HR 8752 at GO Ia and ¥! Aur at K5 Iad. The supergiants are 
distributed uniformly in spectral type, and the low-luminosity stars show their expected 
behavior. The latter are plentiful at F5 and gradually diminish in number toward later 
spectral types and, hence, toward lower absolute magnitudes. This behavior is due to the 
selection effect introduced by the bright limiting apparent magnitude. However, other fea- 
tures of the diagram cannot be explained this easily. The most striking of these is the very 
sudden onset of giants at G8. Even on the older system the onset was fairly sudden at GS 
but the new classifications have sharpened the boundary appreciably. Between GO and 
G5 we have 4 stars in luminosity class IIT (i.e., as we shall see later, with absolute magni- 
tudes near 0.0 mag.), while at G8 we have 67. The strong concentration of giants persists 
to later spectral types also, thinning out only gradually by K5. The stars in luminosity 
classes III-IV, II-III, and even II indicate the existence of the same phenomenon. An 
equally striking feature is the lack of stars fainter than the class III stars and later than 
K1. This cannot be due solely to selection effect, since the absolute magnitudes of these 
stars would be no greater than those of the F dwarfs and certainly not sufficiently lower 


' Morgan, Keenan, and Kellman, An Aflas of Stellar Spectra (Chicago: University of Chicago Press, 
1943). 


? Private communication. 
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than the absolute magnitudes of the stars of the same luminosity class at G8 to account 
for their complete disappearance at K2. 


Ill. 


ABSOLUTE MAGNITUDES 


The existence of good proper motions and trigonometric parallaxes for the stars 
brighter than 5.5 mag. makes these stars useful for calibrating the luminosity classes 
in terms of absolute magnitude. For this reason new values of the mean absolute magni- 


Sp HD 
MI 


MO 


K5 


8s 


@one stor 


F5 FBS GO G2 G5 G8 KO KI K2 K3 K4 Spm 


Fic. 1. --The correlations betweenthe HD spectral type and the types on the system of the Yerkes 
spectral atlas. The area of each block represents the number of stars at that point on the diagram. 


tudes have been determined for those classes which contain a sufficient number of stars 
brighter than this limit to make the new calibration useful. 

For stars with appreciable trigonometric parallaxes, i.e., for stars in luminosity classes 
with mean absolute magnitudes fainter than —0.5 mag., the mean trigonometric 
parallax was computed for each group. For each star with more than one determination 
of its trigonometric parallax, individual values from Allegheny, Cape, Greenwich, Mc- 
Cormick, and Yale Observatories were averaged with equal weight, unless the probable 
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errors of the individual determinations differed considerably. These values were taken 
from the back of the General Catalogue of Stellar Parallaxes (Yale, 1935). The resulting 
value was then reduced to the parallax which the star would have if it had the apparent 
magnitude 5.00 instead of its actual apparent magnitude. Negative parallaxes were 
divided by the same factor by which they would have had to be multiplied if they had 
been positive. These values were then averaged, weighting the value for each star ac- 
cording to the number of independent determinations. Although the parallaxes of most 
of the stars are too small to be of any use individually, the agreement among the reduced 
parallaxes is surprisingly good. If anything, the mean errors given in Table 1, which 
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00};0000 


F5 F6 F8 GO G2 G5 G8 KO KI K2 K3 K4 K5 


l'ic. 2.—The spectral type-luminosity class array for the bright northern stars. Each circle repre- 
sents one star. The lines indicate the number of types usually distinguished. Circles centered on a line 
indicate stars with in-between types. 


have been computed on the assumption that one good determination of a trignonometric 
parallax has a mean error of 07010, is overestimated. After this work had been com- 
pleted, Dr. Strémgren pointed out* that it would be preferable to use the observed 
parallaxes directly. If an estimate is made of the mean absolute magnitude of a group 
of stars and is used to compute spectroscopic parallaxes, then a comparison of the mean 
unreduced trigonometric and the mean spectroscopic parallaxes will indicate the correc- 
tion which must be applied to the assumed absolute magnitude. For three groups in 
different parts of the spectral type—-luminosity diagram, this method was used. The re- 
sults agreed with the first results within the mean errors of the determinations. 

For groups with mean absolute magnitudes brighter than +3.0 the mean parallax 
was also computed from the proper motions. The observed motion for each star was also 
reduced to the value it would have if the star were actually of apparent magnitude 5.00. 
The sky north of declination — 20° was divided into nine regions of approximately equal 


3 Private conversation. 
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TABLE 1 


MEAN PARALLAXES 


Num- 
| ber of (m= 5,00) 10+5 log x Adopted M 
Stars 
14 00227 +O0"0018 m.e. 8+0.2 mee. +1 
0032 2 
G2 1V-V 0357 0025 


FOIV-V 15 0390 0020 
I-V; GO IV-G2 IV t 0421 0023 


> > >] 


0463 0020 

0554 0021 

‘ 0546 0016 

G2\ O786 0016 


G5 II-K5 Il 0032 


KO 0069 OO15 
K1 H-lll 00606 OO18 


G8 II 5 OO8S 0010 
G8 i 5 0057 O03 : 
G8 III O114 0012 


KO III 0162 0014 
KO III tr 0136 0010 


KI III 32 O148 0009 
K1 III 22 0155 


K2 Ill O147 0015 
K2 Ill 0160 0012 


K3 5 O14 0016 
4 O106 OO12 


0019 
0106 0015 


QO90 0007 
Q095 0016 


KO O193 0029 


G5 KOTV ty 0526 0044 


3 0.038 0.004 


* Inlividual mean absolute magnitudes were adopted as shown below 
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GOIN 6 GS IN 
9 : G8 I\ 
GON +43 ; KOI\ 
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F5 1V-F8 I 
F51V-F8 I 
IV-V 
I\ +2.9* 
V +3.3 1 4+3.3 
+4.5 0 +4.4* 
08 6 
.2 
0.0 
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area, and the mean proper motion was determined in each region. These mean motions 
were then used to compute mean parallaxes according to the formulae given by Smart.* 
These formulae involve the assumptions that the two-stream picture of stellar motions is 
valid and that there are an equal number of stars in each stream. In addition, the 
amount of the solar motion and the stream constants are required for their application. 
A solar motion of 20 km. sec was adopted.’ For the stream constants the values found 
by Smart and Tannahill® in their study of the Cape proper motions were used. These 
formulae have the advantage that they make use of the total proper motion rather than 
just one component of this motion. As the observational errors in the proper motions are 
relatively small, each star was given equal weight in the solution. The mean error of the 
results is computed from the agreement of the results from individual regions of the sky. 

The results of the solutions for the mean parallaxes are given in Table 1. In this 
table, m denotes parallax; wu, the total proper motion; v, the component of the proper 
motion parallel to the solar motion; m, the visual apparent magnitude of a star; and M, 
the visual absolute magnitude of a star. It is evident that where the two methods of de- 
termining the mean parallax overlap the agreement between them is good. This table also 
vives the absolute magnitudes, found by assuming that all stars in each group have the 
same absolute magnitude, together with the approximate mean error of these values as 
indicated by the mean errors of the mean parallaxes. To obtain the true mean absolute 
magnitude, the correction 0.230% must be applied where oy is the standard deviation of 
the absolute magnitudes of the stars in the group. It was estimated that this correction 
is about +0.1 mag., except for the dwarfs earlier than GO for which the correction was 
ignored. This correction has been included in the adopted visual absolute magnitudes 
given in the final column of Table 1. A few values in this column, for the F stars and the 
class II-III stars in the range G8—K5, have been smoothed somewhat. 

Figure 3 shows a plot of the adopted visual absolute magnitudes in this region of the 
H-R diagram. The points connected by dotted lines are from an article by Keenan and 
Morgan.’ The remainder are from the new solutions. Of particular note is the sharp drop 
in absolute magnitude for the giants between G8 and KO, followed by the equally steep 
rise between K2 and K3. The results in Table 1 leave little doubt that this behavior is 
real. In addition, the second method of employing the trigonometric parallaxes men- 
tioned above also supports the sharp drop between G8 and KO. Finally, at G8, an addi- 
tional solution was made, using the upsilon components of the proper motion. This solution 
has decidedly less weight than that using the total proper motions, both because of the loss 
of one component of the motion and because of the varying weights in different parts of 
the sky and, hence, the low weight in some regions. However, it supports the high 
luminosity at G&S III. The point at K11V is uncertain, but it is detinitely above the 
point for KOTV. 

Table 2 gives the mean absolute magnitude for each spectral type for all luminosity 
classes except class I and, for stars later than the sun, class V. The stars omitted are too 
few to have much real influence on the mean, but they lie far enough from the mean to 
cause spurious fluctuations from one spectral type to the next. Although these mean 
absolute magnitudes refer only to the stars in this study and may not be valid for other 
groups of stars, such as those in a particular galactic latitude or with fainter apparent 
magnitudes, they do illustrate the characteristics of this material. The mean absolute 
magnitudes for the stars earlier than G5 behave as one would expect. Among the later- 
type stars the same behavior can be noted as was found in the giants of these classes. 


Stellar Dynamics (Cambridge: At the University Press, 1938). 

® Based on the results of Nordstrom, Lund Medd., Ser. Il, No. 79, 1936. 
M.N., 100, 30, 1939. 

7 Astrophysics, ed. J. A. Hynek (New York: McGraw-Hill Book Co., 1951). 
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Hence this behavior is not a product of the classification system. If we omit the dwarfs, 
the KO-K2 stars are definitely fainter as a group than are those stars either at G8 or 
later than K2. 

The data shown in Figures 2 and 3 are combined in Figure 4, which illustrates a 
schematic color-magnitude diagram for the stars included in this study. The mean 
color for each spectral type and luminosity class was determined from the B— V colors 
measured by H. L. Johnson.* The area of the color-magnitude diagram was then divided 


| | i 


! 
FS F6 F8 GO G2 G5 G8 KO KI K2 K3 K4 K5 SptType 


lic. 3.—Mean absolute magnitudes for stars in the range FS—K5. Roman numerals indicate the main 
luminosity classes. The remaining lines are for luminosity classes II-III, IHM-IV, and IV-V. The dotted 
lines connect values given by Keenan and Morgan. The remaining points are based on new results. 
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into cells, each centered on the mean B— V and mean absolute magnitude, on the HRP 
system, for the stars ina given cell in the spectral type-luminosity class diagram and with 
the boundaries approximately midway between adjacent centers. In each of the cells 
constructed in this way, a circle was drawn for each star found to have the corresponding 
spectral type and luminosity class. Hence no circle on the diagram represents a particular 
star, but the result should be similar to that which we would obtain if we knew the color 
and absolute magnitude for each star individually. However, the width of the giant se- 
quence for the late-type stars is indeterminate. Figure 4, again, shows the same features 


0.40 0.60 0.80 1.00 1.20 140 B-V 


Fic. 4.—A schematic color-magnitude diagram for the bright northern stars. Each circle represents 
one star, but not a particular star. 


as Figure 2. Stars with absolute magnitudes greater than +2.0 are entirely absent for 
colors greater than 1.4 mag., and stars with absolute magnitudes between —1.0 and 
+1.0 are scarce for colors between 0.45 and 0.82 mag. On this diagram the spectra merely 
form an intermediate step in obtaining the position of a given star. Hence the sharp 
onset for the late-type giants is probably real. If it is not real, then the giants are even 
more crowded at the color 0.85 or 0.86 mag., since the mean color of the stars cannot be 
changed appreciably. 

The general features shown in Figure 4 are not new. In 1913 H. N. Russell made the 
statement: ‘It is further noteworthy that all the stars of classes KS and M which appear 
on our diagram are either very bright or very faint. There are none comparable with the 
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Sun in brightness.’’* In 1922 H. D. Curtis!® published an H-R diagram, based on all 
parallaxes available at the time and on the HD spectral types, which is surprisingly 
similar to the color-magnitude diagram shown in Figure 4. In the same year Hertz- 
sprung" called attention to the fact that, if the quantity m + 5 log u, where m is the 
apparent magnitude and u is the total proper motion, is plotted against the reciprocal 
color temperature, then, for stars about 5 mag. brighter than the sun, there is a ‘‘marked 
gap’’ on the diagram between the red stars and the blue stars. Comparing his diagram 
with his table of the colors corresponding to each spectral type, we see that the gap is 
between stars of spectral type A5 and stars slightly later than G2 on the HD system. 
During the succeeding thirty years the edges of this gap have tended to become less 
well defined in the literature, and the red edge of the gap has progressed steadily toward 
the violet, until some modern authors have placed this edge near F5 or even earlier. 
Further evidence that the giants actually start abruptly near G8 is furnished in Figure 5, 
which shows two diagrams similar to Figure 4 but derived from independent sets of 
data. Figure 5a is a plot of the colors measured by Bottlinger’ against the absolute 
magnitudes computed from the trigonometric parallaxes. Figure 5d is a plot of the 
infrared colors measured by J. S. Hall'* against the absolute magnitudes which the 
stars would have if each had a tangential motion of 20 km/sec. That is, P = m, + 5 
log w + 1.87. Both figures contain all the stars plotted in Figure 4 for which the necessary 
data are available, and the mean colors of GO V and G8 III stars have been indicated on 
each. Since these diagrams are very similar to Figure 4, we may conclude that the 
Hertzsprung gap extends through G5 and has a very sharp boundary at a temperature 
between that of a G5 giant and a G8 giant. 


IV. VELOCITY DISTRIBUTIONS 

Nearly two years ago it was shown that among the late F- and early G-type stars two 
groups of stars could be distinguished in the same spectral type and luminosity class by 
small spectroscopic differences.'* It was also shown that the members of these two 
groups, which occur in nearly equal numbers among the bright northern stars, have 
different velocity distributions. The stars in one of these groups have systematically 
weaker lines than those in the other group, and the two groups have been identified ac- 
cordingly as the strong-line and the weak-line stars. 8 Vir is representative of the strong- 
line group, and ¢ Psc of the weak-line group. 

In the course of classifying the remainder of the stars, it was found that spectroscopic 
differences also exist among stars of the same luminosity class and spectral type in the 
range G8-K1. Eighty-five per cent of these stars belong to one of two groups. In one of 
these, both the G band and Ca 1 4226 are stronger than in stars of the same type in the 
other group. The two KO III stars, HR 4126 and 2 Dra, are examples of the members 
of each group, and the differences between these stars are typical. Relative to the 
strength of Fe 1 4045, \ 4226 is stronger in the spectrum of 2 Dra than it is in the spec- 
trum of HR 4126. This alone might be explained if 2 Dra were later in type or lower in 
luminosity. However, the G band is also stronger in 2 Dra, and this would indicate an 
earlier type; the strength of the cyanogen and the ratio of \ 4077 to \ 4063 indicate that 
2 Dra cannot be appreciably fainter than HR 4126. Figure 6 illustrates the velocity 
distributions for the stars in the two groups together with the velocity distributions 


® Pop. Astr., 22, 275, 1914. The giant and dwarf sequences had been recognized by Hertzsprung nine 
years earlier, but Russell seems to have been the first to emphasize that there were no stars of inter- 
mediate absolute magnitude among the late K- and M-type stars, although such stars existed in earlier 
types. 

1” Pub. A.S.P., 34, 33, 1922. Leiden Ann., 14, Pt. 1, 1922. 

'2 Veroff. u. Sternw Berlin-Babelsberg, Vol. 3, No. 4, 1923. 
'3Ap. J. 79, 145, 1934. N. G. Roman, Ap. J., 112, 554, 1950. 
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Fic. 5.—Color-magnitude diagrams for the bright northern stars: a, a plot of the visual] absolute 
magnitudes determined from trigonometric parallaxes and the colors measured by Bottlinger; 6, a plot 
of visual magnitudes determined from hypothetical parallaxes (i.e., the assumption that each star has a 
tangential velocity of 20 km/sec) and the colors measured by Hall. 
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for the strong- and weak-line groups in the earlier types for comparison. (Thirty-seven 
stars have been added to the diagrams shown in the earlier paper.) Table 3 contains, for 
each group, the number of stars, the mean velocity, and the standard deviation of the 
velocities. These show that one group of the late-type stars can be identified dynamically 
with the strong-line group in the earlier stars and the other with the weak-line group. For 
this reason, although the names are no longer descriptive, the group of stars resembling 
HR 4126, which appears similar dynamically to the strong-line stars of earlier type, 
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I'1G. 6.—The frequency distributions of the speeds in the strong- and weak-line groups in the spectral 
ranges F5-G5 and G8-K1. 


has been called the strong-line group and the group of stars resembling 2 Dra has been 
called the weak-line group. 

The remaining 15 per cent of the stars of types G8-K1 appear to belong to neither of 
these groups spectroscopically but to one of the groups represented by the KO III stars 
illustrated in Figure 7. Stars in these groups seem to share the characteristics of the weak- 
line group to the extent that the G band and d 4226 tend to be strong compared with 
the remainder of the spectrum, but, in addition, the CN band is peculiar. In stars like 
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Fic. 7. Two KO IIL stars with peculiar CV. HR 645 belongs to the 4150 group. ¢? Ori belongs to the 
group with weak CV. Both stars are high-velocity stars, and the two must be fairly similar in temperature 
and luminosity. 
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HR 645, not only is the absorption in the region between \ 4145 and \ 4175 stronger than 
in the region between A 4175 and A 4215, but also the appearance is different. Similar 
stars have been found on objective-prism plates at the Case Observatory by Dr. Nassau 
and his associates. They are recognized on low dispersion by the fact that the \ 4150 
region of CN is too strong compared with the region more to the red. Hence they have 
been called ‘4150 stars.’’ In addition, the entire CN band appears too strong for the 
. strength of the hydrogen lines and of \ 4077. On the other hand, in stars like ¢? Ori, the 


TABLE 3 
CHARACTERISTICS OF THE VELOCITY DISTRIBUTIONS 
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Fic. 8.—The frequency distributions of the speeds of the 4150 stars and of the stars with weak CV 


CN is too weak for the strength of \ 4077 and for the luminosities indicated by trigono- 
metric parallaxes. 

Table 3 also gives the characteristics of the velocity distributions for these groups of 
stars, and Figure 8 illustrates these distributions. It is seen that the velocity distribution 
for the 4150 stars is similar to that for the weak-line stars, although spectroscopically 
they form a distinct group. The dispersion is higher, but for such a small number of 
stars this difference may not be significant. On the other hand, the stars with weak CN 
definitely form a separate group dynamically. The mean velocity is decidedly higher 
than that for the other groups, and the distribution of the velocities also appears differ- 
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ent, although it should be remembered that Figure 8 contains very few stars. This is 
definitely a high-velocity group of stars, and it has been recognized for some time both in 
globular clusters’ and among the high-velocity stars.' More recently, both stars in 
globular clusters and the high-velocity stars have been recognized as objects belonging 
to Baade’s population II, and the weak CN has been identified as a characteristic of this 
population." It should be noted, however, not only that some members of this group have 
velocities lower than the 63 km/sec limit but also that stars in the weak-line and in the 
4150 groups have velocities which are above this limit. For example, the velocity of 
HR 645 is 143 km/sec. 

Spectroscopic differences exist also among stars later than K1. The 4150 stars seem to 
be fairly numerous at K2, and the stars with weak CN are also certainly present at this 
type (for example, a Boo). 

Several lines of evidence support the above conclusions. The addition of 37 stars to 
the 98 previously discussed with spectral types in the range F5-G5 has had no appreci- 
able effect on the velocity characteristics of the strong- and weak-line groups. Among 
the later-type stars, the velocity characteristics of each group show clearly in each 
spectral type separately. Hence the divisions are almost certainly real. Throughout the 
region of the H-R diagram included in this investigation, the mean reduced trigonometric 
parallaxes for the strong- and weak-line stars of the same spectroscopic absolute magni- 
tude agree within their mean errors. In addition, in each group, the mean radial velocity 
agrees with the mean velocity from one component of the tangential motion in both the 
earlier and later spectral types. Thus the higher mean velocities for some groups cannot 
result from the use of values of the spectroscopic absolute magnitudes which are too 
high for these groups. The galactic concentration tells us nothing: all the stars seem to be 
fairly uniformly distributed in a direction perpendicular to the galactic plane up to the 
relatively small distances reached in this investigation. 

Table 4 lists the stars brighter than 5.50 mag., north of declination — 20°, with revised 
spectral types between F5 and KS, with the exception of variable stars, stars with 
composite spectra, and stars in three lists which have been published recently.'* '’ The 
table includes the name or HR number of each star, its 1900 position, the visual apparent 
magnitude corrected for the light of the fainter component in close visual double stars 
and two-line spectroscopic binaries, the spectral type, the spectroscopic parallax and 
absolute magnitude, the group (strong-line, weak-line, 4150, or weak CV) to which the 
star belongs, and its space velocity corrected for the usual solar motion of 20 km sec 
toward a = 18"04™ and 6 = +28°. The abbreviations “‘st-l,”’ ‘‘wk-l,”’ and ‘“‘wk CN” stand 
for ‘‘strong-line,”’ ‘“‘weak-line,”’ and ‘“‘weak CN,” respectively; an ‘“‘n”’ at the end of a line 
indicates a note on that star at the end of the table. The remaining symbols have their 
usual meanings. 


I am indebted to Dr. W. W. Morgan not only for the use of a large number of plates 
but also for many helpful discussions and for lists of revised spectral types for the 
standard stars. 


‘8B. Lindblad, Ap. J., 55, 85, 1922, and D. M. Popper, Ap. J., 105, 204, 1947. 
'W. Baade, Ap. J., 100, 137, 1944, and Keenan, Morgan, and Miinch, A.J., 53, 194, 1948. 
‘7 Morgan and Roman, Ap. J., 112, 362, 1950, and W. P. Bidelman, 4p. J., 113, 304, 1951. 
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Table 4 
Spectroscopic Results 
8 Spectral Groug Speed 
58 Pac 6°16 4.68 III +0.8 4150 02017 40 
-16 1 5.05 Fé V +3.6 wk-1 -051 82 
-18 50 5.47 KS III -0.2 0078 26 
- 9 28 5.75 K2 III +0.9 -027 26 
5.78 Fev +3.9 wk-1 945 52 
+45 56 5.44 K5 III -0.2 50 
+28 46 4.52 G8 III +0.0 wk CN -0125 156 a 
+30 19 5.49 III* +0.1 -021 18 
+55 59 2.47 KO II-III 0.8 st-1 
+38 55 5.42 G8 III 0.0 st-1 -0082 22 
-18 82 2.26 KO III +0.7 st-l -049 15 
-ll 9 4.95 KO III +0.7 st-1 -014 34 
+23 43 4.30 Kl II -2.6 -0042 
4.55 KS III 39 
+16 24 5.25 FeV +8.9 st-l +054 19 
+58 26 4.95 Ke III +0.9 -0155 32 Soe 
+58 38 4.35 G8 III-IV wk-1 +020 56 
49 5.49 K4 III -0.1 -0076 42 
+22 53 4.62 G8 III-IV +1.5 et-1 2022 24 
+85 45 4.52 -0.8 0086 34 
+721 4.45 +0.7 wk-1 -018 41 
+54 26 5.26 a 
-10 43 3.60 +0.9 -029 27 
+20 50 4.89 +0.7 st-1 17 
6.2 +29 34 4.70 +1.4 st-l 31 
8.5 +24 8 4.64 +0.7 12 
16.5 +45 0 4.99 +1.4 st-1 17 
18.9 +67 36 4.96 KO III +0.7 4150 O14 20 4 ee 
19.9 - 8 42 5.85 KO III +0.7 wk-1 024 48 ; a 
5 20.7 -15 7 5.19 K3 III +0.1 0095 81 i 
24.1 +46 50 5.38 KO III +0.7 4150 -O11 17 
24.9 + 5 38 5.12 K4 III -0.1 -0090 «144 
26.1 +14 50 8.72 8 III* 0.0 st-1 -018 16 
27.4 +58 43 4.38 KO III +0.7 wk-1 -0145 
50.5 +72 32 5.50 -1.0 wk-1 25 
-15 54 5.48 +0.9 -o12 22 
46.5 -10 50 5.92 K2 IIL +0.9 9 
47.4 +29 6 3.58 FS Ive +1.9 046 24 
48.4 + 2 42 4.84 KO III +0.7 wk-1 O15 50 
51.9 +17 20 5.16 Kl p ; 
56.9 +75 58 5.30 G8 III 0.0 wk-1 +0086 26 
57.3 +41 51 2.28 K2 III +0.9 -053 18 
+22 59 2.28 Ke III* +0.9 -054 18 
at 7.9 +43 46 5.08 K4 III 0.1 .0092 52 age 
7.9 +50 36 5.40 KO ITI 4150 148 
762 +20 44 5.35) FSV +3.8 st-l 18 
+ 8 23 4.54 G8 II -2.8 -0038 
. 17.3 +49 35 5.49 G8 III 0.9 st-1 -0080 16 
18.9 +49 50 4.36 III 0.1 
26.9 +35 42 5.35 K5 III 0.2 -0077 48 ee 
26.5 +150 5.44 K3 III +0085 17 
28.5 +72 23 5.34 III 0.0 wi-1 -0085 87 
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+ §° 91 5.02 cs 0.0 st-1 or0099 28 
34.7 -12 18 5.01 FS IV-V +2.8 wk-1 986 25 
42.0 +28 50 4.62 Kl III +0.8 st-l 917 42 
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15 
63 ari 17.0 +20 25 5.25 K3 III 40.1 ) $e 
a o Tau 19.4 +8 41 $.80 G8 III* 0.0 st-1 -017 45 
Per 25.6 +47 39 4.55 K3 III +0.1 29 
5 Tau 25.4 +12 36 4.28 KO II-III 0.8 st-1 -9095 13 ‘ 
56 Per 25.5 +45 43 5.35 F4 III* +0.2 0093 63 
8 eri 38.5 -10 6 5.72 KO wk-1 58 
— 52 Eri a 49.3 - 315 4.95 G8 III 0.0 st-l -010 17 
i HR 1249 57.5 = 035 5.42 F6 V +3.6 st-1 043 19 
57 Tau 58.3 +21 49 4.50 KO III +0.9 st-1 18 
| HR 1257 58.9 + 2 383 5.59 Fé Iv +1.9 wk-1 +020 46 ; 
i 89 Eri 9.8 -10 30 5.13 KB III 0.1 .0098 14 
fi HR 1527 11.3 +64 54 5.49 G5 III 0.9 wk-1 0082 38 
' 54 Per 13.9 +34 20 5.10 G8 III 0.0 4150 -0095 41 
y Tau 14.1 +15 23 3.36 KO III# +0.7 st-1 50 
Tau 14.2 +27 5.06 Kl III +0.8 wk-1 +014 20 
8 Tau 2 ‘17 18 5.95 KO III* +0.7 st-1 51 
HR 1390 7 +51 15 5.38 Kl III +0.8 wk-1 42 
Tau +14 29 4.94 G8 III 0.0 st-1 010 20 
: q 75 Tau 7 +16 8 5.29 K2 III +0.9 -018 25 
Ff € Teu 4 +18 58 3.53 KO III* +0.7 wk-1 026 51 
4 6' teu +15 44 4.04 KO ITI* +0.7 st-1 52 
| 45 eri -016 4.97 K3 II-III 6 
HR 1452 5.50 K4 II-III 0050 116 
| a Tau +16 19 1.06 III* -0.2 -056 41 
3 Cas “52 55 5.31 KO III st-1 44 
55 Eri -14 530 3.98 Ke III -0.9 41 
HK 1525 +81 2 5.32 KS III +0.1 -0090 52 
HR 1533 +37 19 5.10 K4 II ~2.6 0029 
60 Eri -16 23 5.16 KO III +0.7 wk-1 34 
2 aur EL 5.04 K3 III +0.1 010 53 
| o* ori Ke III +0.9 -021 26 
104 Tau G4 V +4.9 st-l 066 36 
j 68 Eri FS V +5.3 wk-1 -041 13 
_ HR 16384 K5 III -0.2 0077 26 
HR 1686 +3.6 wk-1, 36 
p ori 8.1 + 245 4.64 KS III +001 0125 24 
16 Aur 11.6 +35 16 4.81 KS III +0.1 0115 64 
109 Tau 15.3 +22 0 5.14 G8 III 0.0 wk-1 0093 27 
21 ori 14.0 + 2 80 5.45 FS II -?.0 0052 
o aur 17.9 +37 18 5.22 K4 IIL -0086 30 
Tau 18.6 +17 17 5.14 F8v +8.9 st-1 057 33 
29 Ori 19.1 -7 54 4.21 G8 III 0.0 wk-1 014 38 i 
27 Ori 19.4 - 059 5.15 KO III +0.7 wk-1 013 58 
@ sur 21.0 +34 24 5.26 K3 p n 
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Table 4 (continued) 


eee 


SSke 


an 

© 

. ee 
Qreraan 


8 
8 
8 
8 
8 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 


ok 


Name a Spectral uv Speed 
(1900) Type (Km/See) 
HR 3075 +74°L1" 5.56 KS III +0.1 00081 41 
14 Oui 7 53.2 +229 5.40 KO III +0.7 wk-1 -O11S 8s 
27 Mon 7 54.7 - 5 2% 5.06 Kz III +0.9 -O15 47 ; 
28 Mon 7 56.1 Re ee 4.38 K4 III 0.1 -0108 46 
HR 3145 7 57.1 + 2 37 4.52 K2 III +0.9 019 58 
X Gen 57.4 +28 4 5.04 Ke III +0.9 O15 20 
55 Cam 2.9 +68 46 5.48 Ga II -2.8 0024 
19 Pup 6.6 -12 38 4.63 KO III +0.7 wk-1 016 21 
HR 8212 6.7 5.56 G8 III 0.0 st-l 80 
20 Pup 8.7 -15 29 5.05 G5 II -2.5 -0084 
B cuc 11.1 +9 80 5.76 K4 III 0.1 10 
$1 Lyn 16.0 +43 Sl 4.45 K5 III 0.2 012 50 ; 
HR 3306 20.6 +7 53 5.28 G8 II -2.6 -0027 
Cne 26.9 ‘20 47 5.52 K3 III 24 
w* UMe $1.5 +64 41 4.76 Ke III +0.9 017 50 
. 4 o Hye + 3 42 4.54 K2 III +0.9 -019 14 
6 Hye 5.15 K4 III -0089 41 
if 9 Hya -15 35 4.98 Kl III +0.8 st-1 0145 34 
8 cnc +18 51 4.17 KO III +0.7 wk-1 020 42 
Cnc +29 8 4.20 G8 II -2.6 +0044 
12 Hya -13 11 4.44 G8 III 0.0 wk-1 -015 $1 . 
35 Lyn +44 5.24 KO III +0.7 wk-1 387 
p®cne +28 19 5.25 G8 II-III -1.0 st-1 17 
| C Hye +620 3.30 KO III +0.7 4150 -030 17 
o'UMa +67 17 5.85 K5 III -0.2 -0079 20 
HR 3612 0.2 +38 4.71 G8 Ib-II -5.6 -0022 
w Hye 0.7 +5 5.41 K2 II-III 0.3 -0058 16 
: T Cnc 2.0 +50 5.38 G8 III 0.0 wk-1 -0083 24 
Tt 2.7 +65 4.74 AT n 
€ cnc 3.8 —+22 5.22 KO III +0.7 st-l 9125 27 
— 17 UMa 8.4 +57 5.48 K5 III 0.2 -0078 29 
23 Hye 11.7 -5 5.40 K2 III +0.9 82 
26 Hye 15.0 -11 4.94 Ga III 0.0 st-1 -910 18 
27 Hya 15.8 4.97 G8 III-IV +1.8 st-1 16 
&§ K Leo 18.8 +26 4.81 Ke III +0.9 018 23 
a 22.7 2.16 K3 III +0.1 -039 24 
HR 3751 22.9 +81 4.58 K3 III +0.1 018 9 
24UMe 25.8 +70 4.57 Gs IV +5.2 st-1 -053 
d Leo 26.0 +23 4.48 K5 III 0.2 -O115 21 
i 6 Leo 26.6 +10 5.28 K3 III +0.1 -0092 17 
/ € Leo 26.6 +11 45 5.12 KO III +0.7 wk-1 O13 34 : 
10 28.1 +86 51 4.82 G8 III 0.0 st-1 24 
> HR 3809 28.8 +40 4 4.99 KO III +0.7 wk-1 014 25 ‘ 
11 29.7 +36 16 5.43 G8 IV-v +4.8 -067 387 
10 Leo 31.9 +717 5.14 Kl III +0.8 wk-1 014 17 
HR 3834 9 33.5 +5 6 4.78 K3 III +0.1 012 60 i 
; 27 UMa 9 53.8 +72 42 5.39 KO III +0.7 st-1 012 12 
Hya 9 34.8 -041 4.10 K3 III +0.1 53 
43 Lyn 9 35.8 +40 15 5.50 G8 III +0.0 wk-1 -0079 34 
vu! Hye 9 46.7 -14 28 4.29 G8 III 0.0 st-1 56 
# Leo 9 47.1 +26 29 4.10 K2 III +0.9 025 31 
31 Leo 10 2.6 +10 29 4.58 K4 III 0.1 -0115 40 * 
HR 8991 10 5.2 -12 19 5.42 PSV +5.5 st-1 -038 14 
; dX Hya 10 5.7 -1l 52 3.85 KO III +0.7 4150 024 27 
y Leo 10 14.5 +20 21 2.61 KO III +0.7 wk CN 042 65 
Hye 10 21.8 -16 20 4.06 K4 III 0.1 015 42 
Lai 10 22.1 +37 15 4.51 G8 III-Iv st-l 14 
HR 4126 10 26.6 +76 14 5.04 KO III +0.7 st-l 014 26 
48 Leo 10 29.6 +2. 5.17 G8 II-III -1.0 wk-1 0059 87 
$7 Li 10 53.1 +32 50 4.77 G2 II -2.0 -0044 
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Table 4 (continued) 


@ (1900) 8 


10"3327 -16°21! 
10 35.1 +66 14 
10 55.9 +69 36 
10 44.7 -15 40 
10 47.5 +55 7 


10 47.7 +34 45 
10 50.2 +34 2 
10 54.9 -17 46 
10 55.4 +4 9 
10 56.7 - 157 


10 57.6 +62 17 
ll 4.0 +45 2 
11 10.6 +13 51 
11 15.1 +33 38 
11 14.5 -14 14 


13.4 -18 14 
19.6 -10 19 
22.8 + 3 24 
25.2 - 227 
30.2 +69 53 


22 


sad 


-016 
+21 S54 
+67 18 
-17 48 
+48 20 


+56 11 
+24 
+55 37 
+ $ 


x" Se 
< 


<2 


+18 21 
-15 1 
+52 7 
+39 34 III-Iv 
+28 49 III-IV 


+33 43 III 
7-2 III 
+17 III 
+21 47 Ill 
+31 20 Pp 


+67 8 Ill 
+11 3 
+28 10 
-10 12 
+40 41 


-19 25 
+1412 
-17 15 
-15 27 
15 27.7 -9 39 


15 44.4 -17 338 
13 44.7 +16 18 
13 45.0 +21 46 
13 49.6 -11 
13 52.0 +27 59 


- 9 48 
+78 1 
+10 34 
+19 42 
14 13.3 +85 58 


Name 2 Spectral Speed 
Hye 5.11 KO III +0.7 st-1 orols 25 
58 UMe 5.17 K2 III +0.9 -014 42 
HR 4181 5.28 K3 III +0.1 16 
Hya 5.32 K2 III +0.9 038 49 
44 Ula 5.36 III 0.1 0089 20 
46 8.92 Kl III +0.8 wk-1 59 
46 UMa 5.28 Kl III +0.8 wk~1 30 
a Crt 4.20 KO III +0.7 4150 +020 105 ves 

58 Leo 5.05 Kl III +0.8 25 
61 Leo 4.97 K5 III 0.2 0092 34 
1.95 KO III* +0.8 st-1 -055 8 
3.15 Kl III +0.8 wk-1 -034 
5.43 K3 III +0.1 0084 21 
3.71 K3 III +0.1 -019 22 

8.82 G8 IIt-Iv -O81 41 
ll 5.15 F5 IV +1.9 st-l 438 
u 5.07 K5 III 0.2 -0088 22 

5.18 G8 II-III -1.0 st-1 0058 40 
5.07 K4 III -0.1 0092 
11 5.36 KO III +0.7 wk-1 -012 75 
81.3 4.47 G9 IIT +0.8 wk-1 
11 35.6 5.45 KO III +0.7 wk-1 18 
56.9 5.48 K3 III +0.1 -0084 51 
1 59.7 4.90 G8‘ III 0.0 st-1 -0105 39 
ll 40.8 3.85 KO III* +0.7 wk-1 024 17 
ll 41.6 5.41 KS III +0.1 28 
12 0.1 4.24 G8 III* 0.0 wk-1 -014 67 ee: 
12 11.3 5.06 KO III +0.7 wk-1 -013 26 

1211.5 5.08 Kl III +0.8 st-1 -014 47 
12 15.3 5.19 KO III +0.7 wk CN -013 96 : ie 
11 Com_ 12 15.7 0.0 wk-1 -0105 78 
HR 4699 12 15.8 +0.3 st-l -012 30 
5 12 19.2 0.0 st-1 +010 28 
6 CVn 12 20.9 +1.8 wk-1 5 
15 Com 12 22.0 +1.3 4150 022 14 

HR 4783 12 28.7 +0.7 wk-1 51 i 
X Vir 12 34.1 +0.9 017 19 
27 Com 12 41.7 +0.1 63 
35 Com 12 48.4 0.0 st-l 0095 6 
37 Com 12 55.5 

9 Dra 12 56.1 0.0 wk .0079 69 
€ Vir 12 57.2 +0.3 st-1 +030 29 
41 Com 15 2.4 -0.2 +0094 46 
49 Vir 13 2.7 +0.8 st-l 27 
HR 4997 13 9.2 +0.7 st-1 14 
= 
87 Vir 5.52 Kl IV +2.9 4150 72 
HR 5013 5.45 III 0085 43 
63 Vir 5.45 KO III +0.7 -011 24 
69 Vir 4.89 Kl III +0.3 4150 -015 29 
76 Vir 5.48 KO III +0.7 wk-1 -O11 8 
89 Vir 5.11 Kl III +0.8 st-1 40 
| U_ Boo 4.23 K5 III -0.2 -0126 29 ae 
6 Boo 5.06 K4 III -0.1 0098 82 
90 Vir 5.30 K2 III +0.9 -015 12 Ss 
9 Boo 5.18 KS III +0.1 0096 45 
k Vir 4.31 KS III +0.1 +014 61 “2 
4 OMi 5.00 KS III +0.1 +0104 28 
15 Boo 5.36 KO III +0.7 wk-1 012 59 ae 
@ Boo 0.24 K2 III +0.9 +135 69 mee 
HR 5361 4.33 Kl III +0.3 st-l 916 21 
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Table 4 (continued) 


Spectral 
Type 


Ill 
III 
III 
III* 
III 


4 


és 


III 
Ill 
Ill-IV 
IlI-Iv 


. 
OMoan 


ses 


III-Iv 
Ill 
IlI-Iv 
III-IV 
Ill 


ee 
a Nan 

Orono e 


IIl 

Ill 

Ill 
III-Iv+ 


Ill 


HR 6196 
HR 6199 
7 Her 


. 
wor 


IlI-Iv 


18 Dra 2 Pp 

43 Her 

51 Her II-III 
23 Oph III 

HR 6287 Ill 


Gr Ts Speed 
v - 148! 5.24 G8 0.0 4150 or0089 56 ; 
20 +16 46 4.97 K3 +0.1 -0106 58 ; 
¢ -147 4.97 G2 +0.2 -011 45 
p +80 49 3.78 KS +0.1 37 
5 +76 8 4.37 K4 -0.1 013 28 
$1 + 8 35 5.03 (e) 0.0 wk-1 -010 19 : 
° +17 23 4.69 KO +0.7 at-1 016 10 
Li 5.05 G8 +1.3 wk-1 103 
HR 55 +37 41 5.50 KO +1.4 wk-1 OLS 79 
pm +74 34 2.24 K4 III#* -0.1 31 : 
w Boo 14 57.7 +25 24 4.98 K4 III 0.1 -0098 36 fre 
110 Vir 14 57.9 + 229 4.62 KO III +0.7 st-1 0175 13 oe. 
B Boo 14 58.2 +40 47 5.63 G8 II-III -1.0 st-1 O12 15 ce 
W Boo 15 0.2 +27 20 4.87 K2 III +0.8 018 34 ; 
y Lib 15 1.1 -15 52 5.23 K5 III 0.2 -0080 18 
* HR 5635 15 3.4 +54 56 5.21 G8 III 0.0 wk-1 52 
8 Boo 15 11.5 +33 41 5.54 G8 III 0.0 wk CN 43 
HR 5691 15 15.5 +67 44 5.28 F8 V +5.9 st-1 63 
6 Ser 15 16.0 +1 4 5.43 K3 III +0.1 -0083 56 . 
oMi 15 17.2 +72 11 5.14 K4 III -0.1 18 
Dra 15 22.7 +59 19 3.47 K2 III* +0.9 14 
: y' Boo 15 27.8 +41 10 5.15 K5 III -0.2 0084 21 
E 37 Lib 15 28.7 - 9 43 4.85 Kl III +0.8 wk-1 018 151 
Y Lib 15 29.9 -14 27 4.02 G8 III-IV wk-1 30 
i 16 Ser 15 31.7 +10 21 5.40 KO p n 
Boo 15 +40 41 5.41 G8 IV +3.5 st-1 -0078 20 ; 
UMi 15 +77 41 5.33 KS III -0.2 -0078 20 
P w Lib 15 -19 21 4.96 K5 III 0.2 -0093 43 
a Ser 15 + 6 44 2.75 Ke +0.9 34 
w Ser 15 + 2 30 5.35 cs 0.0 wk-1 -9085 85 
8 crB 15 +26 23 4.78 GS +1.7 wk-1 14 
: p Ser 15 +21 17 4.38 K5 -0096 49 
a 4 K CrB 15 +35 58 4.77 KO +1.4 st-l 021 80 
6 Lib 15 -16 26 4.54 +1.5 wk-1 025 50 
ae € CrB 15 +27 10 4.22 K3 +0.1 -O1S 28 
5 Her 15 56.3 +18 6 5.28 KO +0.7 wk-1 012 66 
p crB 15 57.2 +53 37 5.43 G2 +4.6 wk-1 ~068 64 
Her A 16 3.5 +17 19 5.84 G8 0.0 st-1 12 
HR 6016 16 4.5 ~ 812 5.41 K4 0.1 -0079 18 
T CrB 16 5.5 +36 45 4.94 KO +1.4 wk-1 020 77 
X Seo 16 8.3 -1l 35 5.50 KS +0.1 -0082 14 
Oph 16 15.9 ~ 427 5.84 G8 III 0.0 wk-1 022 33 
| CrB 16 13.2 +31 7 4.72 KO III +0.7 st-l 41 
W Oph 16 18.8 -19 48 4.59 KOTIII +3.7 wk-1 -O17 12 
y®CrB 16 18.7 +33 56 5.28 K5 III +9080 40 
} HR 6126 16 22.9 +69 20 5.44 Ke III +0.9 012 10 
16 22.5 +61 44 2.39 G8 III* +0.0 st-1 7 
| HR 6136 16 23.5 + 053 5.47 K4 III p -0.1 -9077 54 ; 
" Oph 16 25.4 -16 24 4.40 G8 III 0.9 st-1 -013 24 ° 
> Her 16 25.9 +21 42 2.31 G8 ITI* 0.0 st-1 027 12 
HK 6152 16 +20 42 5.29 G8 p n Cee 
29 Her 16 +11 42 4.92 KS III 0.2 -0094 89 hoy 
16 38 5.04 G8 II -2.5 -0030 
16 +56 13 5.44 Kl III +0.8 912 21 
16 +39 (7 5.61 co +1.3 st-l 085 33 
a 
-0.2 -0076 18 
-0.3 -0063 15 
+0.9 2013 9 
+0.0 wk-1 -9079 43 
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Table 4 (continued) 
Spectral 
Type 


K4 III 
K2 III# 
K4 III 


: 


Speed 
54 Her 16"51%9 +18°s6! -0.1 or0074 72 
Oph 16 52.9 + 9 32 +0.9 63 
50 Oph 16 55.3 -44 -0.1 +0096 
€ UMi 16 56.2 +82 12 GS III +0.0 st-1 018 18 
HR 6388 17 6.3 +40 54 KS III +01 41 
41 Oph 17 11.5 - 0 20 Ke III +0.9 016 138 
HR 6433 17 18.9 +10 58 Ké II-III -1.0 94 
Oph 17 21.6 +414 K3 II -2.6 +0039 
: HR 6516 17 25.8 - 059 G8 IV-Vv +4.6 +071 60 
Her 17 26.7 +26 11 Ké III -0.1 012 15 
PS 27 Dra 17 32.4 +68 12 5 KO III +0.7 wk-1 0125 72 
io B Oph 17 38.5 + 437 2 Ke III* +0.9 +039 28 cael 
: # Her 17 42.6 +27 47 5. G5 IV +3.2 wk-1 088 43 ne 
37 Her 17 44.8 +25 39 fl Ke III +0.9 15 
90 Her 17 50.1 +40 1 5. K3 III *0.1 0099 28 
€ Dra 17 51.8 +58 53 3.90 K2 III* +0.9 28 
oe y Oph 17 53.5 - 9 46 3.50 KO III +0.7 st-1 -028 29 "ee 
ee € Her 17 53.9 +29 16 5.82 KO III +0.7 st-1 024 26 F ig 
y Dre 17 54.8 +51 30 2.42 K5 ITI* -0.2 -080 14 i ES 
92 Her 17 55.6 +16 46 4.71 KO II-III -0.8 4150 0090 5 toi 
70 Oph 18 0.4 + 2 81 4.28 KO v* +6.0 +220 24 oe 
71 Oph 18 2.5 + 8 48 4.78 G8 III-Iv +1.8 st-1 2 
HR 6791 18 4.5 +43 27 5.11 KO p a a 
36 Dre 18 13.3 +64 22 5.08 F5 +8.8 wk-1 +045 41 
105 Her 18 15.1 +24 24 5.49 -2.6 0024 
74 Oph 18 15.9 + 3 20 4.92 G8 III 0.0 st-1 +010 27 
Ser 18 16.1 - 255 3.42 G8 Iv +3.5 +105 42 
Lyr 18 16.4 +36 1 4.24 K2 III +0.9 020 8 ue 
t Set 18 18.2 - 8 59 4.82 KO III +0.7 wk-1 015 29 : ae 
HR 6385 18 18.4 +17 46 5.48 K3 III +0.2 -0083 44 a 
109 Her 18 19.4 *21 43 3.92 K2 Ill *G.9 025 67 
X cre 18 22.9 42 3.69 F6 ve *3.6 st-l 62 
60 Ser 18 24.5 -2 8 5.44 KO III *0.7 4150 +011 45 et 
42 Dra 18 25.7 +65 30 4.99 Kz III +0.9 +015 62 : ae 
HR 6970 18 29.5 § 5.25 G8 III 0.0 st-l 34 
@ Sct 18 29.8 - 819 4.06 K3 III +001 016 96 ee 
HR 6983 18 31.7 +52 16 5.42 KO III +0.7 St-l 0115 7 ; ee 
€ Set 18 38.0 - 8 22 5.09 G8 II -2.6 -0029 8 ae 
HR 7064 18 42.1 +26 38 4.92 K3 III +0.1 -O11 13 
HR 7117 18 48.3 +73 58 5.33 KO II-III ~0.8 wh-1 57 
o Dra 18 49.7 +59 16 4.73 KO II-III -0.8 wk-CN 0076 55 
HR 7137 18 50.8 +50 35 4.97 G8 III 0.0 st-1 -010 82 HM ie 
Sct 18 51.7 - 5 5.04 K2 III +0.9 -015 81 
HR 7162 18 53.5 +82 46 5.21 GOV + 4.5 wk-1 086 54 § 
€ aql 18 55.1 +14 56 4.21 K2 III +0.9 -022 34 
v Dra 18 55.6 +71 10 4.91 KO III +0.7 wk-1 014 15 
HR 7181 18 55.7 +26 5 5.23 K2 III +0.9 -013 28 Sees, 
d Lyr 18 56.2 +32 0 K3 II -2.6 0029 
12 Aql 18 56.5 - 5 53 4.15 Kl III +0.8 wk-1 -021 30 
55 Dra 19 9.8 +56 41 5.24 G8 IIT 0.0 4150 -0089 25 q Hie 
45 Sgr 19 11.8 -19 8 5.03 G8 IT -2.6 +0030 eer 
54 Dra 19 12.1 +57 52 5.28 K2 III +0.9 018 35 Ree 
8 pra 19 12.5 +67 29 5.24 G9 III +0.3 wk-1 026 17 Bee 
23 Aql 19 13.5 + 0 54 5.52 K2 II-III -0.8 -0060 
K Cyg 19 14.8 +58 11 3.98 KO III* +0.7 st-1 28 
26 Aql 19 15.2 - 5 36 5.19 G8 III-Iv +1.5 35 
T Dre 19 17.5 +73 10 4.63 K3 III +0.1 -0125 66 a 
31 Aql 19 20.2 +1) 44 5.25 G8 Iv +3.5 4150 045 130 
4 Val 19 21.1 +19 36 5.31 KO III +0.7 wic-) 012 48 
Aql 19 29.2 +710 4.65 K3 III +0.1 012 95 
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Table 4 (continued) 


(1900) 
-10°47" 


8 


FEESS S888S SSSSS SSSEB 


BEB 


ee 


Spectral Speed 
37 Aql 19"29%6 5.24 G8 III 0.0 4150 or0089 20 
o Dra 19 32.6 +69 29 4.73 KO v* +6.0 175 74 
« Sge 19 82.3 +16 14 5.67 G8 III 0.0 st-1 +0074 22 
HR 7468 19 33.5 +44 28 5.18 KO III +0.7 wk-1 015 60 
54 Sgr 19 35.0 -16 51 5.45 K2 III +0.9 012 50 
Cyg 19 35.4 +29 55 4.79 G8 III-Iv +1.8 st-l 020 27 
Sge 19 36.6 +17 15 4.45 G8 II -2.8 -0089 
10 Vul 19 59.8 +25 52 5.45 G8 III 0.0 wk-1. -0080 17 
56 Sgr 19 40.5 -20 0 5.06 Kl III +0.8 wk-1 014 62 
15 Cyg 19 40.7 +37 7 5.02 G8 III 0.0 st-l -0099 33 
o Aql 19 46.2 +10 10 5.22 F8 Vv +3.9 st-l 054 22 
20 Cyg 19 43.1 +52 44 5.17 K3 III +0.1 -0096 59 
« Dre 19 48.5 +70 1 3.99 G8 III* 0.0 wk-1 -016 43 4 
& Agi 19 49.4 +812 4.86 KO III +0.7 wk-1 -015 38 ; 
B 4al 19 50.4 +69 8.99 G8 Iv* +3.5 wk-1 51 
7 19 52.8 +34 49 4.08 KO III +0.7 wk-1 18 
q HR 7633 19 54.0 +58 35 5.18 K5 II-III -1.0 -0060 32 
See 19 54.3 +19 15 8.71 K5 III 22 
i 26 Cyg 19 58.5 +49 50 5.28 KL II-II1 -0.8 4150 -0061 21 
7 Sge 0.7 +19 42 5.26 K2 III +0.9 013 41 
i p Dra 2.4 +67 35 4.68 K3 III +0.1 012 1 
ti 66 Dra 4.9 +61 42 5.57 KS III +0.1 -0081 79 
23 Vul 11.6 +27 30 4.75 K3 III +0.1 30 
; 24 Vul 12.5 +24 22 5.45 G8 III 0.0 wk-1 -0080 34 ny 
j a® Cap 12.5 -12 51 3.77 G® III +0.8 wk-1 021 18 
HR 7759 13.4 +40 5.50 K4 II -2.6 
i o Cap 13.6 -19 26 5.46 K3 II -2.6 
HR 7794 18.2 5.41 G8 III-Iv +1.5 wk-1 015 18 
39 Cyg 19.9 +81 52 4.60 K3 III +0.1 0125 8 
' 69 Aql 24.4 - 318 5.11 K2 III +0.9 014 18 
70 Aql $1.5 - 254 5.22 K5 II -2.8 .0027 
71 Aql $3.2 -127 4.51 G8 III 0.0 st-1 8 
Del 84.5 + 9 44 5.28 GS Iv +3.2 -039 438 
aqr 34.8 +0 8 5.39 Kl III +0.3 wk-1 012 42 
: £0 Vul 40.6 +24 55 5.13 K2 III +0.9 014 76 
: 52 Cyg 41.5 +30 21 4.34 KO III +0.7 wk-1 019 22 
« Cyg 42.0 +35 56 2.64 KO III* +0.7 st-l 041 49 
HR 7956 43.2 +34 0 5.20 K3 III +0.1 -0095 18 
: 1 Cep 43.3 +61 27 3.59 KO III-Iv +1.4 wi CN -036 124 
| 31 Vul 47.9 +26 48 4.76 G8 III 0.0 st-1 -O11 47 
32 Vul 50.3 +27 41 5.24 K4 III -0.1 26 
: 17 Del 50.9 +13 20 5.359 KO III +0.7 wk-1] +0115 7 
63 Cyg 3.2 +47 15 4.88 K4 II -2.6 
i y Aqr 4.2 -1l 47 4.52 G8 III 0.0 st-1 0125 25 
{ t Cap 16.7 -17 16 4.50 G8 III 0.0 st-l -014 25 
1 Peg +19 23 4.24 Kl III +0.8 wk-1 021 66 
71 Cyg +46 6 5.34 Ko III +0.7 wk-1 012 41 : 
P Cyg +45 9 4.22 G8 III 0.0 wk 41 
72 Cyg +38 5 4.93 Kl III +0.3 4150 -O15 67 
a 25 aqr +148 5.38 KO III +0.7 wk-1 O12 40 
42 Cap -14 80 5.23 Ge IV +2.9 st-1 038 46 
K Cap -19 19 4.32 G8 III 0.0 wk-1 -O11 51 
46 Cap - 9 82 5.23 G8 II-III -1.0 4150 0055 . 
1l Cep +70 51 4.35 KO III +0.7 wk-1 015 44 
; 12 Peg +22 29 5.45 KO Ib -4.5 
HR 8524 +71 52 5.40 Kl III +0.8 4150 -012 45 
16 Cep +72 42 5.15 F5 st-1 -043 38 
v Peg + 4 34 4.90 K4 III -0.1 +910 70 
HR 8424 +44 52 5.52 KS III -0.2 -0078 17 
20 Cep +62 18 5.39 K4 III -0.1 -0080 33 é 
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Table 4 (continued) 


RSS 


ns 
SSESS 


nr 
nmr 


RSSS 
ee ove 8 


23 2.2 


23 10.7 
23 12.0 
23 15.9 
23 14.5 
23 14.8 


23 15.5 
23 18.9 
28 22.9 
23 24.1 
235 26.4 


23 29.0 

23 32.7 4.00 
23 55.2 3.42 
23 57.5 5.44 
23 39.0 4.98 


25 41.1 5.09 
23 42.2 5.09 
23 53.5 5.07 
23 59.4 5.16 


These stars have been classified by Dr. W. W. Morgan and have been used 4s standards in this study. 
This stsr shows spectroscopic evidence of being fainter than other GS V stars, such as « Cet. 
The lerge trigonometric perellax supports this conclusion. 

The hydrogen lines and ) 4290 are strong enough to indicate a cless II star, but the CN is berely 
strong enough for class III, and the Sr II line is not auch stronger than tais would require. 

CN is very strong, but Sr II is only slightly stronger than in class III stars, and the hydrogen 
lines ere quite weak. ) 

A metallic-line star. See Roman, Morgan, and Eggen, ap. J., 107,107, 1948. 

The hydrogen lines ere strong, but the strontium line indicates that the star is no brighter than 
class II, and the CN indicates an even lower luminosity. CH is very weak. The remainder of the 
Spectrum shows no evidence that it is composite. 

Sr II is very strong, but CN is only moderate in intensity, and the hydrogen lines are weak. 

CN is too strong for « star later than K2 or KZ, tut the Ca I line, X 4226, is as strong ss it is 
at KS III. 

The hydrogen lines and Sr II indicete that this is « cless II star, but CN is very weak or absent. 
CH is probsbly too strong for cless II. 

CN and CH gre weak. Otherwise, the star appears to be & nornaél giant. 

CN and Sr II are weak. The hydrogen lines are strong enough to indicate a feirly high luminosity. 

The hydrogen lines sre too weak for the strength of Sr II and CN. 


Name a 8 a Spectral “ Group Tv Speed 
(1900) type (Kn/See) 
24 Cop +7151! 4.99 Ge III 0.0 st-l oro10 5 
HR 8472 +56 21 5.42 st-l +050 14 
HR 8475 +347 5.42 Ke III +0.9 +0125 16 sa 
HR 8485 +39 18 4.64 K5 III +0.1 7 
1 Lac +87 15 4.22 KS II-III 0.3 6 
Aqr -817 4.52 G8 III-Iv +1.8 st-1 12 
* Lac +51 44 4.58 G9 III +0.3 wk-1 -014 67 
s 35 Peg +412 4.95 Ko III +0.7 wk-1 +015 110 
« Agr - 445 5.38 K2 III +0.9 -013 58 
11 Lac +45 45 4.64 KS III +0.1 -0125 23 
66 Agr -19 21 4.98  K4III -0.1 -010 38 
13 Lac +41 18 5.24 KO ITI +0.7 wk-1 
d Peg +23 22 4.14 Ge II-III -1.0 st-l -0098 16 
Peg +24 4 3.67 KO III +0.7 st-l +026 26 
Cep +65 40 5.68 Kl III +0.8 st-l -027 85 
~ 
HR 8702 +82 37 4.97 K3 III +0.1 +0105 29 
oe HR 8748 +85 49 4.96 K4 III -0.1 -0097 37 eto. 
HR 8779 +66 40 5.50 KS III +0.1 -0082 8 
— 5 and +49 30 4.91 KO III +0.7 wk-1 014 76 4 ole 
56 Peg +24 56 4.98 KO IIp* a 
y' Aqr -9 338 4.48 KO III +0.7 wk-1 -018 86 
Pse + 244 5.85 III* 0.0 wk CN +017 197 
4 Agr -14 0 5.27 G5 IV +3.2 -088 24 
o Cep +67 34 4.90 KO III +0.7 wk-1 11 
11 And +48 5 5.42 KO III +0.7 wk-1 35 
7 Pac + 450 5.18 Ke III +0.9 46 
66 Peg +11 46 5.28 KS III +0.1 +0091 2 : aes 
@ Pse + 5 50 4.45 Kl III +0.3 4150 +019 48 : ol 
70 Peg +1218 4.67 G8 III 0.0 wk-1 25 
14 And +38 41 5.34 KO III +07 wk CN 114 
72 Peg K4 III 0.1 .0087 25 
and G8 III-IV +1.3 we 029 80 
Cep Kl Iv# +2.9 4150 +105 39 
HR 8987 K4 III 8 : 
78 Peg KO III +0.7 wk-1 -014 10 
and G5 Ib -4.5 
T Cas Kl III +0.8 wk-1 +014 26 
27 Pac G9 III +0.3 st-l +0115 40 
5 Cet K5 Ib -4.5 
37 Com 
16 Ser 
Hk 6136 
HR 6152 
13 Dra 
HR 6791 
56 Peg 
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ABSTRACT 


\ theory of the spatial distribution of galaxies is built, based on the following four main assumptions: 
(i) galaxies occur only in clusters; (ii) the number of galaxies varies from cluster to cluster, subject to a 
probabilistic law; (iii) the distribution of galaxies within a cluster is also subject to a probabilistic law; and 
(iv) the distribution of cluster centers in space is subject to a probabilistic law described as quasi-uniform. 
The main result obtained is the joint probability generating function Gy,, v,(4, f2) of numbers V, and V2 
of galaxies visible on photographs from two arbitrarily placed regions w; and w., taken with fixed limit- 
ing magnitudes m, and m», respectively. The theory ignores the possibility of light-absorbing clouds. The 
function Gy,, y,(t, 42) is expressed in terms of four functions left unspecified, which govern the details of 
the structure contemplated. Methods are indicated whereby approximations to these functions can be 
obtained and whereby the general validity of the hypotheses can be tested. 


I. INTRODUCTION 


The distribution of the numbers of galaxies as revealed by the data of Hubble,' 
Shapley,’ and Shane* does not conform with the Poisson law and indicates the presence 
of a factor causing “contagion.” In order to explain this phenomenon, two kinds of hy- 
potheses are discussed in the literature. Hypotheses of one kind postulate that not only 
the apparent but also the actual spatial distribution of galaxies is clustered.4 Indeed, some 
clusters of galaxies appear to be identified and are studied per se. The hypotheses of the 
alternative type tend to explain the apparent clustering of galaxies by the effects of ex- 
tinction of their light by interstellar clouds.’ Undoubtedly both factors play a role. 

The purpose of the present paper is to study the implications of a probabilistic model 
of spatial clustering of galaxies, ignoring the possibility of extinction by clouds. It is 
hoped that this model will fit the data relating to regions of the sky not affected by 
clouds. However, whether it does or not, the evaluation of the effects of clustering in 
space and the comparison with observations are likely to be helpful in understanding the 
machinery of the phenomena studied. 

The probabilistic model considered is based on several postulates which we classify 
under two headings: postulates essential to the model, or structural postulates, on the 
one hand, and secondary postulates, on the other. All the postulates are described below 
in precise mathematical form. Here, however, it seems useful to characterize them in a 
manner which is less precise but which is likely to make a stronger appeal to the intuition. 

The postulates labeled ‘structural’ or “essential”? are those reflecting the major 
properties of the universe contemplated. These are: 

a) Galaxies occur only in clusters. 

6) The number of galaxies varies from one cluster to another in a manner subject to 
a definite probabilistic law, the same for all clusters. 


* This paper was prepared with the partial support of the Office of Naval Research 

1 t. W. Contr., No. 485; Ap. J., 79, 9, 1934; Mt. W. Contr., No. 557; Ap. J., 84, 517, 1936. 

2 Harvard Ann., Vol. 88, No. 2, 1932; Vol. 105, No. 8, 1937; Vol. 106, No. 1, 1938. 

3 In preparation; see also Proc. Amer. Phil. Soc., 94, 13, 1950. 

'C.V.L. Charlier, Ark. mat. astr. fys., Vol. 16, No. 22, 1921; Medd. Lunds Obs., Ser. II, No. 128, 1950. 

6 I. Hubble and M. Humason, J/t. W. Contr., No. 427, 1931; Ap. J., 74, 43, 1931; H. Shapley, Proc. 
Nat. Acad. Sci., 19, 591, 1933. 

®V. A. Ambartzumian, Comm. Burakan Obs., issue VI, 1951. 
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c) The distribution of galaxies within a cluster is random and is subject to a proba- 
bilistic law which also is the same for all clusters. 

d) The distribution of cluster centers in space is random and what we propose to call 
‘‘quasi-uniform.”’ To explain this term, we shall consider two cubes, &; and ke, of equal 
volume arbitrarily placed in space but nonoverlapping. A distribution will be called 
‘‘quasi-uniform”’ if it satisfies the following two conditions: (i) Whatever the integer 
n = 0, the probability that there will be exactly m cluster centers in &; is always equal 
to the probability that there will be exactly » cluster centers in ke. We emphasize that 
this equality persists regardless of the location of the two regions k; and ke. (ii) The 
presence in &; of any particular number of cluster centers does not influence the proba- 
bility that &» will contain exactly n cluster centers (7 = 0, 1, 2, .. .), and this is regard- 
less of whether &; and k» are near by or distant, provided that they do not overlap. 

e) Whatever may be the motions of the cluster centers and of the galaxies within the 
clusters, they can be neglected. 

The last two postulates require some comments. Postulate d characterizes what we 
call ‘‘quasi-uniformity of a distribution.’ Ordinarily, when one speaks of statistical uni- 
formity in space, one has in mind a distribution of points obtainable from a particular 
machinery of distributing these points. This machinery consists in dividing a bounded 
portion ¥ of the space into a finite but very large number V of elementary volumes v of 
equal size. Then, in order to place a point P; in ¥, we select one of the elements v, with 
equal chance 1/N for each element, and place P; in the element selected. Once the point 
P, is placed, we proceed to place the next point, P2, in exactly the same manner and with- 
out regard to the position assumed by /;, etc. As is well known, if V and the number of 
points P;, P2,..., are both large, then the distribution resulting from the above opera- 
tions will conform with the law of Poisson: whatever be the volume ¥* partial to B, the 
probability that it will contain exactly ” points P is given by the formula 


(1) 


where J is a suitable constant. This machinery of distributing points P in the volume 
may be called the “Poisson machinery.” 

It will be seen that the Poisson machinery of distributing points possesses the char- 
acteristic of quasi-uniformity which we described. We discuss this point in some detail 
for the reason that the converse statement is not true, so that a quasi-uniform distribu- 
tion of points need not necessarily be the Poisson distribution. In order to illustrate this 
circumstance, consider the following machinery of distributing points P;, P:,..., inthe 
volume &. As formerly, this volume & is divided into a large number NV of elements v 
of equal size. Then a die is thrown, and the number d of dots on the upper face is noted. 
Further, out of the V elementary volumes, one is selected, with the probability of any 
particular selection equal to 1,.V. Then the first d points, P;, P2,..., Pa, are put into 
the volume element selected. This process is then repeated many times. The machinery 
just described will satisfy postulate d. However, it is obviously not the Poisson machin- 
ery. It, and many similar machineries, produce what is known as contagious distributions 
of points—this in spite of the characteristic of quasi-uniformity. 

The purpose of formulating postulate d in this particular form is to cover the possi- 
bility that the cluster centers are distributed in space independently of each other (that 
is, Poisson-wise) and also the possibility that they themselves are clustered. In the latter 
case the presence of a cluster center in a given volume would increase the probability 
that the volume includes some additional! cluster centers. 

Now we must comment on postulate e. Although not explicitly stated, postulates a-d 
refer to a particular moment of time, for example, to the moment of taking photographs. 
The galaxies photographed are generally at different distances from the observer and, 
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owing to the time spent by light in traveling to the observer, the positions and the ap- 
parent magnitudes of the individual galaxies photographed refer to different moments. 
Should the galaxies and or the cluster centers have substantial velocities, then the dis- 
tribution of their positions at these different times need not conform with postulates 
a-d, even though the distribution of simultaneous positions does. The purpose of postu- 
late e, then, is to eliminate the consideration of this possibility. An alternative postulate 
might be one reflecting the hypothesis of an expanding universe. 

The foregoing structural postulates are used below to obtain general forms of the dis- 
tributions of galaxies on the photographic plate. In order to obtain these distributions 
numerically, it is necessary to adopt further hypotheses specializing the distributions 
mentioned in the structural postulates. These additional hypotheses are described as 
“secondary”’ postulates. They can be formulated in many different ways. Our attitude 
toward any particular function selected is that toward an interpolation formula. The 
final choice will depend upon comparison with observations. In the meantime, our pref- 
erence is for as few parameters as possible combined with flexibility and simplicity in the 
formulae.’ 

II. PRELIMINARY REMARKS 

Under this heading we combine certain known formulae of the calculus of probability 
which will be used frequently. 

1. /undamental formula on conditional ex pectations.—In the following we shall use fre- 
quently the fundamental] formula connecting conditional] and absolute expectations. Let 

Y and ¥’ be any two random variables. Let £(1 X = x) denote the conditional expec- 
tation of V’, given that the random variable X assumed a specified value x. Further, let 
KY) denote the unconditional or absolute expectation of 1’. We assume that both these 
expectations exist. Starting with E(Y |X = x), we define a new random variable E(Y |X) 
Whenever Y assumes any value x, then X) assumes the value E(V |X = 

The fundamental formula mentioned i is, then, 
E(Y) =E{E(Y|X) }. (2) 
2. Probability generating function.—Let X;, X2,..., X,beaset of srandom variables, 
all capable of assuming only nonnegative integer values 0, 1, 2, . Further, let 4, fs, 
, !, be arbitrary nonnegative numbers not exceeding unity. “Then the probability 


Le nerating, function of X,, Xs,..., X, is defined as the expectation of the product 
(Stk: ... tX*. The generic notation for the probability generating function is 


=B| II | 


n =O n, 0 = ‘= 


where (XN, = m)(N2 = m)... (Ns = denotes the probability that simultare- 
ously X,; = m, No = mg,..., NX, = n, and where the multiple series in the right-hand 
side is uniformly convergent for 0 S$ ¢; S$ 1,7 = 1,2,...,5s. 

A probability generating function is differentiable indefinitely with respect to all its 
arguments for 0 S$ ¢; < 1,i = 1, 2,...,s. The partial derivatives of the probability 
generating function are connected with the probabilities P{(X, = m)(X2 = m2)... 


7 The results obtained in connection with certain secondary postulates will be published in a subse- 
quent paper by the authors and C. D. Shane. 
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(Y, = n,)} and also with the moments and product moments of the variables Y,, Xe, 
..., X,. In fact, formula (3) implies that 


=t,-0 i! 


Also, if the derivative of the right-hand side of expression (4) existsath ==... 
t, = 1, then 


Because of these properties, the study of distributions of random variables capable of 
assuming only nonnegative integer values is reducible to the study of the corresponding 
probability generating functions. This method was introduced by Laplace. A modern 
presentation referring to single variate distributions is given in a recent book by Feller.* 


Ill. GENERAL STOCHASTIC MODEL OF THE SPATIAL DISTRIBUTION OF GALAXIES 


In this section we restate in mathematical form the several structural postulates which 
underlie the stochastic model of the universe studied in this paper. However, it is con- 
venient to change the order in which the postulates are listed. 

PosTuLATE 1.—To every region R with volume & there corresponds a random variable 
7(R) representing the number of cluster centers falling within R. The distribution of y(R) 
depends on the volume & only. It does not depend either on the shape of the region R or 
on its location. 

The probability generating function of y(R) will be denoted G,(¢/ ¥). 

PostuLATE 2.—Whatever be the nonoverlapping regions Ry, Ro, Rs, . . . , the corres pond- 
ing random variables y(Rj), | = 1, 2,..., are completely independent. 

Postulates 1 and 2 deal with the probability distribution of the number of cluster cen- 
ters within any given region R in space. In the following it will be necessary to consider 
as random the position of a single cluster center, given that it is located in R. This ap- 
pears to require a special postulate (postulate 3) to the general effect that, as far as their 
positions in R are concerned, all clusters are, in a sense, equivalent. Then postulates 1, 
2, and 3 combine to imply that the position of any given cluster is random. This point is 
discussed in some detail in Section IV. . 

PosTuLATE 3.—Let R be an arbitrary region of positive volume 8 > 0 and R, an ar- 
bitrary part of R. If R is. known to include exactly n > 1 cluster centers numbered Cy, Cs, 

, Cy, and if ay < ag <<... < am is an arbitrary combination of m <n numbers se- 
lected out of 1,2,...,n, then the probability that Ry will contain exactly m cluster centers 
and that these cluster centers will be Cu,, Ca,,~ +», Ca, is independent of the combination 
ai, ag,..., a, and is equal to the conditional probability that y(Ri) = m, given that 
y(R) = n, divided by the number of combinations of m objects out of the given n. 

We shall use the symbol C;< R; to denote that the cluster center C, is included in R;. 
Also the notation® 


[] (Co, € Ri) = Ca, € Ri) Ca, € 
i=l 
8 Probability Theory and Its Applications (New York: John Wiley & Sons, Inc., 1950). 
_ * This notation is very convenient and was used in formula (3). The reader unaccustomed to it may 
wish to consult J. Neyman, First Course in Probability and Statistics (New York: Henry Holt & Co., 
1950). 
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will denote the logical product of the m propositions C,;© R; for 7 = 1, 2,..., m. The 
meaning of this term is: All the cluster centers C.,, Ca,,---, Cam are included in Rj. 
With this notation, postulate 3 may be expressed by the formula 


PS | m|T] (Ca, © Ry) | (R) 
i=l 


m!(n—m)! 
n! 


Pt y(Ri) y(R) =n}. 


PostuLATE 4.—To every cluster center there corresponds a random variable v, represent- 
ing the number of galaxies belonging to this cluster. The distribution of v is the same for all 
clusters. 

The probability generating function of v will be denoted by G,(2). 

PostuLaAte 5.—The random variables vy, v2, ..., Ve, representing the numbers of 

galaxies in different clusters, are completely independent. 

Further below we shall need symbols to denote the co-ordinates of a cluster center 
and those of a galaxy, which we shall treat as a point. In cases where a random cluster 
center is considered, its co-ordinates will be treated as random variables and denoted by 
the capital letters U’, V, W. The particular values assumed by these variables will be de- 
noted by the corresponding lower-case letters u, v, w. Similarly, the random variables 
representing a random galaxy will be denoted by the capitals Y, Y, Z, and the particular 
i values of the variables by x, y, z. The co-ordinate axes will be assumed orthogonal, with 

their origin at the observer and with arbitrary directions. 

PostUuLATE 6.—Given that the center of a cluster is at a specified point (u, v, w), the post- 
tion of every galaxy belonging to this cluster is random and the probability density of its co- 
ordinates X, Y, Z is represented by a function { (n) depending only on the distance 


between the cluster center and the position of the galaxy. The function {(n) is the same for all 
clusters and is continuous for all values of 7. 

PostuLate 7.—Whatever be the galaxies gi, g2,..., , whether belonging to the 
same cluster or not, the triplets of random variables (Xi, Ym, Zm) representing their co-ordi- 
nates,m = 1, 2,..., are completely independent. 

The foregoing seven postulates determine what is considered to be the structure of the 
spatial distribution of galaxies. As such, of course, this distribution is unobservable. The 
following postulate 8 is meant to establish a link between the unobservable distribution 
of galaxies in space and what can be observed on photographic plates. It is convenient 
to make this link in two steps. First we consider an idealized photographic plate which, 
for any given observational setup, has a fixed limiting apparent magnitude, constant 
for the entire plate. If the apparent magnitude of a galaxy is less than this limiting mag- 
nitude, it will sometimes be convenient to say that this galaxy is ‘visible’ in the observa- 
tional setup considered. The relation between the numbers of galaxies visible on an 
idealized plate and the counts on actual plates is dealt with in a later paper by the 
authors jointly with C. D. Shane, in which empirical data are discussed. 

POSTULATE &.—Given an observational setup, to every galaxy with co-ordinates (X, y, 2) 
there corresponds a probability 6(&) that the apparent magnitude of this galaxy will be less 
than the limiting apparent magnitude of the idealized photographic plate. This probability 
depends only upon the distance 


to the galaxy and is continuous for all values of &. 


(7) 
- 
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It will be seen that, in order to obtain numerically the characteristics of the distribu- 
tion of galaxies visible on photographic plates, many details of the foregoing general 
postulates will have to be specialized. Thus, for example, the probability @() will have 
to be specialized in accordance with the limiting apparent magnitude of the idealized 
plate, with the assumed form of the distribution of absolute magnitudes of extragalactic 
nebulae, and with the effect of red shift. All these details are independent of the struc- 
tural postulates. It is interesting, however, that postulates 1 and 2 do establish a limita- 
tion on the probability generating function G,(/;/&) of the number of cluster centers 
falling in a region of volume &. 


IV. IMPLICATIONS OF POSTULATES 1 AND 2 


In this section we discuss briefly the general form of the probability generating func- 
tion G,(¢ &) as implied by the two postulates 1 and 2. Let Ri and R: be two nonoverlap- 
ping regions of finite volumes &; and Bo, and let R; UR be the union of R; and Rs. 
Finally, let yi, ye, and 3 stand for the numbers of cluster centers in R, Re and Ru Ro, 
respectively. Obviously, = + Because of the independence of and 2, 


Gy =G, (/| Bi) G, (t| Ys) (10) 


Equation (10), valid for all B, and Bs, is, then, a consequence of the assumption that the 
distribution of cluster centers is quasi-uniform. It is easy to see that the converse is also 
true and that every probability generating function depending on a parameter &, which 
satisfies condition (10), will determine a quasi-uniform distribution of cluster centers. 

Distributions satisfying condition (10) were studied by Paul Lévy,'® who termed them 
“infinitely divisible.” It follows from Lévy’s work that, for every &, 


G, (t| B) = (G, *, (11) 


so that, in order to know the probability generating function of y(R) corresponding to 
an arbitrary region of volume &, it is sufficient to know this distribution for B = 1. 
It can be shown" that the function G,(¢/ 1) must be of the form 


G,(t} 1) =exp —hot+ » =exp J, say, (12) 


t=] 


where ho, . , . . are all nonnegative numbers subject to the restriction that the 


series S* h, is convergent and that ¥* h, = ho. Conversely, if the series formed by the 
k=1 k=1 
nonnegative numbers /y, /2,... , Ay, . . . is convergent and if its sum is equal to Ao, then 
the right-hand side of equation (12) represents a probability generating function such 
that, whatever B = O, the expression (11) is also a probability generating function. It 
will then satisfy equation (10). Incidentally, formulae (11) and (12) imply that, what- 
ever ¥, the probability that the number of clusters y(R) = 0 is necessarily a positive 
number. 
If ty = hz = ... = 0, then equation (11) reduces to 


Gy (t| B) =e" (4-0) 


which is the probability generating function of the Poisson distribution. On the other 
hand, if at least one of the 4,, for k = 2, is positive, then, whatever B, the number of 
10 Théorie de l’addition des variables aléatoires (Paris: Gauthier-Villars, 1937). 
4 J. Neyman and E. L. Scott, in preparation. 
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cluster centers y(R) does not follow the Poisson law. However, it is interesting to notice 
that the most genera! distribution of y(R) is, in a sense, reducible to Poisson distribu- 
tions. 

To see this, denote by yi, we, ...a sequence of completely independent 
Poisson variables with expectation of wu, equal to Bh, for k = 1, 2, 3,.... Finally, let 


(14) 


Because of the independence of the u;, the probability generating function of uo is equal 
to the product of the probability generating functions of products ku,. Since the proba- 
bility generating function of uw, has the form (13), with hy replacing ho, it is obvious that 
the probability generating function of the product ku, is given by 


( ky 
(15) 


It follows that the probability generating function of yo is 


exp] S* (1 | 


which, because of formulae (11) and (12) and because io = >. hy, coincides with G,(t| 8). 
k=1 
As a result of all this, we may state that the most general quasi-uniform distribution of 
cluster centers requires that the number y(R) be distributed as is the sum (15) of the 
; Poisson variable y; plus double the Poisson variable ye plus triple the Poisson variable 
us and so forth. 

Formulae (11) and (12) imply that, if the expectation of y(R) exists, then the func- 
tion A(t) is differentiable at ¢ = 1 and E [y(R)] = Bh'(1), so that the derivative h’(1) 
represents the average number of cluster centers per unit volume. 

As mentioned above, when it is given that an arbitrary region R of volume B > 0 
contains exactly 2 > O cluster centers, postulates 1, 2,and 3 imply that the co-ordinates 
l’;, V,, and W; of the ith cluster center are random variables. The joint probability dis- 
tribution of all such triplets has interesting properties, some of which depend on the 
function h(t). One of the properties is needed in the present paper and will be quoted 
without proof as follows. 

Whatever be the quasi-uniform distribution of cluster centers and whatever be the number 
n = 1 of cluster centers known to be contained in a region R of finite volume B > 0, the con- 
: ditional probability density function, given n, of the co-ordinates U, V, W of any one of these 

cluster centers taken separately is constant over the region R and, therefore, is equal to 1/%. 
Another property of the distribution which is of particular interest may be stated as 
follows. 
Given that the region R of volume B > O contains exactly n > 1 cluster centers, say Ci, 
Co,..., Cn, such that P{y(R) = > 0, the conditional probability that exactly k 


oul of the cluster centers Co, C3, ..., Cn will coincide with Cy is given by the formula, 


(k+1) P}y(R) 


uo = >” kur. 
| 
(16) 
| 
| 
| 
for R= 0,4, 
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It is seen that, if any of the numbers /, 3, . . . , A, is positive, then this probability may 
be positive. In particular, if = =... = = 0, but > 0, then = 1. 
This means that, in this case, all the cluster centers present in R will coincide or, in 
other words, that, instead of distinct cluster centers, there will be just one multiple 
cluster center of multiplicity n. 

The final picture, then, of the quasi-uniform distribution of cluster centers is that, in 
the general case, it contains a Poisson distribution of single clusters with the expected 
number of cluster centers per unit volume equal to /,. In addition, it contains a Poisson 
distribution, independent of the first, of double clusters with the expectation of the num- 
ber of centers per unit volume equal to /2. In addition, there will be Poisson distributions 
of cluster centers of triple, quadruple, etc., clusters, all completely independent. If h, = 0, 
then there will be no clusters of multiplicity &. In particular, if /,2 = i; =... = 0, then 
all the clusters will be single clusters. 

Proofs of these properties of the general quasi-uniform distribution must be relegated 
to a separate publication in a statistical journal.'' Some of these properties are fore- 
shadowed in the work of Paul Lévy already quoted. 


V. JOINT DISTRIBUTION OF THE NUMBERS V, AND N»2 OF GALAXIES VISIBLE 
WITHIN TWO ARBITRARY SOLID ANGLES 


Consider two arbitrary regions, w; and we, overlapping or not, which will be photo- 
graphed on idealized plates. The same letters w; and w, will be used to denote the two 
solid angles, with vertices at the observer, corresponding to these regions. The observa- 
tional setups for the two regions may be the same or not, so that the limiting magnitude 
m, of the photograph of a, need not be the same as the limiting magnitude my of the 
photograph of we. For convenience, we shall assume m; S mp. 

Denote by V; and N2 two random variables representing, respectively, the numbers 
of galaxies visible on photographs taken over w; and w2. The purpose of this section is to 
deduce the joint probability generating function Gy,, y.(h, f2) of N; and N2 asimplied by 
the eight structural postulates enumerated above. 

Brietly, the method used consists in dividing the whole space into an infinity of 
bounded regions of convenient shape. Each region will contain a certain number of clus- 
ter centers. Galaxies from the corresponding clusters may fall and be visible either in 
w, or in w, or in both. Thus V, and N2 are represented as sums of contributions from each 
of the regions contemplated. Further, the contribution of each particular region is split 
into as many components as there are cluster centers in this region, so that V, and N»2 
appear as double sums. The advantage of this procedure is that, according to the postu- 
lates adopted, the contribution to V, of any one particular cluster is independent of that 
of any other cluster, so that Vj, appears as the sum of completely independent compo- 
nents. The same applies to N2. It is noteworthy, however, that the contributions to N; 
and \>2 from any one cluster are dependent. 

After this general description, we may proceed to details. Let A be an arbitrary posi- 
tive number which we shall later make tend to zero. Divide the whole space into an in- 
finity of equal cubes Ri, Ro,..., R;,..., of dimensions A, by passing three sequences 
of planes distant by A, each sequence parallel to one of the co-ordinate planes. The cubes 
R; will be described as the elementary cubes of dimensions A. The order in which they 
are numbered is immaterial. Obviously, the volume is the same, equal to A’. 

Simplifying the notation adopted earlier, we shall use the symbol 7; to denote the 
number of cluster centers in R;. Assume for a moment that ; > 0 and consider the &th 
cluster center in R;. Denote by \i;, the number of galaxies visible in w which belong to 
the &th cluster centered in R;. Similarly, N2;, will denote the number of galaxies visible 
in w, which belong to the same fth cluster centered in R;. In further work it will be con- 
venient to consider the variables V,;,; and N2;; for k = 0. In order to do so, we shall adopt 
the convention = = 0 
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With this convention, V; and N2 may be represented as sums of infinitely many com- 
ponents of the type, say, 


tor 


Obviously, V,; represents the contribution to .V, of all the clusters centered in R; and is 
equal to the sum on the right of formula (18), whether 7; is zero or not. The postulates 
adopted imply that the couples of random variables (Vi, Noi), (Nie, Ne), (Mai, 
V.,),... are completely independent. Taking this into account and noting that 


N2;), 
for i= 1, 


we may write 


vy, (fy = [[¢. (hs ly). 


Thus, in order to compute the joint probability generating function of Vj, and Ns, it is 
sufficient to compute that of the jth components (18) and to evaluate the infinite product 
on the right-hand side of equation (20). 

In order to compute the probability generating function of Ny; and N2,, we start with 
the definition and then apply formula (2), which connects absolute and conditional ex- 
pectations: 

Gy. (ty &) = KE =E LE | y;) J. (21) 

If y, is zero, then Ny; = No; = 0. Otherwise, V,; and No; are sums of the same num- 
ber y; of components and respectively. Each pair (V1 Nej«) represents the 
contributions to V, and Ne from the &th cluster centered in R;. The postulates adopted 
imply that all the y,; pairs are completely independent. Also, the distribution of each of 
the y, clusters is exactly the same. Therefore, the joint distribution of each pair (V1j):, 
Nsj,) must be the same, coinciding with that of (Vij, Ne), say. For these reasons, 
whether y,; has a positive value or is zero, 


E | = (Gx, x4), 
and formula (21) may be rewritten as 


Here Gy, ;,, v.(h, f) represents the joint probability generating function of the contribu- 
tions Vy; to Vy and Ne; to Ne of any one of the clusters known to have its center in the 
elementary cube R;. Referring to the definition of the probability generating function of 
the variable y,; corresponding to R,, it is easy to see that formula (23) implies 


Ni; ly) =G, IGy,;,, N (4, ly) | AS] (24) 


or, using formulae (11) and (12), 


to)]}. (25) 


(ly = exp | [Gy,,,, 
Thus, in order to compute the joint probability generating function of Ny; and No;, it 
is sufficient to compute that of a single pair of components (.Vi;1, Vo) and substitute the 
result for the argument of the probability generating function of ¥;. 


| 
| 
k u | 
(19) 
(20) 
| 
| 
| (22) 
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| 
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Using formulas (20) and (25), we have 


Gy, v, (4, =exp{ h Nei (t), }. 


The general form of Gy, ;,, v.;,(4, fe) will be obtained in the next section. Here we shall 
notice that the series on the right-hand side ot formula (26) need not be convergent. 
However, the cases of divergence are easily interpreted. Owing to the particular mean- 
ing (3) of a probability generating function and because h(t) < 0, if the series diverges 
at (4; = 4 = 0, this means simply that P{(V; = 0)(.V. = 0)| = 0. If the same series 
diverges for > 0, then all the probabilities P} (Ny = m)(.N2 = m2)} = O for all values 
of m, m2 = 0,1, 2,.... This is interpreted to mean that, in this particular case, the prob- 
ability that there will be an infinite number of visible galaxies in at least one of the solid 
angles w; and a. is unity. While these and similar cases are theoretically possible, since 
they do not correspond to empirical facts, we shall consider only such functions A(?), 
Gy(t), f(n), and 6() with which the series on the right is convergent for all values of 4; 
and f, 0 S t), t2 S 1, and, therefore, formula (26) is different from zero. 


VI. FINAL FORM OF fe) 


The probability generating function of the variables V\;,, No is obtained by using 
certain considerations of a character somewhat different from those above. For this rea- 
son it was thought useful to treat the problem in a separate section. The elementary 
cube R; may contain a number of cluster centers. However, we are now interested in 
only one of them, namely, the first. The letters LU’, V, W will be used to denote the co-or- 
dinates of its center so long as these co-ordinates remain random. The letters u, v, w will 
be used to denote the particular values that U,V, and W may assume. The random 
variable representing the number of galaxies in the cluster will be denoted by v. We be- 
gin with the definition of the probability generating function and apply formula (2) 
twice. First we write 


1 


Next we consider a fixed system of values u, 7, w and consider 
E (ty | u, v,w) =E[E (ty w, 0, w,v) J. (28) 


In order to proceed further, we consider the mth galaxy of the cluster and two random 
variables a,, and 8,, defined as follows: If the galaxy falls in the solid angle w, and is 
visible in it, then a», = 1. Otherwise, a,, = 0. If the mth galaxy falls in the solid angle 
w, and is visible there, then 8,, = 1. Otherwise, 8,, = 0. Obviously, the random vari- 
ables a,, and 8,, are dependent. Because of postulate 6, the joint distribution of (a»,, Bm) 
is the same for all m = 1, 2,..., v. Also, because of postulate 7, all the couples (ay, 8), 
(az, B2),..., (a,, 8) are completely independent. Finally, given a fixed value of v > 0, 


v 


Nin= Doan, > Be. 29) 


m=1 


Repeating the reasoning which now must be familiar to the reader, we find that 


E(t U, V, W) =Gr1Ga,. 6, (hy U, V, W)). (30) 


In postulate 8 we introduced the probability that the apparent magnitude of a galaxy 
at distance £ from the observer will be less than the limiting magnitude of the idealized 
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plate. Because the observational] setups used to photograph the regions w; and w. need 
not be the same, it is necessary to make a distinction between 0,(&) and 62(£) correspond- 
ing to the setups to be used for regions w; and we, respectively. 

In order to compute the probability generating function of a; and #;, given that the 
co-ordinates of the corresponding cluster are u,v, w, denote by ww: the common part 
of the solid angles w; and w: and introduce the following probabilities. j 

Let pi(u,v,w) denote the probability that a galaxy from a cluster centered at (w, v, w) 
will be visible on the plate taken over the region w; but not on the plate taken over we. 
Because we have assumed that the limiting magnitude m, S me, we have 


pi v, w) = ff dedyds. 


Ws 


Let p2(u, v, w) denote the probability that a galaxy from a cluster centered at (u,v, w) 
will be visible on the plate taken over we but not on that taken over w;. Obviously, 


po (4, w) =fffim dxdydz 
| tf ffi 6,(&) | dxdydz. 


Finally, let p3(#, v, w) denote the probability that a galaxy from a cluster centered at 
(u, v, w) will be visible on both plates, 


p3 (4, wv) =f ffs (n) 6,(&) dxdydz. 


As mentioned, the present genera] statement of the problem is meant to apply to two 
kinds of practical] situations. In the first we contemplate counts of nebulae in nonover- 
lapping regions photographed with the same instrument, so that 6,(£) = 62(g). In this 

CASE ww. Is empty , and the integrals over this region are zero. The second situation con- 
templated is that in which the photographs are taken with different instruments. The 
most important case of this category is when w; and w. coincide and thus coincide with 
their common part wiw:. In this case the integrals taken over w,; — wjw. and over 
Ww: — wwe are equal to zero, so that, in particular, pi(u, v, w) = 0. 

Using the probabilities (31), (32), and (33), the probability generating function of a; 
and §; is obtained easily. In so doing, for the sake of brevity, we shall omit the reference 
to (#, v7, w) from the symbols of the three probabilities. We obtain 


=1—p,(1—h) — ps (1 — (34) 


and, therefore, using formula (30), 
v,w) =G,[1— py (1-4) — po (1 — ps1 


In order to obtain the probability generating function of Ny, and Ne, we use formula 
(27) and the result quoted at the end of Section IV to the effect that, given that a cluster 
center is contained in the region R; of volume A* > 0, the probability density of the co- 
ordinates of the cluster center is constant over R; and equal to 1/A*. Thus we have 


[f p=) — ps1 | dud edw 


(31) 
| 
| 
| 
q (33) 
| | 
) 
fe) 
(36) 
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This formula may now be substituted in formula (26) to obtain the probability gen- 
erating function of V, and Ne. However, before doing so, it is convenient to use the as- 
sumption that the function f(), representing the probability density of the co-ordinates 
of a galaxy, and also 6,(&) and 2(£) are continuous and to apply the mean-value theorem 
to formula (36). Namely, the region R; must contain at least one point, say (u;, 2;, w,;) 
such that the value of formula (36) is equal to the integrand evaluated at this particular 
point. Denote 

pi (uj, vj, ws) = pi; for 4, (37) 
Then 


Gy N (hy ly) — poj (1 — le) — ps; (1 — (38) 


yi’? 
Substituting this result in equation (25), we obtain 
w,(hy 


exp} 1— — pay (1 — te) — pas (1 i) 1). (39) 


This formula is valid, irrespective of the value of A. Using the assumption that the 
series on the right is convergent for all values of ¢, and f, it is easy to see that, as A—> 0, 
the series in the right-hand side, multiplied by A*, converges to a triple integral over the 
whole space, so that 

Gy, vy, (4, = evity.t (40) 


with 


= If | 1 —pi(1—t) — po(1 — fs) — p3(1 — tile) || dud vdw , (41) 


where the symbols fi, p2, ps have the meaning defined in formulae (31), (32), and (33), 
respectively. 

Formulae (40) and (41) determine the probability generating function of N; and Ne 
in its final form. With the functions (2), G,(t), f(m), and 6(&) not specialized, formulae 
(40) and (41) reflect only the general structure of the universe contemplated and not the 
details considered unimportant. For this reason, the properties of formula (40) which 
are independent of the unspecified functions are of particular interest. 


VII. MOMENTS OF NV, AND No 


In the present section we use formula (41) to deduce general expressions for the mo- 
ments and product moments of V, and N2,in terms of the functions h(t), G,(0), f(n), and 
6(£). The formulae so deduced reveal certain interesting properties of the variables NV, 
and N2 which are independent of the particular forms that the four functions may pos- 
sess. Of course, in order to deal with these expressions, it is necessary to assume that the 
moments exist. This assumption appears very plausible and will be adopted from now 
on. More specifically, we shall limit our consideration to functions A(t) and G,(t) which 
are indefinitely differentiable at ¢ = 1. 

In Section II we mentioned that the derivatives of the probability generating function 
evaluated at 4) = 42 =... = 4, = 1 are connected with the moments of the variables 
concerned. A similar statement applies to the natural logarithm of the probability gen- 
erating function. Since formula (41) involves two such logarithms, namely, ¥(4, f2) and 
h(t), further work will be simplified if the connection between the moments and the 
derivatives of the logarithm of the probability generating function is given explicitly. 
The derivation of the formulae is elementary and therefore not given here. The formulae 
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reproduced refer to ¥(f, &), but the reader will have no difficulty in applying them to 
A(t)by analogy. Although not explicitly marked, all the derivatives appearing in the for- 
mulae are assumed to be evaluated at both arguments equal to unity. The symbol o,, 
will be used to denote the central product moment of order r with respect to V, and of 
order s with respect to Ne, so that 


=E} (42) 

forr,s = 0,1,2, .... With this notation, o29 stands for the variance of V;, etc. We have 
Oy 

dt; 

ay 


=F (N;), 43) 


and a similar expression for dy, 003: 


to 


Ory 
Oral, 


The product moments ¢,, may be estimated from empirical] data. 

We now return to the expression for ¥(4;, 42) given in formula (41) and compute the 
successive partial derivatives with respect to 4 and fs, substituting each time 4, = ft = 1. 
In so doing, it will be convenient to write 4; and G; for the jth derivatives of A(t) and 
G.(t), respectively, evaluated at ¢ = 1, and to write R,,,, for the triple integral 


Renn = (Pit (po-+ ps) vdw. 


Notice that the substitution of 4; = 42 = 1 into formula (41) reduces the arguments of 
both G, and / to unity. 
Taking derivatives of the first order, we obtain 


E (Nj) = Ai Rin; E == Rows 
where 

Derivatives of the second order yield the following three formulae: 

02, —E(N,) = A2Row , 

O11 = A 

—E ( No) = A oRo 

where, for the sake of brevity, 


As=hGithG:. 


i 
| 
: 
(49) : 
(50) 
(51) 
(2) 
(53) 
(54) 
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Taking derivatives of the third order, we obtain 
— 302 + 2E(N1) = 
— 61, = + 
O32 — = AgRi + 
— 2E(N2) = AsRoso, 


where 


As hGi + t+ . (59) 


The sequence of these equations can be continued indefinitely. However, the fore- 
going formulae are sufficient to give an idea of the nature of all the equations obtainable 
in this manner. The expressions on the left-hand sides are combinations of moments of 
N, and NV, and, therefore, can be estimated from empirical data. The expressions on the 
right-hand side are products or sums of products of quantities of two different kinds. 
First, there are quantities A; expressible in terms of 4; and G, and thus, ultimately, in 
terms of moments of the variables y and v. It is important to notice that the A,’s are in- 
dependent of the internal structure of the clusters, which is governed by the function 
f(n), and of the distribution of apparent magnitude of galaxies, as retlected in the func- 
tion 6(£). Also, the quantities 4; are independent of the regions w and wy». 

The other kind of quantity appearing on the right-hand side of the equations are the 
triple integrals Ri mn. The simplest of these integrals, namely, Ryo0, Roi, and Roos, depend 
on the function 6(£) and on the regions w; and a. but not on anything else. In fact, 


ff fg) dxdydis, 
Row = ff dxdyds, 
Run =f f dxdyds. 


It will be sufficient to prove only one of these formulae, for example, the first. Refer- 
ring to formulae (31) and (33), we have 


6,(&) dxdydz, 


and Rioo is defined as the integra] of this quantity with respect to u,v, w taken from — © 
to + © for each of the three variables. Now the variables u, v, w enter into formula (63) 
only through 7. Therefore, changing the order of integration, we obtain 


Rw ff fin) dud 


and it is easy to show that the internal triple integra] is equal to unity regardless of the 
particular form of the function 


S(n) = SEL — + (y — 2)? + ( (65) 
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which, it will be remembered, represents the probability density of the co-ordinates of 
a galaxy belonging to a cluster centered at (u,v, w). This particular property of the func- 
tion f(m) implies that, whatever be u, v, w, the integral of f(y) with respect to x, y, s, 
taken from — © to + foreach variable, must be equal to unity. Making the substitu- 


tion 
weste, (66) 


where 2’, y’, and 2’ are new variables of integration, the internal integral in formula (64) 


hf + + 2) dx'dy'd2’ = 1 


which, combined with formula (64), proves formula (60). Formulae (61) and (62) are 
proved in exactly the same manner. 

If it is assumed that the apparent luminosity of the galaxies varies inversely as the 
square of their distance (thus, if one ignores “red shift’’) and that the absolute magnitude 
of the galaxies is a random variable independent of the distance, then the functions 
6,(£) and 6(£) are relatively simple, and the integrals (59)—(61) can be evaluated as 
explicit functions of the limiting apparent magnitude. The resulting formula for E(V,) 
is well known.” Ordinarily, it is deduced on the assumption that the luminous objects 
(stars or galaxies) are distributed in space Poisson-wise. It is interesting that the same 
formula appears to hold on the more general assumption that the galaxies appear in 
clusters and that the cluster centers are quasi-uniformly distributed in space. 

If the effect of red shift is taken into account, then the function 6(&) becomes compli- 
cated, and the values of Rioo, Roi, and Roo; must be obtained by numerical integration. 
The integrals Rim» with k + m+n > 1 depend essentially not only on @(&) but also 
on f(»). In general, their evaluation appears to require numerical integration. 

Perusing formulae (49)—(58), we see that they can be combined so as to eliminate the 
quantities 1;. The equations resulting from such eliminations connect the integrals 
Rim» directly with the moments of V; and V2. Thus, for example, combining formulae 


(49)-(53), we obtain, say, 


is reduced to 


O(a, = 
| Roop Ro20 } 


Rio} —E( N)) [ — E ( 


which is an equation containing only integrals R,,,, and the moments of N; and N2. 
Similar equations can be obtained by eliminating A» and A; from formulae (51) and (55)— 
(58). 
The existence of relations between the integrals R;»,, and the moments of N, and N2 
is a very important fact because it creates the possibility of studying the internal struc- 
ture of the clusters, more specifically, the functions f(y) and 6(&), in a manner which is 
independent of how the cluster centers are distributed in space and independent of the 
variation of the number of galaxies from one cluster to another. While details of this 
study must be relegated to a later paper, some indications as to how this can be achieved 
are given in Section IX. 

Returning to the quantities 4;, we see that they represent derivatives at ¢ = 1 of the 
function A[G,(d)]. This function can be interpreted as the logarithm of the probability 
generating function of the random variable ¢ defined to be the total number of galaxies 


2W.M. Smart, Stellar Dynamics (London: Cambridge University Press, 1938), p. 263. 
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belonging to all the clusters which have their centers in a specified region of unit volume. 
Once reasonable approximations to the functions /() and 6(§) have been determined and 
given a substantia] set of empirical material, any number of moments 4 ; can be obtained 
from equations such as (49)-(58). The estimates of these moments can then be used to 
approximate the distribution of ¢. Although of interest, ¢ is not what one might consider 
a basic concept in the structure of the universe contemplated. Instead, our interest is 
directed toward the variables y and v. 

Since the moments of 4; are simple combinations of quantities 4; and G;, which, in 
turn, are simple functions of the moments of y and v, one might hope that knowledge 
of the moments 4; for j = 1, 2,..., s would make possible the evaluation of at least a 
few of the moments of y and »v taken separately. Unfortunately, this is not the case be- 
cause each 1; depends on both of the quantities 4; and G;, which do not appear in Ay, 12, 
..., 4). Thus, even with the knowledge of the functions f(m) and 6(&), unless inde- 
pendent information regarding the distribution of y and vis obtained from other sources, 
no separate moments of y and vy can be determined from any finite set of moments of V), 
and N». The next section gives an even stronger result to the same general effect. 


VII. NONIDENTIFIABILITY OF THE DISTRIBUTION OF CLUSTER CENTERS 


In the present section we shall show that the same joint distribution of VN, and N2 can 
result from an infinity of different pairs of distributions of y and v and that, therefore, 
knowledge of the joint distribution of NV, and 2 is not sufficient to determine the dis- 
tributions of y and v separately. 

For this purpose we return to formula (41) and notice that the integrand depends not 
on the functions /(t) and G,(¢) taken individually but rather on the result of substituting 
G,(t) instead of the argument in A(t). Thus the probability generating function Gy,, y,(/, 
t,) depends on the nature of the function, say, 


H(t) =h{G, (1) }. (69) 


Hence, if the two functions A(t) and G,(¢) are replaced by any other two functions, say, 
h*(t) and Gi(t), such that, however, 


h* (GF ()] ], (70) 


then this change will not produce any change in the joint distribution of V,; and Ne. The 
existence of functions /*(¢) and G}(t) having the above property is assured by the fol- 


lowing theorem. 
THEOREM.—Whatever be the (infinitely divisible) distribution of y with probability gen- 


erating function 
G, (4; B= 1) = (71) 


where 


h(t) = —hot+ hyl* , 


k= 


with hy 2 0,k = 0,1,... and h(1) = 0, and whatever be the distribution of v, with proba- 
bility generating function G,(t), there exists an infinity of Poisson laws with probability gen- 
erating functions, say, 


Gy (t|d) = (73) 


where d is any positive number exceeding a certain limit Xo, and a set of corresponding proba- 
bility generating functions G}(t\) such that 


Gy(G, (t) | = 1] =GF [GF x) | A}. 74) 
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Proof.-In order to prove formula (74), we use equation (73) with the parameter A 
unspecified, substitute it in (74), and take the logarithms of both sides. Using formulae 


(69) and (71), the identity to be proved is reduced to 


H(t) =h{G. (01 = —hot (O} 
k=1 


(75) 


(t|A) — 1] 


or to 


= 145 HU. (76) 


It is seen that every value of \ > O determines a corresponding function G#(¢,d). In 
, order to complete the proof of the theorem, we have to show that formula (76) is a prob- 
| ability generating function. We shall show that this is true for an infinity of values of \ 
in fact, for all values of X which exceed a certain limit Xo. 

In order that formula (76) m may be a probability generating function, it must have the 


following properties: 


(i) GF (11d) 


(ii) (0|x) 20, 


d’ (tA) | >0 for m= 1, 2, 


dim 


(ili) 


In order to see that formula (i) is satisfied, we substitute ¢ = 1 in formula (76) and then 


2 4 refer to formula (75). Since G,(1) is necessarily unity and since h(1) = 0, we obtain 
H(1) = O and formals (i) follows. 
Proceeding to property (ii), we substitute ¢ = 0 in formula (76) and again refer to 
(75). Since G,(O) = P{v = 0} = po, say, we have 


GF = H (0), (77) 


where 


H (0) = + 
k=1 


which is easily seen to be a finite negative number. Thus, condition (ii) will be satisfied 


2 —H(O) = Xo, say. 
In order to prove condition (ili), we notice that 


d"Gr (t{d) 1 (1) | 


dim 


hy (Gy (t) 


| 
di™ 


Since the derivatives of G.(1), evaluated at ¢ = 0, are all nonnegative and since the con- 
stants 4, 2 O by hypothesis, property (iii) follows. 
Obviously, formula (74) implies formula (70). 


| 
| 
| 
| 
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In order to illustrate the bearing of this theorem, assume for a moment that the true 
distribution of the number y of cluster centers per unit volume is a particular negative 
binomial law with probability generating function 


G,(t} B= 1) = (80) 


and that this is combined with a specified binomial distribution of the number »v of gal- 
axies per cluster, so that 


G, (t) = [3 (1 + /) } 1000 i (81) 
Then 
H(t) =h{G,()) = —Inf2— [3 (14+ (82) 
and 
GPW) = (83) 
with 
A2 —H(O) = Inf 2 — (3) =r. 84) 


It follows that the joint distribution of V, and V2 resulting from the true distributions 
(80) and (81) will be identical with that which would be observed if the number of cluster 
centers per unit volume followed a Poisson distribution with expectation \ satisfying 
(84) combined with the distribution of the number of galaxies per cluster as determined 
by formula (83). Naturally, therefore, observing the joint distribution of VN; and N: and 
nothing else, it is impossible to decide whether the number of cluster centers per unit of 
volume follows a Poisson law or any other quasi-uniform distribution. This, of course, 
does not exclude the possibility that we can decide this question on other grounds. 


IX. CONCLUDING REMARKS 

All the preceding pages are given to deductions from the structural postulates regard- 
ing the spatial distribution of galaxies as enumerated in Section I and, in a more precise 
form, in Section III. The main result of this work is represented by formulae (40) and 
(41), which determine the joint distribution of the numbers N; and N¢ of galaxies visible 
on idealized photographs of two arbitrary regions #; and w:. Confrontation of the theory 
thus developed with empirical facts requires specialization of at least some of the four 
functions involved in the model. The work done in this direction will be described in a 
subsequent publication.'? However, before concluding the present paper, it seems ad- 
visable to include at least a few remarks indicating how formula (41) and its conse- 
quences (49)~(58) can be used for an empirical study of the actual distribution of 
galaxies. 

Keeping in mind the general properties of the moments of V; and N; described in 
Section VII, it appears advisable to divide the empirical study into two parts: the inter- 
nal structure of clusters and the distribution of cluster centers. 

The theoretical results which are basic for the first part of the study are exemplified 
by equation (68). Because of the analogy between the definition of correlation coefficient 
and the expression ()(w1, w2) on the left-hand side of equation (68), we propose to describe 
this quantity as the guasi-correlation between V, and No. At least in the early stages of 
the empirical study, the function 6,(£) will be taken from the published work of Hubble'* 
or Holmberg.'® When this is done, the right-hand side of equation (68) contains only 
known quantities and the moments of V; and Ne, for which estimates from actual counts 
will be substituted. The selection of w; and w. and of m and mz is at our disposal and may 


13. J. Neyman, E. L. Scott, and C. D. Shane, in preparation. 
4 Mt. W. Contr., No. 548; Ap. J., 84, 158, 1936. 
18 Wedd. Lunds Obs., Ser. II, No. 128, 1950. 


¢ 
i Big 
q 
4 
: 
i 
4 
he 
: 


162 J. NEYMAN AND E. L. SCOTT 


be adjusted to the materia] available. For example, w; and w, may mean two 1° X 1° 
squares taken & degrees apart, with V,; and N2 representing the numbers of galaxies in 
these squares up to the limiting magnitude appropriate to the observations made at the 
Lick Observatory or any other. Then the regions w; and a, do not overlap, 6:(£) = 62(£), 
and formula (68) giving the quasi-correlation between V, and N»2 reduces to 


Rio _ O11 


w2) = (say). (85) 


If the available set of data is substantial, then empirical values, say Qj, of Q, mav be 
obtained for a number of values of &. If the present model approximates the actual dis- 
tribution of galaxies, then, solely by adjusting the function f(y), the sequence of quotients 
Rio, Rayo, computed for k = 1, 2,..., can be made to agree with the series of numbers 
Of. This is true of the quasi-correlation as defined in (68) and (85) but, perhaps a little 
unexpectedly, no such statement can be made with regard to the ordinary correlation 
coefficient between V, and No, say, 


A 2R) +E (Nj) 


because the value of p depends on .1, and hence on the distribution of cluster centers in 
space. 

Having obtained empirical quasi-correlations Qj, the search for an appropriate func- 
tion f(m) may be attempted by the trial-and-error method. We choose a plausible family 
of probability densities, say f(y, 3), perhaps depending on a single parameter #8. For 
selected values of 3 a sequence of values of the quotient Ri1/ R200 is computed for k = 1, 
2, .... Each such sequence is compared with the empirical sequence of numbers Q;. 
Finally, the value of the parameter, say 3*, is determined which provides the best agree- 
ment between the quotients Ri1o/R209 and the numbers Qj. The corresponding probabili- 
ty density /(, #*) is then our first approximation to the unknown function f(») and is 
open to various tests of validity. 

One such test may consist in using f(y, #*) to compute quasi-correlations between 
numbers .V; and N» of galaxies in the same region w; = we but counted to two different 
limiting apparent magnitudes, m, < ms. Empirical material with which results of this 
kind can be compared consists of two systems of counts covering the same region of the 
sky. 

If the empirical numbers Q7, Q3, .. . cannot be approximated by any choice of the 
function f(), this would indicate that the probabilistic model of the structure of the 
universe is essentially wrong and that it should be modified, perhaps by including 
the effects of extinction by interstellar clouds, etc. 

Once a plausible approximation /(n, 3*) of f(m) is obtained, a similar method may be 
used to find plausible approximations to the distributions of y and v. A certain number 
of moments 1; are estimated, as outlined in Section VII. Then approximations to 
G,(t WB = 1) and G,(t) are sought among functions with few adjustable parameters. 

At this point we should make a distinction between the following two situations. First, 
it is possible that some a priori considerations will suggest special forms of the distribu- 
tions of y and of vy which may be approximated by probability generating functions of 
known form involving several adjustable parameters. In this case the quantities h, and 
G, can be represented by known functions of the same parameters and, knowing the 
values of the moments 4 ;, the best-fitting values of the parameters can be found. 

If no a priori knowledge of the distribution of y and v is available, then the best we 
can do is to refer to Section VIIT above and to estimate that distribution of » which, 
combined with a Poisson distribution of y, could yield the joint distribution of Vy and 
Nz that is actually observed. 
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The treatment of this aspect of the problem requires setting 


where \ > O is an adjustable parameter. Then, for 7 = 1, 2,... 
A;=G,N ; (88) 


and, if the distribution of v is approximated by a known distribution with several ad- 
justable parameters, the best-fitting values of these parameters and of \ can be obtained 
from equations of the type of (88). 


The present paper originated from conversations with Dr. C. D. Shane, director of the 
Lick Observatory, to whom the authors are deeply indebted. Although signed only by 
the present two authors, the paper should be considered as the first part of a broader 
study, involving not only theoretical considerations but also the analysis of empirical 
data, conducted jointly with Dr. Shane. 
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ABSTRACT 


In this paper a statistical method similar to that used by Chandrasekhar and Minch in their most re- 
cent analysis of the brightness fluctuations in the Milky Way is used to find the time of relaxation for a 
star moving through a fluctuating density field. The time required for the star to change its direction of 
motion significantly because of gravitational interaction with the matter is calculated. The fluctuating 
density field represents a simplified model of the interstellar medium, and the computed time of relaxa- 
tion for this case shows that the low-velocity stars can have had their velocities appreciably altered by 
gravitational interaction with the interstellar medium during 3 X 10° years, a result in agreement with 
that obtained by Spitzer and Schwarzschild. 


1. INFRODUCTION 


One of the fundamental results of observational astronomy is that the velocities of the 
stars in the neighborhood of the sun have a fairly smooth frequency-curve with a mean 
value and a dispersion about it; this frequency curve may be approximated in some sense 
or other by a Maxwellian distribution. It is hard to believe that the stars originated with 
a velocity distribution of this type, and the fact that it approximates an equilibrium dis- 
tribution strongly suggests that some agency has been at work reshuffling the velocities. 
It is well known that almost any kind of interaction process which changes star veloci- 
ties will lead eventually to a Maxwellian distribution. More specifically, if the time of 
relaxation is defined as the time in which a star’s velocity is appreciably altered by some 
interaction process, then after a period several times as long as the relaxation time there 
will be a reasonable approach to a Maxwellian distribution. 

Now the first process one would think of as the mechanism for changing the velocities 
is the gravitational interaction between stars. However, it has long been known that the 
time of relaxation for this process is of the order of 10 years for slow-moving stars in the 
vicinity of the sun,’ and therefore it cannot have had any appreciable effect during 
3 X 10° years. 

The next process that comes to mind for changing stars’ velocities is gravitational] in- 
teraction between stars and interstellar matter,’ for the latter is known to have a patchy, 
uneven distribution. According to all present estimates, the mass of an interstellar cloud 
is much greater than the mass of a star, so we would expect the clouds to have a much 
greater gravitational effect than the stars. The problem then is to find whether or not 
gravitational] interaction between stars and interstellar matter can appreciably modify 
the velocities of the stars in times comparable with 3 X 10° years. 

This problem has been studied by Spitzer and Schwarzschild, who have applied the 
formulae derived for interactions between stars and stars, by substituting the approxi- 
mate mass and velocity dispersion of the clouds for the corresponding parameters of the 


* Atomic Energy Commission Pre-doctoral Fellow in Astrophysics. 


' For a discussion of this point see S. Chandrasekhar, Principles of Stellar Dynamics (Chicago: Univer- 
sity of Chicago Press, 1942), $1.2, and the references given there. 


2 See ibid., chap. ii, and references given there. 
3 This was suggested by A. S. Eddington, Nature, 151, 91, 1943, and presumably even before that. 


* Ap. J., 114, 385, 1951. 
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perturbing stars. In their treatment, then, a unit of the interstellar matter is thought of 
as a large massive cloud, and its effect in changing stars’ velocities is calculated as if all 
its mass were concentrated in a point. 

Independently of these authors, work on the same problem had been started here from 
a somewhat different viewpoint. The interstellar matter is known to have a strongly 
fluctuating distribution, and the ‘‘edges’’ even of many of the dense clouds we see in 
Milky Way photographs are not sharply defined. With this point in mind, Chandrasekhar 
and Miinch® suggested, in their analysis of the fluctuations in brightness of the Milky 
Way, an alternative method for describing the interstellar medium. According to their 
picture, the interstellar matter is distributed continuously, but with a strongly fluctuat- 
ing density. Thus, instead of treating separate clouds as individual units, one uses on 
this picture statistical methods derived from the current theories of turbulence to treat 
the fluctuations in the density field. In particular, they assume that the density anywhere 
in the interstellar medium can be written in the form p(r) = p + 5p(r), where dp(r), the 
density fluctuation, is a chance variable with a mean expectancy zero. However, the 
mean-square fluctuation in density, 5p”, is not equal to zero, and the assumption is made 
that the correlation in the fluctuations in density at two points n and 1, 5p(71)5p(r2), is 
a function only of the distance |r — rz, between the two points and hence of the form 
F( 1, — rg ). This correlation function defines a scale length, beyond which the correla- 
tion is sensibly zero; this scale length is considerably smaller than the dimension that 
would be assigned to a cloud on the picture of the interstellar matter as distributed in 
discrete clouds.® 

Using the foregoing description of the interstellar medium proposed by Chandrasekhar 
and Miinch, we shall evaluate the effect of a fluctuating density field on the velocities 
of stars moving through it. 


Il. THE METHOD OF CALCULATION 


We shall now outline a method by which the time of relaxation for a star moving 
through a field of density fluctuations can be estimated. First, we calculate the correla- 
tion in the gravitational force at two points in the region. Denoting by K ,(r) (i = 1, 2, 3) 
the components of the force per unit mass at a point r, we consider the correlation 
K,()K ;(m2) of the force components at two different points. On the assumptions of 
homogeneity and isotropy,® the tensor can be expressed in the form 


K; (ti) Kj (tz) = a) 


where £ = m — rand A, and 42 are two scalar functions depending only on the differ- 
ence |r, — rz. We shall show how 4, and A: can be expressed in terms ‘of the function 
F(r) describing the correlation of the density fluctuations. 

Now we shall eventually be interested in finding the velocity changes of stars in this 
fluctuating field of densities. However, it is known that, in an infinite medium in which 
the forces are governed by an inverse-square law, the accelerations are infinite. This is, 
of course, not physically real but follows from the simplifying assumption that there is 
an infinite mass present; on account of the very long range of the inverse-square field, 
only the very distant regions contribute appreciably to this artificial divergence. In 
treatments of the two-body problem this divergence is avoided by imposing an upper 
limit to the volume over which contributions to the force on a star are integrated? 

In the present problem this effect of the infinite distribution of mass can be eliminated 


5 Ap. J., 115, 103, 1952. 

6H. P. Robertson, Proc. Cambridge Phil. Soc., 36, 209, 1940. 

7 See R. S. Cohen, L. Spitzer, Jr., and P. McR. Routly, Phys. Rev., 80, 230, 1950, for a discussion of 
this point. 
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in a very natural way. For we wish to compute the effect of the density fluctuations about 
the mean density, which is independent of position and therefore has, on account of its 
symmetry of distribution, no gravitational effect on the star. Now we may assume that 
there is no net mass in the fluctuation field, that is, that 


fipdV=0. (2) 


This is identically true for any distribution of mass of finite extent, and, by making 
this assumption, we remove the singularity connected with the infinite distribution of 
mass. An equivalent form of this assumption is 


(0) dp) dV =O, 


or, in terms of the correlation function F(R), 


F(R) = 0. 
0 


Now Chandrasekhar’ has shown that it is a consequence of the equation of continuity 
that the value of the foregoing integral over F(R) is constant in time, so that if it is once 
zero it will always be zero. Furthermore, this integral, which is, in fact, 27?ITo in his nota- 
tion, is proportional to the coefficient of &? in the expansion of the spectrum of the density 
fluctuation in the wave-number space (k). Thus the vanishing of this integral simply 
means that there are no fluctuations as large as the size of the system, which just means 
that the infinite mass has been eliminated in this way. 

Once we have found the force correlation tensor K ,(m)K ;(r2), we can use it to calcu- 
late the changes in the velocity of a star passing through the medium. We do this by as- 
suming the star to move, in a first approximation, with constant velocity in a straight 
line. The perturbations to this motion, caused by the fluctuating density field, are cal- 
culated. 

This procedure then gives a relation between the changes in the squares of the velocity 
components and the time during which they change, which is valid for small changes. 
The time scale resulting from this equation is then the relaxation time desired. 

It must be realized, however, that we have used a highly idealized picture of the inter- 
stellar medium. For we have, first of all, assumed the distribution of density fluctuations 
to be, in the mean, homogeneous and isotropic. We have thus specifically ignored the 
possibility of describing the distribution with height above the galactic plane of the in- 
terstellar matter, and its large-scale distribution with respect to the spiral arms. How- 
ever, it is believed that these are secondary features which can reasonably be omitted 
in a preliminary investigation of the problem. 

A more serious objection is that, in the method of calculation we have described, we 
are not allowing for the relative motions within the interstellar medium. In a theory in 
which the interstellar matter is not allowed to move, there can be no reaction on the in- 
terstellar matter of the star-interstellar-matter force and hence no possibility for the 
kinetic energy of a star to change. Furthermore, it is known from the work of Adams’ 
that the large interstellar gas clouds have peculiar velocities of the order of 5-10 km/sec, 
and presumably the dust clouds, whether or not they are identical] with the gas clouds, 
do also. 

Nevertheless, we believe that this calculation may be applied to estimate the time of 
relaxation for stars in the actual interstellar medium, for the following reasons. If one 
examines the calculations of the time of relaxation for stars interacting with stars, he 
finds that the time required for the star to change its energy appreciably and the time 
required for it to change its direction of motion appreciably are both expressed by for- 


8 Proc. R. Soc. London, A, 210, 18, 1951. 9 Ap. J., 109, 355, 1949. 
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mulae of the same form, but with numerical factors which are only slightly different. The 
dependence of both expressions on the dispersion of velocities of the perturbing stars is 
very weak, except that no energy is exchanged if they are fixed at rest and that a star 
suffers no change in energy or direction of motion if they are moving very fast. Hence, 
in the case of interaction of a star with other stars, the time required for the energy of 
the star to change appreciably can be found by calculating the time required for its direc- 
tion of motion to be sensibly changed, assuming the perturbing stars all to be fixed. By 
analogy we may assume that the same is true for the effect on stars of interaction with the 
interstellar medium, although the time calculated in this way may be somewhat shorter 
than the time of relaxation for the energy to change, on account of the large masses of 
the clouds. This is admittedly a crude procedure; but a complete theory, which would in- 
volve a very complicated hydrodynamical! problem of the reaction on interstellar matter 
caused by a passing star, seems at present both impossible on account of its complexity 
and unjustified on account of our limited knowledge of the interstellar medium. 

This paper is intended primarily to initiate a new approach to the problem in terms of 
ideas now being increasingly used in current astronomical theory. We shall apply the re- 
sult, according to the above arguments, to estimate the time of relaxation for a star mov- 
ing through the interstellar medium in our galaxy. 


Ill. THE FORCE CORRELATION 


The force correlation functions can be found from the density correlation function by 
integrating over the gravitational attraction of each element of volume. The quantity de- 
sired is A,(0)K ;(zo), and, by the standard arguments of isotropic turbulence, all compo- 
nents with? # j are zero, for they might just as well be positive as negative. Therefore, 


there are only two force correlation functions to be computed, 
K,(0) K,(29) = Ky(0) Ky(%) and (0) K, (%). 
These are related to the scalars 144 and Ag in equation (1) by 
K,(0) =A2, and K,(0) K,(%) = 22Ai+ 


We take r’ and r” as two variables of integration and write down the product of the 


forces at the two points: 
K (0) K( Zo) bp (r ) bp (r”) — |? dr'd (6) 


where dr’ and dr’’ stand for the elements of volume for r’ and 1’, respectively, and k 
is a unit vector in the positive z direction. Now the average desired is 


r’ (r” — zok) 
K (0) K (2) 6p (1’) 6p (r”) 


=G?bp {fF —r’!) -dr'dr’, 
p Jd — Zok 
If we change the variables to R = r’’ — r’ andr = 1’, with rectangular components X, 
Y, and Z and x, y, and s, respectively, we obtain 
x(X +x) 


K (0) Kz (Go) SF (R) 


and 
s(Z+2— %) 


(0) ( ) fF (R) r3 R +r 13 d Rs 
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where dr, and dra are the elements of volume for r and R, respectively. Figure 1 shows 
the vectors and the relationships between them that are used in carrying out the inte- 
grations. 

We shall now reduce the correlation K,(0)K,(z0)/G*ép* to a single integral over R. 
First we take r constant and integrate over R by ee b = zk — 1, which gives 


Kz (0) K,(%) =G?bp R) din 


We shall take, for evaluating the integral over R, a spherical co-ordinate system with b 
as the axis from which the polar angle @ is measured, and the plane defined by the z axis 
and b as the plane from which the azimuthal angle @ is measured. Furthermore, the 
spherical co-ordinates of 6 as referred to the xyz axes are polar angle y and azimuthal 
angle y. Therefore, 


X =R [sin9@ cos cos y cos — sin sin ¥ + cos@ sin y cos ; (10) 
and, integrating over ¢, we have 
K,(0) Kz fdr, - dR F(R) R? 
* sind 
0 b 3 
The two drawings of Figure 2 show these angles and their relationships to R, b, and the 
xyz axes. Then, since 6, = b sin y cos y, we have 


[R cos@ sin y cos — 


K,(0) Kz (%) = sin y cosy 


R — b 
dR F(R) sino” 


fd Tr SiN COS y 


F(R) R? __Sind (R cos@ — 6) 
0 0 


(12) 


(R? + — 2Rb cos6) 3/2" 


To evaluate the double integral, we let x = cos 0,and z = R/bin the range 0 < R < J, 
and z = b/R in the range b < R < ~; we then have 


(R — 6) 
f dR F(R)R? — cosd) 


az—1 


+ PR) fds 


The two integrals over x are easily evaluated by expanding the integrands in a series of 
Legendre polynomials; in this manner we find that they have the values —2 and 0, re- 
spectively. Therefore, 


dR FIR) R? sin6 (R cos 6 b) 
J (R?+ 62 — 2Rb cos@) 3? dR F(R) R 
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and so 


K,(0) K,(%) = dr, = Sin cos vf dR F(R) (15) 


It is simpler to integrate over b than over 1; thus, letting r = sok — band x = —b,, we 
have 


K,(0) Kz (a) = "dy siny fay f dR F(R) R? 
0 0 0 0 


= b sin? yf dy dR F(R) R? 16) 


= db of dR F(R) 


Again breaking the range of integration into two parts, 0 << 6 < and 
expanding in Legendre wes and integrating, we obtain 


K,(0) Kz (a) = dR F(R)R?. a7) 


Since the correlation function appears in the integral over R but not in the integral 
over 6, one further reduction may be made by exchanging the order of integration. This 
is an elementary integration, which gives 


(0) Ke (a) = [aR £ dR F(R) R|. 


The parallel component force correlation may be evaluated in exactly the same way. 
and the result is 


K,(0) K,(%) =—5— — dR F(R) dR F(R) R|. 
3 | f | 


0 
IV. THE VELOCITY VARIATION 


On the assumption that the star moves, in a first approximation, in a straight line 
(along the s axis), we have the equation of motion, 


or, integrating, we have 
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Fic. 1.—The vectors used in finding the force correlation from the density fluctuation correlation. 
Since the medium is assumed to be isotropic and homogeneous, the correlation depends only on the 
distance between the two points, which can therefore be chosen to lie on the 3 axis. 


Fic. 2.—The angles used in carrying out the integrations over R and r. The vectors u and v together 
with a unit vector in the direction of 6 form a right-handed orthogonal] system of axes. 


| zek 

*R-b 
| | | 
= | 
| 


TIME OF RELAXATION 171 


Here v9; = v for i = z, and zero otherwise is the initial velocity ; x; stands for one of the 
three rectangular components of the displacement of the star from its original position; 
s is the distance traveled along the z axis; and the formula applies for only small changes 
in velocity. Taking the average, we obtain 


w, 


since the force might just as well be positive as negative. 
Squaring formula (21), we obtain 


(Ss (x) Ky (y) dxdy 


Ki() Ki) = BR (|x-y|) = Ki) Ki 


where 


is the force correlation function derived in the previous section. 
By transforming to the variables « + y and x — y and carrying out one integration, 
we easily obtain the formula 


f (s —t)R; (0) dt. 
Now for finding (Az,)?, we have 


RO) = F(R) RAR + fF (R) RAR]. 


Writing 
1(s) = (s—OR (t) dt, 
| 


we have, on changing the order of integration, 


L.(s) = fr (R) R? aR f° R)RAR (s—t) dt 
+ fF R)RAR f(s at 


(27) 


F(R)RdR +> Ing fF R)RAR| 


$f 
+5f 1 (R) PRR dR. 


It is interesting to notice the behavior of this expression for small s. Since F(R) — 1 
as R—> 0, the limiting form as s— 0 is 


2 
L() f F(R)RAR. 
0 


(22) 
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Since s = of, this expresses the usual result that, in any statistically fluctuating motion, 
(Av,)* « for times short in comparison with the time required to pass through an ele- 


mentary fluctuation.!° 
However, to find the change in the star’s velocity, we want the limiting form for large 


values of s corresponding to the times required to pass through several elementary fluc- 
tuations. Since the correlation function drops to zero for distances greater than the scale 
length of the fluctuations, we have 


0 


F(R)R? (in 5 dR. 


Now, according to our assumption that the net mass in the fluctuation field is zero (cf. 
eq. [2]), we have 
F(R)RAR = 0; 
9 


and so the limiting form for /,(s) is 


ri F(R) Rin aR. 


Now the correlation function can involve R only in the dimensionless ratio R/ ro, where 
ro is the scale length of the density fluctuations, and so may be written as 


F(R) = i(F). 


Then, on account of equation (30), we may write 


3srn 
x2 inxf(x) dx. 
0 


Thus, finally, we have, from equations (24), (25), (26), and 33), 


(At)? = "| x? In wf (x) dx | 
0 


or, since s = vt, 


co 
(A x? In xf (x) dx |t. 
0 - 


Once again this is the expected result that, for long times, (Av,)? « ¢, a typical statisti- 
cal effect. 
A similar treatment gives, for the parallel velocity change, 


a 0 


(36) 


1 See, e.g., G. I. Taylor, Proc. London Math. Soc., 20, 196, 1922. 
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and the limit for large s is 


1,(s) 3s f F(R) R°dR= 0. (37) 
0 

According to these results, a star moving through such a fluctuating density field has 

its velocity at right angles to its original direction of motion increased, while its velocity 

in the original direction does not change. However, it is obvious that a star moving in a 

field of fixed density fluctuations, as we are considering here, cannot possibly change its 


kinetic energy. What happens is that Av, decreases proportionally to ¢, just enough to 
keep the kinetic energy constant in the mean. This does not appear from the anaiysis 
(see eq. [22]), because we have made the approximation that the star moves in a straight 
line and it is just the deviations from the straight line that decrease 2,. 


V. THE TIME OF RELAXATION 
The time scale in which the star’s direction of motion is appreciably changed may be 


found by substituting 2 for (Av,)* in equation (35); this gives the time of relaxation, 


v3 
=-— —, (38 


162°G? p? rl In xf dx | 
0 


-|- 


Fic, 3.—The genera! form of the density fluctuation correlation function f(x) 


It may be noted that, by the definition of the correlation function, /(0) = 1, while 
f(x) + 0as x—> ©. Furthermore, by equation (30), there must be a range of x in which 
f(x) < 0, and so the function has a form similar to that sketched in Figure 3. A density 
correlation function with a second positive wave beyond the ne,ative wave would be 
very hard to conceive of physically. For correlation functions like that shown in Figure 
@ 
3, the integral x In x f(x)dx is always negative. 

A simple formula for the density correlation function which satisfies the conditions of 

the problem is 


F(R) = (1 (39) 
37 
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f(x) =(1 -3) 


= a 
In af (x) dx= —2; (41) 
0 


For this function, 


and, in general, we may expect that in order of magnitude the integral will always be 
around — 1. It should be noted, however, that, if the density fluctuation correlation func- 
tion has appreciable values for R much larger than ro, then the absolute value of the in- 
tegral is considerably greater than 1 and the time of relaxation is correspondingly re- 
duced. This form of the density correlation function will arise if there is an appreciable 
number of large clouds that were not taken into account in the analysis from which the 
values of ro and 4p” are taken. Conversely, if the correct correlation function describing 
such a density distribution with a long tail toward large R were used, the integral of 
equation (41) would have an absolute value of the order of 1, but the value of ry would 
be larger. 


VI. CONCLUSION 


By the methods outlined above, the time of relaxation for a star moving in a fluctuat- 
ing density field may be calculated. According to the arguments of the introduction, this 
result may be applied to estimate the time of relaxation for a star moving through the 
interstellar matter in the galaxy. From the data in the paper of Chandrasekhar and 
Miinch we take 6p? = 15p?~2 & 10° gm? cm~ and ro ~ 7 psc. With these numbers 
substituted in equation (38), the relaxation time becomes 


Tp = 2.6 X 108 0 years , (42) 


where v is expressed in kilometers per second. The velocity v must be interpreted as the 
velocity with respect to the mean velocity of the interstellar matter in the sun’s neighbor- 
hood, and hence presumably with respect to the local standard of rest. Thus, according 
to this calculation, stars with velocities of 10 km,sec would have interacted for just 
about one time of relaxation during the age of the galaxy, estimated as 3 X 10° years. 
The actual value of the time of relaxation is quite sensitive to the adopted scale length 
of the density fluctuations, but it appears that, for any value of this length reasonably 
compatible with the observations, this time ot relaxation will be much smaller than the 
time of relaxation for star-star interactions and not too much greater than the age of the 
galaxy. This result then implies that the stars have begun to be affected by the inter- 
stellar matter but have not yet come into equipartition with it. 

The reason that the interaction with the interstellar matter gives so short a relaxation 
time in comparison with that given by interaction with stars may be seen by comparing 
our equation (38) with the expression for the time of relaxation derived from the two- 
body problem,” 

v3 


lp Sa NG? (x,) In[ D, &/G(m,+m,) 

Here V stands for the number of field stars per unit volume; m, for the mass of a typical 
field star; /7(.x9) is a function of order of magnitude unity depending on the velocity dis- 
persion of the field stars; and Do is the mean distance between field stars. In this case 
Nm, is the mean density of matter in the form of stars, while in our expression +/ 6p” 
is, in order of magnitude, the same as the mean density of interstellar matter. We know 
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from observational data" that in the neighborhood of the sun these two densities are of 
the same order of magnitude. The essential difference between the two expressions for 
relaxation times is thus the factor 1m, (mass of a star) in the case of interaction with 
stars and 1/r}y/6p? (“‘mass of a fluctuation’’) in the case of interaction with interstellar 
matter. It is the very large mass of an individual density fluctuation which makes the 
interstellar matter so efficient in changing a star’s velocity. 

The logarithmic cutoff occurring in the two-body analysis, In{[Dor3 (G(m, + mz)], does 
not appear in our expression but is similar to the integral 


@ 
-f x? In (x) dx, 
0 


which has the order of magnitude 1. For star-star interactions, the cutoff factor is of the 
order of In 10!°~ 25. 


I wish to thank Professor S. Chandrasekhar both for his initial suggestion of this prob- 
lem to me and for his constant encouragement and advice to me. Also I wish to thank 
the Atomic Energy Commission for support under a Pre-doctora! Fellowship. 


"G. P. Kuiper, 4. J., 53, 194, 1948. 
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ABSTRACT 


An iteration method is described for obtaining model stellar atmospheres when the temperature as a 
function of optical depth is known. This process is applied to the solar atmosphere, using an empirical 
temperature distribution based on observations of limb darkening. The total pressure, the electron pres- 
sure, and the absorption coefficient are tabulated as functions of the optical depth for different hydrogen- 
to-metal ratios. In addition, two solar models with He/H ratios of } and «'y are tabulated and compared 
with other models. 


INTRODUCTION 


For the interpretation of the profiles of the dark lines in the solar spectrum and their 
center-limb variations, it is necessary to know how the gas pressure ?,, the electron pres- 
sure P,, the local temperature 7, and the coefficient of continuous absorption «, change 
with the optical depth 7, at the wave length in question. A self-consistent set of these 
quantities detines a model atmosphere. We may suppose the atmosphere of a star such as 
the sun to be in hydrostatic equilibrium, in which event the increase in pressure with 7 is 
given by 


qP_ g 


(1) 
dr K 


Here dr is the element of optical depth in radiation integrated over all frequencies. It is 
related to the mean mass-absorption coefficient x by dr = xpdx. Further, g is the average 
acceleration of gravity in the atmosphere, and P may be identified with the total 
pressure P,. 

The value of x depends on the temperature and electron pressure, which, in turn, de- 
pend on 7. The dependence of the temperature on + must be known or assumed. One 
may use a theoretical gray-body approximation or, as in the present calculations, a 
7(7) relationship derived from limb-darkening observations. The relation between the 
gas pressure, electron pressure, and temperature involves the assumed abundances of 
hydrogen, helium, and the metals. 

Model solar atmospheres have been calculated by a number of workers.' Among the 
more recent computations we may mention those by Strémgren,? Miinch,* and de 
Jager.‘ The various models differ from one another because of the different assumptions 
about the continuous absorption coefficient, the ratio of metals to hydrogen, and the 
dependence of the temperature on 7. In our computations we shall use various hydro- 
gen/metal ratios and an ‘empirical’? dependence of temperature on 7. We shall also 
examine the influence of admixtures of helium upon the model. 


* Supported in part by Contract N6-onr-232-V with the Office of Naval Research. 


‘A. Unsild, Physik der Sternatmospharen (Berlin: J. Springer, 1938); S. Chandrasekhar, Radiative 
Transfer (Oxford: Clarendon Press, 1950). 


2 Festschrift fiir Elis Stromgren (Copenhagen: E. Munksgaard, 1940). ‘‘Tables of Model Stellar At- 
mospheres,’’ Pub. mind. Medd. Kobenhavns Obs., No. 138, 1944. 


3 Ap. J., 106, 217, 1947; 107, 265, 1948. 
4 Proc. Acad. Amsterdam, 51, 731, 1948. 
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THE VARIATION OF TEMPERATURE WITH OPTICAL DEPTH 


In a previous paper® we utilized data on the energy distribution at the center of the 
solar disk, together with limb-darkening measures, to obtain the temperature 7 as a 
function of the optical depth 7, at certain observed wave lengths \. In order to obtain T 
as a function of 7, the optical depth in the integrated radiation, it is necessary to know 
the ratio x/x, as a function of temperature. 

We assume that the negative hydrogen ion is the principal source of opacity in the 
solar atmosphere. Accordingly, we may take x, from the calculations by Chandrasekhar 
and Breen,® and compute 


c= sn Pan, a 


where the dependence of the flux ratio /,/F on optical depth has been given by Chan- 
drasekhar’ for a gray body. At large optical depths the contribution of atomic hydrogen 
to the absorption coefficient must be added. 

Following the notation of Chandrasekhar and Miinch, we may write 


K(7) [P.a, (H~) +4, | (3) 

Mur 
for a pure hydrogen atmosphere. Miinch® has calculated the absorption coeflicients 
a,(H~) and a,(Z) to an optical depth of 1.4. To a sufficient degree of accuracy we may 
use his results in our present computations, taking the values from his table with 
@ = 5040/T rather than 7 as argument. We have extended these computations to 
= 2.0. 

TABLE 1 
TEMPERATURE AS A FUNCTION OF OPTICAL DEPTH 


Tentative Fentative Adopted 
K) T(° K) 


6040°K 5860° K 
6150 

6250 
6350 
6430 
6590 
6730 
6870 
6990 
7100 
7380 


Se 


wn 


With both x and x, known as functions of T for the solar atmosphere, we now compute 
7 as a function of 7, for the wave lengths of observation: Ad 5485, 6980, 9920, and 11973. 
Since T is known as a function of 7 for each of these wave lengths, we obtain four dif- 
ferent temperature distributions which must be averaged in some manner. The 7(7,)- 
curves are closely similar and can be brought into coincidence by slight changes in the 
adopted value of x,. The temperature distribution tentatively adopted is given in column 
2 of Table 1. A necessary condition that must be fulfilled is that this temperature dis- 


5K. Pierce and L: Aller, Ap. J., 114, 145, 1951. TAp. J., 101, 328, 1945. 
6 Ap. J., 104, 430, 1946. 8 Ap. J., 106, 217, 1947. 
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0.20 5410 5270 | 1 
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0.40 | 5790 5620 2. | 
0.50 5920 5750 | 


178 LAWRENCE H. ALLER AND A. KEITH PIERCE 


tribution reproduce the observed energy flux from the sun. If 7, is the effective temper- 
ature of the sun, then 


dr, 
0 


where £2 is the exponential integral. The temperature distribution of Table 1 leads to a 
computed effective temperature which is much too high. The mean absorption coef- 
ficient, x, appears to be too small. The simplest remedy is to multiply x by a constant C. 


Then 


r'=Cf ~dn=Cr, (5) 


. 0.0 0.4 0.8 1.2 1.6 2.0 2.4 


Fic. 1.—Temperature distribution in the solar atmosphere as a function of optical depth. de J: 
Neven and de Jager; fen B: ten Bruggencate, Gollnow, and Jager. Between 7 = 0.0 and 0.2 the result is 
based on eclipse observations of limb darkening; this is then fitted to an earlier temperature distribution 
of de Jager. M-1: Miinch, second approximation for a nongray atmosphere, 72. M-2: Miinch, for gray 
atmosphere. A-P; Aller and Pierce, empirical temperature distribution, C = 1.35. (Note extension of 
scale of optical depth at top of diagram.) For the Neven and de Jager data 7 refers to the monochromatic 
optical depth at \ 5000 in Figs. 1, 2, and 4; for the results by ten Bruggencate et a/., r refers to the 
monochromatic optical depth at \ 6400, while Miinch and the present writers employ 7 as the optical 


depth in the integrated radiation. 


and C can be adjusted so that the right-hand member of equation (4) reduces to 7? when 
r’ is substituted throughout. Following the discussion by C. W. Allen,® we have taken the 
effective temperature of the sun as 5784° K. Then C is found to be 1.35, as compared 
with 1.42 derived by Chandrasekhar and Miinch. For 7, = 5713° K a value of C = 1.47 
would have given the correct flux. 

The necessity for introducing such a large correction factor is unfortunate. Part of 
this factor certainly arises from the neglect of line absorption, but it is not proved that 
all of it originates in this way. The existence of other agents of continuous absorption 
cannot be excluded. At the present time we have no means of identifying such agents. 

In Figure 1 we compare our adopted empirical temperature distribution (C = 1.35) 
with those suggested by Miinch,!® ten Bruggencate, Gollnow and Jiger,'' and Neven 


"Zs. f. Ap., 27, 223, 1950. 


10 4p. J., 107, 265, 1948. 


8 Observatory, 70, 154, 1950. 
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and de Jager. In our diagrams the abscissa, r, should be understood as ro, the mono- 
chromatic optical depth at \ 5000, wherever the Neven-de Jager data are plotted. 
Approximately, tr») = 0.727. There are advantages in calculating a model atmosphere 
with 7, as argument but our results would not have been significantly different if we 
had used 7(A 5485), for example, rather than 7. Except at the surface and at extreme 
depths, the temperature of our model is higher than in Miinch’s model. The finallyadopted 
temperature distribution is given in the last column of Table 1. 


THE CHOICE OF A CHEMICAL COMPOSITION 


Before models of the solar atmosphere can be calculated, a chemical composition must 
be adopted. The important factor is the ratio, A, of hydrogen to the metals, since the 
latter supply virtually all the electrons throughout the layers relevant to the production 
of the dark-line and the continuous solar spectrum. Strémgren and, later, Miinch carried 


| 


Log 


@ Neven- de Jeger 


15 25 


_Fic. 2,—Log of total pressure versus the optical depth for various hydrogen-to-metal ratios. The 
points for Miinch and Neven-de Jager are for log A = 4.2. 


out calculations of models for different assumed values of the ratio of hydrogen to the 
metals, namely, log 4 = 3.0, 3.4, 3.8, and 4.2, and the former has given tables of P, and 
P, as a function of temperature for different values of the parameter A. For comparison 
with the results of Miinch® and Strémgren,? we have carried out calculations for the 
same values of log A. The results are shown in Figures 2-4 and are discussed in the con- 
cluding section of the paper. 

The study of the model in which log A = 3.4 has been extended through a considera- 
tion of the abundance of helium. Models for two different values of the ratio of hydrogen 
to helium have been investigated. In the first of these, we have assumed a medium con- 
sisting of 200 helium atoms, 0.432 (iron + silicon + magnesium + nickel) atoms, and 
0.011 (sodium + calcium + aluminum) atoms per thousand hydrogen atoms. This com- 
position was used some years ago by one of the authors in discussing the atmospheres of 
Sirius and y Geminorum.” The metal atoms were thus separated into two groups with 
average ionization potentials of 7.9 and 5.8 e.v., respectively. We refer to models based 
on this mixture as He(4) models. 


UL. H. Aller, Ap. J., 96, 321, 1942. 
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More recently Miss Underhill,'’ from a study of the He 1 lines in 10 Lacertae, has 
concluded that the He/H ratio should be more nearly in the neighborhood of 315 or 3. 
This result is in harmony with the He/H ratio found by one of the authors in a “study. ol 
He 1 lines in y Pegasi. Ac ceordingly, we have computed a second model in which the ratio 


of He to 7 is taken as 55. 
The addition of helium has no effect on K/xy. Although helium contributes nothing to 


0.0 0.5 1.0 15 2.0 2.5 


Fic. 3.—Log of the opacity versus optical depth for various hydrogen-to-metal ratios. Miinch’s values 
are for log A = 4.2. 


Munch 


@ © Neven and de Joger 


2 2.5 
00 15 0 


Fic. 4.—Log of the electron pressure versus optical depth for various hydrogen-to-metal] ratios. The 
points of Miinch and Neven and de Jager are for log A = 4.2. 


3 Canadian J. Phys., 29, 447, 1951. 
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the continuous absorption, it does decrease the absorption coefficient per gram of stellar 
material by dilution. For layers of the same optical depth, the gas pressure, therefore, 
will be greater than ina star deficient in helium. We have restricted our models involving 
helium to log 4 = 3.4. It is easy to see how other models are affected by the addition of 
helium. The value of « will be depressed, P, for a given 7 will be increased, and P, will be 
but little affected. 


THE CALCULATION OF THE MODEL ATMOSPHERES 


The computation of the different models has been carried out as follows: For each 
composition we have a definite relation between ?, and P, governed by Saha’s equation. 
The continuous absorption coefficient may be written as 


= BC (H-) +a(H)}. (6) 


In this equation @ is the fraction of the total weight contributed by H, and it is set equal 
to 1 for the atmospheres consisting only of 7 and the metals. The factor (1 — xx) gives 
the fraction of H atoms that are neutral; throughout the relevant layers hydrogen is 
nearly all neutral. 

Since k = f(P., 0) and P, = P,(P., 4), we can plot k = x(P,, 4). Thus, from equation 
(1), we write 

g 

> 

6) dr. (7) 


Multiplying by ?, and integrating, we get 


P 
2— 
2g f- dr 


dr 
The differential quotient dr/d@ is computed once and for all, and the integrations are 
carried out with respect to @ rather than with respect to 7. The iterations then converge 
quickly, chiefly as a consequence of the fact that the dependence of P,/x(P,, 6) on P, is 
not sharp, especially at large values of 6. For example, when @ = 1.0, log P,/« changes 
by only 0.3 when log P, varies by 1.5. 

To get-an initial approximation, let us suppose that all the metals are singly ionized, 
then 


? 
P, (9) 


A(1+D)’ 
where D is the ratio of the number of helium to the number of hydrogen atoms. Here 
D = 0.20 for the He (4) model, 0.05 for the He (345) model, and 0 for all other cases. 
Continuing the first approximation, we let 
xk = BC —a(H-) 
and 


dP, = BCP, dr. 


Substituting dP, in equation (7), and integrating we obtain 


PO) = A ( 1+ D) 2 
BCP, a(H-) 


: 
4 
(8) 1 
4 
5 
(11) 


TABLE 2 
MODEL ATMOSPHERES 


Loc A=3.0 Loc A=3.4 Loc A=3.8 


| | | | 
log Py log Pe log x | log Py | log Pe| log x | log Py | log Pe| loge | 1 


7 0.18 | 9.17 | 3. 8.95 | 3.72 | 9.81 | 8.81 
0.32 | 9.30 8.95 
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Log A=3.4, AND #5 He 


log x | log Py | log Pe 


COW 
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| 
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| | | | 
Loc A=4.2 
| og | log Pe | log 
0.01.. | 3.3 8.60 
0.02....| 3.6 8.75 
0.06. . | 3.87 | 0.68 | 9.59 | 4.04 | 0.50 22 | 0.31 | 9.21 | 9.04 
0.08. . 3.96 0.78 9.65! 4.13 | 0.60 31 | 0.41 | 9.29 | 9.13 
0.10... | 4.02 | 0.86 9.70 | 4.19 | 0.67 36 | 0.48 | 9.34 | | 9.17 
6.15... 4.10 | 0.99 | 9.77 | 4.28 | 0.79 | 1 | | 9.26 
0.20... 4.17 | Mp7 | 9.81 | 4.35 | 0.88 | 7 | 9.33 
0.30... | 4.26| | 9.88] 4.45 | 1.02 | 9.46 
0.40... 4.34 0 | 9.93 | 4.52 | 1.12 9.58 
0.50... 4.41 | | 9.98 | 4.57 | 1.22 | 06 | 9.68 
4 0.60....] 4.45 3} 0.01 | 4.62 | 1.30] 18 | 9.76 
i 0.70....| 4.49 | HO | 0.04] 4.65 | 1.36 | 28 | 9.83 ; 
0.80... 4.52 | HBS | 0.07 | 4.68 | 1.43 36 | 9.89 
; 0.90. 4.55 | )} 0.10} 4.71 | 1.49 | 44 | 9.95 
1.00. . 4.57 | | 0.12 | -4.73 | 1.55 | .52 | 0.00 
4 1.20.. 4.61 | | 0.17 | 4.77 | 1.65 | .65 | 0.11 
1.40... 4.65 | | 0.22 | 4.80 | 1.77 | .77 | 0.19 
1.60.. 4.68 | | 0.27 | 4.82 | 1.86 .88 | 0.27 
1.80....| 4.70 | | 0.33 | 4.84] 1.95 98 | 0.34 
2.00....| 4.72 | 0.38 | 4.86 | 2.03 .07 | 0.40 
2.50....| 4.77 | | 0.52 | 4.89 | 2.20 | .26 | 0.54 
TABLE 3 
4 MODEL ATMOSPHERES WITH HELIUM 
| he | log « 
O01. .98 | 8.87 
15 9.02 
0.04..... 37 | 9.21 
0:06... 52 9.31 
| 0.08..... 
0.60.....| 
0.70. 
0.80... 
90... 
20... 
60.0... 
24 
30 
42 


MODEL SOLAR ATMOSPHERES 183 


This gives us our starting value of P,. With an initial estimate of P\® available for each 
9, we may compute the corresponding P,. Then, with P, and @ given, «(P., 6) can be 
found, and the product 
2gP, dr 
K(P.,6) 
computed. The integration of this quantity (see eq. [8]) gives P{!, and the process is 


repeated until two successive operations give the same dependence of P, on 7. Conver- 
gence is usually very rapid. 


. Muncn (Log a+3 4) 


5 2.0 


Fic. 5.—Log P, versus 7 for various He content. Log A = 3.4 
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Fic. 6.—Log & versus 7 for various He content. Log A = 3.4 
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COMPARISON OF THE MODEL ATMOSPHERES 


The results of the integrations are given in Tables 2 and 3 and are compared with the 
results of others in Figures 2-7. Table 2 gives, for optical depths 7 in the interval 0.01- 
2.50, the values of log P,, log P,, and log «x for four different ratios, 1, of hydrogen to 
metals. The four models of Table 2 are defined by the values of log A = 3.0, 3.4, 3.8, and 
4.2. In Table 3 we have tabulated the results for two helium models in which log A = 3.4 
and the ratio of He/H is 4 and 45 by number of atoms. 

Figure 2 shows the relation between log P, and 7 for log A = 3.0, 3.4, 3.8, and 4.2. 
It should be pointed out that, for a given optical depth and composition, Miinch’s pres- 
sures are systematically greater than ours, as are also those of Neven and de Jager." 


3.0 


Minch (Log A*t3 4) 


00 


0.0 0.5 1.0 T 1.5 2.0 


Fic. 7.—Log P, versus 7 for various He content. Log A = 3.4 


Similarly, Miinch’s values of log x are smaller than our own (Fig. 3), but the electron 
pressures are closely comparable (Fig. 4). In Figures 5-7 we have illustrated the de- 
pendence of log P,, log x, and log P, upon 7 for models with helium-to-hydrogen ratios 
of 0, 545, and 4. The helium models are all computed with log A = 3.4. The intluence of 
helium is strongly felt by an increase in log P, and a decrease in opacity as greater 
amounts of He are added to the atmosphere. The effect is small on log P,. 

The detailed variation of log P,, log P., and log x with 7 depends markedly not only 
on the assumed chemical composition but also on the temperature variation. Hence, on 
the observational side, efforts should be made to obtain an improved temperature dis- 


tribution for the solar atmosphere. 


The authors wish to express their thanks to Mr. William Potter and Mr. Edwin Den- 
nison, who assisted with the numerical calculations. 


13, 291, 1951. 
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ABSTRACT 


The equation of transfer for a spectrum line has been obtained, following earlier work by Strémgren, 
for lines arising from the level m = 2. Certain cyclic processes have been taken into account. The solu- 
tions of the equation of transfer for a point in the line and a point in the neighboring continuum are 
written down following the work of Chandrasekhar. Criteria for the appearance of emission at any 
point in the line are obtained and discussed. The results are compared with those obtained by Miss 
Underhill. The theory is applied numerically to calculate the condition for emission to appear at the 
centers of the Balmer lines Ha, H8, and Hy under a chosen range of stellar temperatures and electron 
pressures. The simplifying assumptions have been made that the line center is produced in the surface 
layer of the atmosphere and that Stark effect is not important here. The results show that at high 
temperatures the condition for emission in terms of the departure of the atmosphere from thermodynamic 
equilibrium will not be difficult to fulfil. It is also found that the condition for emission is relatively in- 
sensitive to the values of the coefficients of line absorption, continuous absorption, and electron scatter- 
ing, corresponding to a wide range of stellar conditions. 


I. INTRODUCTION 


The well-known problem of the condition for the formation of emission lines in stellar 
spectra was first formulated by Schuster! in 1905. He showed that lines formed by ab- 


sorption as distinct from scattering, in an atmosphere in which continuous scattering 
as well as continuous absorption was present, could appear in emission if the temperature 
gradient were small. 

In 1928 Milne? returned to this problem, using his approximation to the solution of 
the equation of transfer. He distinguished between, and treated separately, the forma- 
tion of a line by pure scattering and that by pure absorption. In the former case he 
showed that emission-line formation was not possible; here he pointed out that cyclic 
quantum transitions were not formally equivalent to monochromatic scattering and 
hence did not enter into his problem. In the latter case he reached the same conclusions 
as Schuster, but from numerical results he showed that the condition for the occurrence 
of emission demanded a value of the continuous scattering coefficient much larger than 
any to be expected under the physical conditions prevailing in a stellar atmosphere. 

In a recent paper Miss Underhill,’ in a discussion of transfer problems in an atmos- 
phere with continuous scattering and continuous absorption, reconsidered the two cases 
of Milne. She confirmed Milne’s conclusion concerning lines formed by pure scattering 
but pointed out that his conclusion regarding lines formed by pure absorption depended 
on the approximations made in his solution. She showed that strong lines formed by 
“pure absorption” in a hot stellar atmosphere, taking into account electron scattering, 
could be in emission if the temperature gradient in the atmosphere were small enough. 

In this paper an attempt has been made to obtain conditions for the occurrence of 
lines in emission which will apply over a wide range of stellar temperatures where lines are 
formed under conditions intermediate between “pure absorption” and “pure scattering,” 


* Agassiz Fellow. 2 M.N., 89, 3, 1928. 
14p, J., 21, 1, 1905. 3 Ap. J., 110, 340, 1949, 
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i.e., lines which are formed by a combination of coherent scattering and cyclic transitions. 
With appropriate modifications the condition obtained is applicable generally, but here 
only residual intensities at the centers of the first three Balmer lines of hydrogen have 


beén considered. 


II. DERIVATION OF THE EQUATION OF TRANSFER FOR LINES WHOSE 
LOWER LEVEL IS GIVEN BY n =2 


The analysis here is derived by modifying the discussion by Strémgren‘ of the forma- 
tion of resonance lines in the solar spectrum, and it is given briefly, since it follows 
Strémgren’s work closely. 

We consider the number of ways of populating and depopulating a level k (> 2) as 
follows: 

1. Transitions to and from the ground state, 

2. Transitions to and from level m = 2, 

3. Collisional excitation from, and de-excitation to, the ground state, 

4. Collisional excitation from, and de-excitation to, the level n = 2, 

5. The capture of free electrons into level k by the ionized atom, and the radiative ionization 

of the neutral atom in the &th excited state. 


Other ways of populating and depopulating have not been considered. Now let 
= Actual number of atoms in the pth state. 
= Number of atoms in the pth state under conditions of thermodynamic 
equilibrium. 


4x1, 4x2 = Probability coefficients per unit time that an atom pass from state k to 
states 1 and 2, respectively, with the spontaneous emission of radia- 
tion. 


bis, big = Probability coefficients per unit time that an atom pass from state k 
to states 1 and 2, respectively, with the emission of radiation, induced 
by the radiation field. 


b,x, b2, = Probability coefficients per unit time that an atom pass from states 
1 and 2, respectively, to state k, with the absorption of radiation. 


Ciky Cok, Cit, Cx2 = Probability coefficients per unit time that an atom pass from states 1 
tok, 2 tok, k to 1, and k to 2, respectively, as a result of collisions. 


Cyx, Ciy = Probability coefficients for capture and radiative ionization, respective- 
ly, into and out of level k. 


C}}), CLP = Corresponding capture and ionization coefficients into and out of level 
k for a state of thermodynamic equilibrium. 


hv, hv’ = Energies released in the transitions k to 2 and & to 1, respectively. 
BT), B,(T) = Planck intensities at frequencies and v’. 


J,, J, = Mean intensities at frequencies v and v’. 


We define the quantity ~ such that: 


Ny p 


‘Zs. f. Ap., 0, 237, 1935. 


| 
| 
(1) 
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Then, by equating the number of populations to the number of depopulations, we 
obtain the equation of statistical equilibrium: 


Jv +N Jy + Ni cut 
= (Gia + + + + Cert C2 +Cis) 


It should be remembered that the terms V,d,,J,: and N,dj2J, (the stimulated emissions) 
act like “negative absorptions,” since they are directional. However, it is convenient to 
keep these terms on the right-hand side of the equation. 

Now we have (cf. Strémgren, op. cit., eqs. [24] and [27]) 


(T) = dirt (T) }, 
N2by,B,(T) = { dia + (T) 


and 
(0) 


Cre = Cy, = 


(9) 
Crs, 


where 
(9) 


_ Cis 
Cus (5) 


(the suffixes occurring in £; and &, refer to ions and electrons). If we neglect the terms 
involving collisional excitation and de-excitation, we then have 


(aut +52 (dia + +2. 
(dirt Div’) + (dia + 


or 


Ex (&1/ &2) By’) (dia + Bo’) + Br) (dia + + (E1/ £2) 


Now the equation of transfer in the line having frequency »v, including continuous scat- 
tering in addition to continuous absorption, will be: 


where k,, ,, and o represent the continuous absorption coefficient, line-absorption coefhi- 
cient, and continuous scattering coefficient, respectively, and j, is the contribution to the 
emission provided by scattering from the line transition -2.We can w rite j? = o! BT), 
the corresponding value in thermodynamic equilibrium, and then: 
.(0) 
| = 
Since o, can be written 
) 
Or, = 


in the same notation, then 


ovBy(T). 


If we substitute equation (8) in equation (7), we get 


: (3) 
4) 
| 
pe 
i 
he 
on 
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We shall now substitute the value of &/& given by equation (6) in the equation of 
transfer. The resulting equation will not, however, reduce to the simple form derived 
by Strémgren because of the additional terms in J,,,’ and B,, ,” due to the stimulated 
emissions. In order to obtain a form of the equation of transfer which can be solved, 
approximations must be made. We shall treat the stimulated emissions as numerical 
corrections to the spontaneous emissions. 

We could now let B, and B,’ be the Planck intensities corresponding to a temperature 
7) and J, and J,’ be the intensities corresponding to black-body radiation of temperature 
7, diluted by the factor W. This gives 


+ By = ayy} 1+ 


and similar expressions for the transition k-2. We should then need to assign values 
to Ty, T., and W, and the most reasonable would be that 7 is the boundary tempera- 
ture of the star, 7, the effective temperature, and W the dilution factor depending on 
the angle subtended by the star at the point in the atmosphere under consideration. 
However, it is not possible to assign unique values, independent of frequency, and 
therefore, since further approximations will be involved in any case, we shall put 
We’ ‘kT, 1) (e” ED, 1) —1 
and a similar equation for the frequency v. Then 
Jy’ ne '/kT 1 J» 


We will now put 
[1+ (em — 1) + aye (14+ — 


The substitution of equations (6a) and (9) in the equation of transfer gives 


Cry 


By’ 


It is possible to arrive at a similar equation by making different approximations if 
we return to the equation of statistical equilibrium (2) and treat the stimulated emis- 
sions as negative absorptions. Then we have, neglecting collision terms, 

N, We (o) R 

Nib (1- Nobu (1-32) J, (Ge + 

1k Ni Ni& + tk k ( mat kf 


where @,, 2, and a, are the statistical weights of the states 1, 2, and &, respectively. 
By the same reasoning as before this leads to 


B (1 


ad a = 
By’ (1—e WT, 


On, 


(6b) 


i 
i 
| 
4 
| 
(10) 
| 
| 
= || 
$2 
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In order to reduce this to the same form as previously, it is necessary to put (&/£) = 
(/&) = 1 in the small terms on the right-hand side of equation (60). We then derive 
the equation of transfer as given by equation (10) if we put 


Cry 
= (9a) 
+ + Cry 

This is the same result we should get by neglecting stimulated emissions altogether, and 

it seems to us that the former approximation is to be preferred. 
By following the work of Pannekoek® on ion and electron concentrations in an atmos- 
phere which departs from conditions of thermodynamic equilibrium, in which it is 
assumed that ions and free electrons come predominantly from ionization from the 


ground state, it is found that 
= Cis (11) 


min)? 
£1 


so that, from equation (5), 


Cy Cop 
Cip Cas” 


If we return to equation (10) and write 


and also make the approximation 
By _ 
B's 
the equation of transfer becomes 


( 1—«€) ov} Ju — (xe +0'eor) By 


(cf. Strémgren, op. cit., eq. [37]). 
If £,/& becomes small for considerable departure from thermodynamic equilibrium, 
it is probable that equation (14) is no longer valid and that 


In this case, if we combine the coefficients of o, J, in the second and fourth terms on the 
right-hand side of equation (10), the equation of transfer can be rewritten: 


=(xn+o+0) L— {ot B, (15a) 


where 
e<e and =(Q'e. (16) 
Cillié® has shown that the probability for ionization of an atom from state x is given 


by the formula 
where Ei(x) is the well-known exponential integral, and x, is the ionization potential 
from level n. Strémgren‘ has shown that 
Cy _ Ki (x1/ kT ) 


CO ~ Ei kT) 


§ B.A.N., 3, 207, 1925. 6 M.N., 92, 820, 1932. 


| (12) ae 

an aa) 

= 1. (14) Bice 

dl ‘ 

pas 

Jn 

dl, 

dz 
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where 7 is the actual temperature corresponding to the radiation field, 7» is the local 
equilibrium temperature, and W is a dilution factor by which the right-hand side of 
equation (17) must be multiplied to give the ionization probability in a stellar atmos- 
yhere. 

The analysis here will be confined to the conditions at the center of a spectrum line, 
which we will assume is formed in the surface region of the atmosphere. In this case 
7 is equal to the assumed boundary temperature, and T = T,, W = 3. For W < 3 and 
a fixed value of TJ, 7, will increase. Hence Ei(x,/k7.) will increase as W decreases. 
The effect of this on the value of C\y computed for a stellar atmosphere is shown in 
Table 1, in which Ei(x1/kT,)W is evaluated for a series of boundary temperatures under 


TABLE 1 
VALUES OF Ei(x1/kT.) 


| | 
Ts | | Ei(x1 /kTe)W X 108 
| 


(a) (b) 

10,007 K.......-| 0.013 0. 296 

2.98 10.50 

53.57 70.03 
28,000. ... 97.34 | 104.5 
139.9 133.2 
34,000... 256.5 143.9 
42.000... | 624.1 365.9 


two approximations: 
(a) W=1 Ty = (V3/4)!4T7,; 


(b) W is = 


Using equation (18), equation (12) becomes 
Ei (x1/ AT) Ei (xx/ kT) 


Ei (x1/ kT) Ei (xx/ kT.) 
Now in equation (15), Q’ involves the unknown term &,/£, and hence it cannot be ac- 
curately determined. However, if conditions do not depart far from thermodynamic 


TABLE 2 
VALUES OF Q’ FOR Ha, HB, AND Hy 


To | O(Ha) | | 
28,000...........| 2.68 | 2.94 299 
30,000... 4 2.81 
42/000 2.01 | 2.08 | 2.13 


equilibrium, so that we can make the approximation that £/& = 1, Q’ can be calculated. 
In Table 2, values of Q’ are given, calculated under this approximation from equation 
(19), for the lines Ha, 18, and Hy for several boundary temperatures. 

For large departures from thermodynamic equilibrium an additional factor will enter. 
The level & will be populated by electrons cascading into it subsequent to capture into 


‘ 
} 
— 
| 
i 
: 
i 
| ) 
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levels n (> k). To take account of this, it will be necessary to include an additional 
term in the left-hand side of equation (1) of the form 


@ 


= where 


Equation (6) then becomes 


i=k+1 


Js 


Under these conditions Q’ in equation (15) is replaced by 


lor 
+ 


and equation (16) becomes 


> 
imk+1 


QO € -\0 (16a 


Thus it is seen that strong departure from thermodynamic equilibrium results in an 
effective increase in the value of ¢ over the value given by equation (9). A second conse- 
quence is that (Q’ is increased by the term 


Ill. THE EVALUATION OF THE RESIDUAL INTENSITY AT A POINT IN THE LINE 


If we write 


b= pds 


and put 


equation (15) becomes 


This equation can now be written in the form used by Chandrasekhar.” Assuming that 
B, is a linear function of 7,, we make the following substitutions: 


) ) 
By =By +B) 
B, = D,B, 
? Radiative Transfer (Oxford: Clarendon Press, 1950), chap. xii. 


= 
. 
( co \ 
9 
$2 
: 
he 
: 
@ 
i=k+1 
wae 
N (0) 
ENC, f 
(20) 
(23 
) 
(24) 
% 
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where 


Ky + ¢ er Oy 
D, = (25) 


Ky + 


Here B! and B!” are constants introduced by Chandrasekhar (oP. cit., p. 322, eq. [22]). 
It nit Mop it 


(26) 
(1+e7') 


Ne 
(ky +a) 


It will be assumed in the following analysis that D,, \, ©, and n) are independent of 
depth in the atmosphere. 
Using equations (24) and (26), equation (22) becomes 


Equation (28) is exactly similar to that of Chandrasekhar (ibid., p. 322, eq. [24}), 
except for the substitution here of B/ for B, and n; for m,. Hence the solutions of this 
equation given by Chandrasekhar can be taken over directly. 

The emergent flux at frequency » is given by (ibid., p. 327, eq. [70]) 


2 3/2 ( (o)’ 


(here the suffix » has been dropped), a; and a2 are the first and second moments of the H 
function defined by Chandrasekhar and have been tabulated for the argument d (idid., 
p. 328, Table 23). 
By putting 0, = 0 in equation (21), we obtain 
Ky 
Ncont (30) 
Ky + Oo 


Using equation (30), it is found that the emergent flux in the continuous spectrum at 
frequency v is given by 


wh 
1/2 1) 2 


Hence the residual intensity at frequency v in the absorption line is given by: 


2 
1 


j 


where 
| 
| 
| 
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and the condition for emission is 
(33) 
In order to put equation (32) in a form convenient for computation, we make the 
substitutions: 
(34) 


and 


Then, using equations (25), (21), (30), and (27), we have 


By substitution of equations (32), (36), (37), (38), and (39) in equation (33), the condi- 


tion for emission becomes 


3 


) (40) 


0 2 
b (ai)cont) 


+ 


The approximation 7 >> 1 is valid over the range of values that we shall investigate 
numerically. In this case condition (40) becomes 


9 


as ay ( p (l—e) a 
Bi n(l+en) 2 


(14+0'en) ; 
+ Oen (i ten)? 


~ ( p ) ( p ) 


0 
35) Ve 
) ks 
1+0'en 
D 36) 
1 +en : 
1 +en 
(37) 
{+ntl/p 
p 
pt 
p 
+en’ =( (1+e7). (39) 
p+1 
L 14+1/ptny 25 pt+1 
4 
Bo 
—y) > -Ow), (41) 
- 
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where 


= Qi)cont n'2(1+en)! 
( 


Criterion (41) can be further simplified under the conditions ey > 1, p > 1, and under 
other intermediate conditions (e.g., ey not >| 1, p> 1). 
We have the following relationship (cf. Underhill*): 


= kK(1+ (47) 


and 6, measures the departure from grayness of the atmosphere. If we write, as a first 
approximation for the temperature distribution of the atmosphere, 


(46) 


where 


(1487) 
then, by differentiation, 


dT 37, 


dr T=0 


Substituting equations (35), (47), and (49) in equation (46), we get 


kT 
hv 


If we let 
(1 — 


=K, 


the condition for emission (41) becomes 


wa 


where 


A better approximation to the temperature-distribution function through the atmos- 
phere is that given by Chandrasekhar (0. cit., p. 296) in the form 


+c}, 


(43) 
(44) : 
| 
| 
t 
,-23 
xK 8’ 
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where 


and c is a constant defined using the weight functions introduced by Chandrasekhar. 
Differentiating equation (53), we obtain 


+(32). Alt 


and substitution of equation (54) in ty, (46) gives 


kT) 4 =. 1+(5! t ( 


If we use equation (55) in equation (41), the more general condition for emission is 
obtained, namely, 


In Section V we shall obtain conditions (52) and (56) in numerical form for the centers 
of the lines Ha, H8, and Hy formed in atmospheres having various temperatures and 
pressures. 


1V. THE EFFECT OF € AND Q’ ON THE RESIDUAL INTENSITY IN THE LINE 
Referring back to the equation of transfer (15) and the expression for the residual 


intensity in the line (32), we see that there are six cases which can be treated formally 
by allowing 1/p, e, and Q” to take the following values: 


(a) = e= 

(b) 

(c) =0, O<e<!, 
e=0; 


195 
(54) 
where 
xK 4 
and 
/ 
K 4 i 
Q’ =1; 
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The quantity Q’ enters into the equation of transfer only in the term eo, BO’. Conse- 
quently, when € = 9, OQ’ vanishes from the equation of transfer. 


and from equation (27), 7 = ’ Hence, using 
g 


a) From equation (38). = 


equation 32). we obtain 


sin 
and 


| from the table given by Chandrasekhar. Further, using this table of moments, it can 


easily be shown that, if we write 


f ON) = a,+ 


and 


61) 


with decreasing values of 2. 
(58) 


then and are both functions which decrease 
Now BO /BO > 0, and the maximum values of a; and a are given by equations 


and (59). Consequently, since in equation (57) ¥ < 1, it follows that 


j no emission is possible. 
\ Miss Underhill’ of a line formed by pure s¢ attering 


This case is exactly that treated b 


with o 


b) Here as in case (a), Acont = 1,97 = y’, and, from equations (32), (58), (59), (60), 


and (61), we obtait 


fo) [BO/BO | 


(62) 


It follows, therefore, in the same way as for case (a), that 


i.e., no emission is possible. 
By putting « = 1, we obtain the case of a line formed by pure absorption, treated by 
Miss Underhill. Now for pure absorption involving the atomic transition, for example, 
between levels 1 and 2, none of the absorbed radiation is re-emitted in the transition 
2-1. That is to sav, the second level is depopulated only by upward transitions to higher 
discrete states or by collisions (not considered here). However, it is not satisfactory to 
« to depart considerably from zero in this way and not to consider the effect due 
to O's being greater than unity, for the conditions will obviously depart strongly from 


normal atmospheric conditions and the number of free electrons and ions must be large. 


| 
a» 
| F 
| 
| 
i 3 2 [B | | 
1 
| 
F cont 
| 
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c) Here again Acont = 1, 7 = 7’, and 


F Di 


and the condition for emission is given by equation (41), where 


(a1) cont 


are substituted in equations (42), (43), (44), and (45). This is a limiting case for the low 


end of the stellar temperature scale treated numerically for Ha, H8, and Hy in the fol- 
lowing section. 


d) Here continuous electron scattering is taken into account, and 


p+1+ pn’ 
/ p) + OO (BO7B 
F, ({p+ 1] p) \ con fo (Xeont) 
Now < fi(Neont) and fo(A) < fe(Aeont)- Therefore, it follows that 
i.e., no emission is possible. 
Case (d) is the case treated by 
with electron scattering present. 
e) Tere 


Miss Underhill for a line formed by pure scattering 


p+ pen 


»>+1+ py’ 


It follows that 


‘p)(1+en) + fo(d) [BO 


11/8) fi + f2 Neont) 


and, for emission, 


2 (Xeont) >( p 1 Keont) 


Since BOBO > 0, the left-hand side of this inequality will be negative unless A > Aconty 
or, using equations (21) and (30), unless 


» 


(66 


97 
197 = 
ee 
= G2/cont ~ 3 
ue 
: 
ay i : 
| 
64) 
a 
3 
p 
Pq 
is 
) 
AS 
€- | 
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Miss Underhill’s case of lines formed by pure absorption, with electron scattering 
present, fulfilled condition (66), since her case corresponded to the value ¢ = 1. 

It is thus possible for the emission condition to be satisfied in this case, the most 
favorable circumstances being when B\ /B© and 1/p are large. 

f) This is the most general case and the condition for emission is given by equation 
(41). It will be applied numerically in the following section. 


V. THE RESIDUAL INTENSITIES IN THE BALMER LINES Ha, HB, AND Hy 


If the boundary temperature, electron pressure, and the constituents of a stellar 
atmosphere are specified, the atomic coefficients o,, x,, and o can be calculated at any 
wave length. 

The value of € under given conditions can be calculated from equation (9), since 
Ciy, dix, and aj2 can be evaluated or are tabulated for k = 3, 4, and 5; the error intro- 
duced by using equation (9) for large departures from thermodynamic equilibrium has 
been discussed qualitatively in Section IT. 

The quantity Q’, as given by equations (13), (16), and (16a), is more difficult to 
determine and will be considered an unknown quantity in equations (52) and (56). 
From equation (52) a numerical relationship is then obtained in which the unknown 
factors are 6, and Q’. From the more general case represented by equation (56) a numeri- 
cal relationship is obtained between 6,, (dqg/dr),;-o (which effectively measures the 
temperature gradient at the surface), and Q’. 

The temperature range 10,080°-42,006° has been taken to cover stars of spectral 
types in the range AO-O. Two electron pressures, ?, = 4 X 10°? dynes and P, = 4 X 10° 
dynes, which were used by Miss Underhill® to represent giant and dwarf characteristics, 
have been used. The constituents of the atmosphere were taken to be hydrogen and 
helium in the proportions 85:15 by number. The small amounts of other elements 
do not contribute appreciably to the atomic coefficients and consequently have been 
ignored. These proportions were used in the construction of a model atmosphere by 
Miss Underhill® for a hot star, so that some parts of her calculation of the atomic co- 
efficients could be taken over directly. 

The proportions of hydrogen and helium aré such that 1 gm of star material contains 
0.585 gm of hydrogen and 0.415 gm of helium. It then follows for the mixture that the 
continuous absorption coefficient per gram of star material is given by 


= 0.585 (1—x,) (H) +0.415 (1—4y, 1) (He 1) 
+ 0.415 (xy, 1) ky (He 1) 


(67 


in the usual notation. Here xy, XyHe1, Xue May be calculated for the various values 
of temperature and electron pressure from the ionization equation. 
The absorption coefficients for hydrogen and ionized helium are given by 


FH) D(H) 
us 


9, 10 


ky (H) = (1—-e*), 


F(Heu) D(He 
8 Pub. Dom. Ap. Obs. Victoria, 8, 385, 1951. 
° Pub. Copenhagen Obs., No. 151, 1950. 
‘A. Unsild, Physik der Sternatmosphiren (Berlin: J. Springer, i938), p. 117. 
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where 
hv 
kT’ 
6473 m (4) 


3V3 chimy 


ul 


F(H) = 


6474 me! 
F(Hen) = 3 V3 ch?mu, 


(He 11) (He 1) 


9 u.. ( 
D (He i) =, + (Hen) 


“, (Hen) = ——, (76) 


The terms taken in the summation x = 3 to n = 9 in equation (72) are sufficient to 
enable &, (/) to be calculated for the range 3646 < \ < 8204 A, within which lie the 
lines Ha, HB, and Hy. In equation (74) the summation is taken from n = 5, for HB 
and Hy, and from x = 6 for Ha. Values of F(U)D(H) and F(He 11)D(He 11) were 
taken from Tables 1 and 2 of the paper by Miss Underhill’ for boundary temperatures 
greater than 25,200°. 

Atomic-absorption coefficients are available only for neutral helium for continua 
from levels 1'S, 2!S, 2°S, 2'P, and 2*P; but, since the wave length for 2'P, the highest 
level, is 3682 A and we are concerned with wave lengths greater than this, we have used 
the hydrogen-like approximation,’ in which 


“eff 


[> (7 


1 
ke (Het) =——-(1-e) 
M ite 3V3 ch® 2uy 
The mean value of Z.;.; for 2 = 3, 4, and 5 has been used. 
The coefficient of electron scattering, a, is given by 
0.585 0.415 


He 


where o, is the Thompson scattering coefficient per electron. 
The line-absorption coefficient, o,, per gram of star material, corrected for stimulated 


emission, is given by 


, (79) 


It will be seen that we have not taken into account the Stark effect in the computation 
of o,. However, for high temperatures the line-absorption coefficient is given predomi- 
nantly by Doppler broadening and damping of the dispersion type.’ In the computation 
below we shall be concerned with residual intensities at the centers of the Balmer lines 
Ha, HB, and Hy arising in the surface layer of the stellar atmosphere. It is difficult to 


(70) 

: (71) 

ree 

(72) 

(73) 

1 Ryhe 
u,(H) (75) 

n> kT 

| 
(78) 

mc Mp 
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estimate the error in o, due to neglect of Stark effect at the line center for the lower 
temperatures without a detailed calculation, but we assume that it will be small. Here 
N is the number of atoms in the lower level of the transition, Avp is the Doppler width 
of the line, and H(a, v) is the broadening function of the line defined by 


a 
4. 9) (80) 
H (a, v) 8 


For the center of the line » = 0, also a = y/(42Avp). Values of H(a, 0) have been taken 
from the table computed by Harris." The absorption-line f-values have been taken from 
the tables of Menzel and Pekeris,” and values of y from Condon and Shortley. 

In order to obtain intermediate values of \ from the table of Chandrasekhar, (a) for 
values near to unity, a; and a» were plotted against A, and values were read off the result- 


TABLE 3 


VALUES OF € 


Ila Hy Hla 
10 080° K 0 008 0.018 30 000% K 0.038 0.045 0.042 
16,800 020 029 34.000 O42 O48 O45 
25,200 032 O38 42 0. O48 0.054 0.050 
28 ,000 ‘ 0.035 0.041 


TABLE 4 


INEQUALITIES FOR Ha 


pby/|p +1+4,) 
P. =4 10)? 
OSO° K 
S00 
5,200 
000 
000 
34,000 
$2 000 
P,=4xX 10° 
10,080 
16,800 
25,200 
28 
30000 
34,000 
4? O00 


0002 | 1505. /151+6, 
0005 | 20 6,/21+46, 

0008 | 5 6.4+4, 
4.8+6, 
4.2+-6, 
3.7+6, 
6+6, 


0.0002 
0004 
0007 
0009 
0010 
0017 
0055 


by 


0010 3.8 
0012 
0020 
0064 


0002 

0005 

0007 55+-56, 

0008 39+6, 

0009 31 6,/32+4 

0012 23 6,/24+ 6, 
0.0042 6./17+6, 


0004 
0006 
0007 
0008 
0010 
0 0036 


Ap. J., 108, 112, 1948. 
12 1f.N., 96, 82, 1936. 
18 Theory of Atomic Spectra (Cambridge: At the University Press, 1935). 


| 
| 
q 
fe 
) 


EQUATION OF TRANSFER 201 


ing curves; (6) for values near 0, a; and a2 were plotted against \'*, and these curves 
were used. 

Numerical values of ¢ were determined by using equation (9). The coefficients ay; and 
@,2 were obtained from the tables of Menzel and Pekeris,’ and the photoionization 
probabilities from equation (17), using a dilution factor W = }. These values are given 
in Table 3. 

In Tables 4, 5, and 6 both sides of the inequalities (52) and (56) are given for Ha, 
HB, and Hy. 

TABLE 5 


INEQUALITIES FOR H8 


| (Q’-y/x) (s’-w'Q’) | (1495, 


| pb,/lo+1+dy] 


— 


642 6,/643+-6, 
100 6,/101+4-6, 
26 6»/27+6, 

18 6,/19+46, 

15 6,/16+6, 
12 6,/13+46, 
9 6,/10+4, 


TABLE 6 
INEQUALITIES FOR Hy 


(14+ p5,/[e+1 +6,)}) 


0.0013 


47 6,/48+6, 

6 

0072 | 2 
1 

1 

1 

0 


.9 
.0 6,/3.0+6, 
6,/2.44+46, 


4 
.2 6,/2.2+46, 
1 
7 


.0110 
.0350 


6,/2.1+6, 
6,/1.7+6, 


0013 4,/466+6, 
0028 | 74 6,/75+6, 
0050 | 20 4,/21+8, 
.0057 | 14 6,/15+%, 
0064 | 12 4/1346, 
0085 | 9 6,/10+6, 
0.0162 | 7 6,/8+8, 


| | | 
| y/x w’ | w’’ 
| | | | | 
10,080.........) 4. | 9.0006 | 65 3,/66+8, 
0014 | 9.3 4,/10.348, 
25,200........., 2. 0030 5, /3.6+6, 
28,000... | 0035 5,/2.9+4, 
30,000... 2. | 0044 | 1.64,/2.6+4, 
| 0075 | 1.54,/2.5+6, 
P,=4X10 | 
16,900... | 3 ‘0013 
25,200. . 0022 
28,000... 2. | 0024 
Pe=4X1 | 
16,800... 0027 | 2.2 | 
25,200. . | | 1.6 | 
28,000. . | 1.6 
30,000. . | | 
34,000... | | 1.4 | 
42,000.........| .0303 | 1.4 | 
P.=4X10 
10,080.........| | 3.7 | 
16,800... | .0024 | 2.1 | 
25,200... | 0043 | 1.5 | 
28,000. . | 0049 | 1.4 | 
30,000. | .0055 | 1.4 | 
34,000. . .0074 | 1.3 | ss 
_ 
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VI. DISCUSSION 


From Tables 4, 5, and 6 it is seen that both w and w’ are always very small, and conse- 
quently, except for very large values of Q’, the terms w’Q” and w’’Q’ will be unimportant. 

In the approximation described by equation (52), we see by comparison with Table 2 
that, for the higher temperatures, small increases in the value of Q’ over those computed 
under the assumptions of Strémgren could satisfy the condition for emission. By com- 
parison with Table 3 we see that the values of Q’ necessary for emission decrease for 
increasing temperature, while the corresponding values of ¢ increase. The general feature 
of these results—that values of Q’ for emission decrease with increasing boundary 
temperature—is in agreement with the general conclusions of Miss Underhill.* 

The necessity for introducing another term which is to be added to Q’ for strong de- 
parture from thermodynamic equilibrium (cf. eq. [16a]) means that in these cases the 
effective value of Q’ will be increased, and it is under these conditions that emission 
may be able to occur. 

An interesting feature of the results obtained here is that, over a wide range of tem- 
peratures and over a factor of 10 in electron pressures, the values of Q’ necessary for 
emission to take place vary but little. It must be remembered that these tables have been 
calculated with values of € which, as was pointed out in Section II, are at best only 
approximate. It is felt, however, that Tables 4, 5, and 6 are of interest in showing the 
general trend of results. 

It is clear that the unknown factors which appear either explicitly or implicitly in the 
mathematical criteria which describe the condition for emission cannot be accurately 
determined until a method dealing with the physical properties of atmospheres which 
depart strongly from thermodynamic equilibrium has been applied. 


We are deeply indebted to Professor S. Chandrasekhar, F.R.S., and to Professor B. 
Strémgren for advice and encouragement during the course of this work and for reading 
the manuscript in draft. Our grateful thanks are also due to Professor D. H. Menzel 
for reading the draft and for giving helpful criticism and advice. One of us (E. M. B.) 
is grateful to the International Astronomical Union for a grant which has enabled her to 
work at the Yerkes Observatory. 
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THE PHYSICAL THEORY OF METEORS. III. CON- 
DITIONS AT THE METEOR SURFACE* 


RICHARD N. THOMAS 
University of Utah and U.S. Naval Ordnance Test Station 
Received February 21, 1952 


ABSTRACT 


The conditions at the meteor surface are investigated. It is concluded that the conventional linearized 
heat-transfer equation cannot be applied to determine the surface temperature of meteors. On the basis 
of the reaction-rate approach, it is concluded either that the meteor surface vaporizes in al] cases or that, 
if melting occurs, the droplets are so smal] as to require energies equal to some 50 per cent of the vaporiza- 
tion energy to separate them from the meteor surface. 


In the preceding paper of this series,' a summary was presented of various attempts 
to evaluate the heat-transfer efficiency coefficient, A, defined by the equation (p and v 
are air density and meteor velocity): 


v 
Heat transfer = Ap > per unit projected area. (1) 


Results from free-flight studies on low-melting-point solids at relatively low velocity, 
wind-tunnel experiments on carbon dioxide pellets, and an analysis of the meteor results 
to date were included. A later compilation’ of all these results added one more set of data 
—some information on very high-velocity pellets. In the terrestrial laboratory experi- 
mental work the mass loss was measured directly, and the heat-transfer efficiency coeffi- 
cient was computed from the measures. In the meteor work, on the other hand, only the 
parameter (where I’ is the retardation coefficient and ¢ the energy to ablate unit mass of 
meteor material), ‘ 

could be determined from the observations. While the terrestrial laboratory results on 
A were rather rough, owing to the experimental limitations, the scatter was still only a 
factor of 2 or so. On the other hand, the values of o ranged over a factor of 10. 

It was decided that the retardation coefficient ' could not stand a variation of a fac- 
tor of 10, and so it was deleted as the major cause in the variation of ¢. On the other hand, 
it was possible that A would vary by this large amount—but such a variation would 
necessarily be systematic. It was observed that the variation in o did not depend sys- 
tematically upon the air density or meteor speed. Consequently, attention fell on ¢. One 
had then two possibilities. On the one hand, some meteors may melt and some vaporize 
—in which case o varies. The observed rather continuous distribution of ¢ values over 
the factor of 10 spread would be in harmony with the suggestion, since one would a 
priori expect a rather continuous gradation between melting and vaporizing, in the 
sense that those meteors which melt actually lose the material from the surface in the 
form of droplets. Consequently, ¢ would increase with decreasing droplet size. Alterna- 
tively, the meteors might fragment, and the effective ¢ decrease. The problem is to de- 
cide between the two cases. In Paper II a preference was expressed for the fragmenting 
as the explanation for the variation in o, on more or less intuitive grounds. In the present 


o (2) 


* Work supported in part by ONR. 
1 F,L. Whipple and R. N. Thomas, Ap. J., 114, 448, 1951. Hereafter called “Paper II.” 
2F.L. Whipple and R. N. Thomas, J. Aer. Sci., 18, 636, 1951. 
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discussion we propose to make use of the genera! kind of technique developed in the first 
paper® of this series to establish the conjecture on somewhat firmer ground by investi- 
gating in detail the conditions on the surface of the meteor at the time that the meteor 
is observed. We note that observation of the meteor implies sufficient mass loss from the 
surface to build up a cloud of meteor gas which radiates by collisional excitation from 
the air molecules. 

In brief, the paper compares fusion and vaporization as the ablation source. The dis- 
cussion falls into two parts. First, we consider the physical conditions which must hold 
in the “hot” surface layer of the meteor. The essential point here is whether we can de- 
scribe the surface layer in terms of the macroscopic, conventional, linearized heat-trans- 
fer equation or whether we must adopt some other viewpoint, such as that of Paper I. 
In the second part of the paper, we consider the conditions of energy balance in the hot 
surface layer to determine the manner of ablation, assuming the ablation rate to be 
thermally controlled. 


I. HEAT TRANSFER WITHIN THE METEOR SURFACE 


The early discussion on the problem of melting versus vaporization for a meteoroid 
was carried through by Opik,* who suggested that the stony meteors have sufficiently 
low heat conduction that only the surface layer would be effectively heated and the me- 
teor would consequently vaporize. On the other hand, the heat-conduction coefficient 
would be sufficiently large for the metals that, coupled with a rather rapid rotation of 
the meteor, sufficient heat would migrate inward to permit only melting. To investigate 
these conclusions, we consider the conventional linearized thermodynamic heat-transfer 
equation. 

Our problem is the classical one of a solid having a constant rate of supply of energy 
at one end. We may extend the model somewhat, to include the case in which the atoms 
themselves actually penetrate the surface, by allowing for the possibility of a distribu- 
tion of energy sources over some small thickness, /, at one end of the solid. This region 
in which energy sources are distributed is quite small, since its depth corresponds to the 
penetration by an atom having several! hundred volts translational energy. We assume, 
then, a distribution of energy sources over this small zone—which we shall call the ‘‘re- 
action zone”’—within which the incident atoms are stopped. We assume that within this 
zone the generation of energy is constant per unit time and per unit volume. Let us in- 
troduce the quantity 

(3) 


where ( is the energy supply per unit projected area on the meteor. Then the classical 
formula for the temperature rise (that is, the amount that the temperature rises above 
the original temperature at a given point) is:> 


where a = & cp,, the thermal diffusivity; « and ¢ are distance from the end of the solid 
and the time since the heat commenced to flow; and &, c, and p, are the thermal conduc- 
tivity, specific heat, and density of the solid. Thus in this formulation we neglect initially 
any loss of materia] from the surface of the solid and simply inquire into the temperature 


3M. A. Cook, H. Eyring, and R. N. Thomas, 4p. J., 113, 475, 1951. Hereafter called “Paper I.” 
4 Tartu Obs. Pub., Vol. 29, No. 5, 1937. 


5L. Rand, A. C. Ingersoll, and O. J. Zobel, Heat Conduction (New York: McGraw-Hill Book Co., 
Inc., 1948), chap. viii. 
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rise at given points in the solid for given times. We may simplify the above equation to 
write 
Al expl — y?(A—%)?] dydh, 


Y = (4at)-'” 


We note now that solutions for equation (5) are tabulated for the case / = 0. For other 
cases we must, in general, carry out numerical solutions. We note, however, that we are 
not interested in solutions of equation (5) for very large values of ¢. At the time the 
meteor first becomes visible, conditions at its surface must be such that there is a signifi- 
cant rate of mass loss. Thus, if this picture represented by equation (5) is valid, AT must 
be sufficiently large to bring the meteor surface to at least its melting point. On the other 
hand, the temperature could not have been much in excess of the boiling point for a sig- 
nificantly long time prior to the onset of luminosity. We note now from equation (1) that 
the heat transfer is proportional to the air density, p, which decreases by about a factor 
of 6 for every 10-km increase in altitude. Thus, over 1 second, a typical meteor with ve- 
locity 30 km/sec goes through an atmospheric region over which p varies by about 10°. 
Thus, if we consider times of 1 second and in equation (1) use the value of p at the height 
of appearance of the meteor, we will have made a liberal estimate of the energy effective 
in raising the meteor temperature.® Furthermore, we are primarily interested in the tem- 
perature at distances from the surface comparable to the value of /—i.e., essentially at 
the surface itself. Introducing s = A — x and w = ys, tect (5) may be simplified to 


Expanding, for small vz, we have 
1 (2x —2) Y x?—(x-/)3 


where 


wr 


CASE I 


For / = 0—i.e., the energy is transferred directly to the surface, with the incident 
atoms either absorbed in the first few atomic layers of the solid or else transferring their 
energy in some other manner directly to the surface of the solid—we have, for the tem- 


perature of the surface (« = 0), 


AT = £. (8) 


Thus we see that the temperature rises as the square root of the time. 


CASE II 


For nonzero /, we have, for the surface temperature, just equation (7). Actually, how- 
ever, we are interested in the temperature at the end of the zone which is heated by di- 
rect impact of the atmospheric atoms; hence we obtain (x = /) 


Q 
nlver- 


We must, of course, apply he equation only for small Y/. For any nonzero value of Y, 
the results show that the first term is essentially the important one; for the value of / 
is quite small. Thus, for any / appreciably less than Y~", it does not make much differ- 


® More exactly, this value should be divided by (Svcos Z) if Z is the inclination of the meteor path to 
the vertical and @ is the logarithmic density gradient. 
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ence for the temperature at the end of the reaction zone what width we assume for / (or 
the temperature within the reaction zone, also, of course). Thus, after a time 
tl 
4a’ 

the reaction zone is essentially isothermal. Since the reaction zone is probably (?) a 
maximum of 108 lattice spacings thick, we see that the difference between these various 
thicknesses of the reaction zone for a solution of the heat-transfer equation is completely 
trivial. 

We may now form an estimate of the temperature in the above regions by using for Q 
the rate at which energy arrives from the atmosphere, calculated by equation (1) and 
the method described in the preceding two papers. The value of A is somewhat uncertain, 
ranging between 1 X 10-? and 5 X 10~*, according to the best estimates we have at 
present, as discussed in Paper II of this series. Thus we have, for the higher value of A, 


Q = 3-10'5s37 ergs cm~? sec! (10) 


where s is velocity in units of 10 km/sec and r is the air-density ratio to the sea-level 
value 1.2-10°* 
For an iron meteor, then (a = 0.181, & = 0.62-107 cgs units), 


AT = 1.2-108s8ri'? (11) 


As discussed above, we choose the value of s*r at the initial observation of the meteor. 
From the available data,”*° we have a range in the value of log s*r at the point of initial 
observation from —3.49 to —4.75 (see Table 1). Thus we see that we would expect a 


TABLE 1 


METEOR SURFACE-TEMPERATURE RISE 
FROM EQUATION (11) 


log sr 


maximum temperature rise of some 400° for the maximum value of s*r and some 40° for 
the minimum value of s*r at the initial point of the meteor trajectory. While we may ex- 
pect some kind of volatilization from the meteor surface, even though the temperature 
is not quite to the boiling point of the material, it is difficult to see how we could expect 
an appreciable loss of material from the meteor at such low temperatures as computed 
above. It would seem, then, that we should reject the possibility that the conventional 
heat-transfer equation suffices to describe the temperature of the meteor surface. 

We have, in the foregoing, treated only iron meteors and the one-dimensional heat 
transfer. Because we have chosen the whole range of observed values (presently available 
from Whipple and Jacchia’s data”**), we note that, so long as one meteor is of the iron- 
nickel type, our conclusion is valid. (We note further that recent work'® on terrestrially 
launched metallic particles would appear to lead to the same conclusion regarding the 
method of computing surface temperature.) We might, however, expect the solution for 
a small, rapidly rotating body to behave somewhat differently from the above. Without 
discussing the more involved solution for this problem, we note that the essential physi- 
cal aspect is a raising of the temperature in the central regions, which then reduces the 


™L. G. Jacchia, Harvard Obs. Meteor Tech. Rept., No. 3 (1949). 

8L. G. Jacchia, Harvard Obs. Meteor Tech. Rept., No. 4 (1949). 

9F. L. Whipple, Rev. Mod: Phys., 15, 246, 1943. 

10 J.S. Rinehart, W. A. Allen, and W. C. White, J. Appl. Phys., 23, 297, 1952. 
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heat flow from, and raises the temperature of, the surface. Then we note that (a) from 
equation (5), with / = 0, the temperature does not drop to half its surface value until a 
distance about 0.35 cm from the surface; and (6) using the maximum value of s*r in 
Table 1 and in Whipple’s work,’ a 1-gm Fe meteor (radius 0.31 cm) will have “trapped” 
enough energy to raise about 34; gm to the melting temperature. Thus, from (a) we would 
expect the small, rapidly rotating meteor to be essentially isothermal! at the point of ap- 
pearance, while from (8) such a result insures the temperature to be considerably below 
the melting temperature. (Calculations made for 1-10'° ergs/gm to heat to melting), 
s = 3,cos Z = 1.) 

In essence, we require a model in which the heat builds up on the surface to a much 
greater degree, less being conducted inward. In terms of the heat-transfer equation, such 
a result could be obtained by decreasing the heat conductivity, &. Physically, however, 
the situation corresponds to the energy apparently being used up in ablation before a 
significant amount is conducted inward. If, then, some kind of thermodynamic—.e., 
macroscopic—treatment is still to be used, some model such as that of the reaction zone 
postulated in Paper I of this series might seem preferable. In Paper I only the case of 
ablation by vaporization was considered. We still have, then, to resolve the problem 
posed in Paper II by the scatter of the observed o values. We note specifically that, by 
adopting the model of Paper I, we assume the ablation rate to be thermally controlled. 


Il. THE CONDITIONS OF ENERGY BALANCE IN THE REACTION ZONE 


Having decided in Section I that some such model as that of the reaction zone dis- 
cussed in Paper I must hold for this case of very rapid heat transfer, we attempt to re- 
solve the dilemma posed by the scatter of the o values. That is, we attempt to decide 
whether the scatter in o values may arise from a variation between vaporization and 
melting in the ablation process or whether the more likely alternative is fragmenting of 
the meteoroid. We note now that the essential characteristic of the reaction-zone model 
is that of being an isothermal zone, with the temperature fixed by the balance between 
the heat input and the heat output from radiation and ablation losses. From Paper I we 
have an expression for the rate of energy loss by vaporization, namely, 


2/3 


where /* and f are partition functions for the activated and solid state; €is the activation 
energy; and AH is the energy to ablate one atom. From radiation we have the energy 


loss, 
(13) 


which leaves the energy loss from melting to be considered. The energy loss from this 
last term is somewhat difficult to estimate, since, as already mentioned, it depends on 
the size of the droplets which leave the body. Furthermore, the process occurs in two 
stages—the melting and the ablation. In the ablation-by-vaporization model, the iso- 
thermal reaction zone corresponds to the activated state, and there is assumed to be no 
further energy barrier to the atoms leaving the surface. In an ablation-by-fusion model, 
energy is required to separate the fluid from the surface—or into droplets. Thus there 
exists a problem in the fusion model as to which is the rate-determining process—melting 
or loss of molten material. If we now adopt this reaction-rate model for the hot zone of 
the meteor surface, we can readily show that a solution to this question of the rate-deter- 
mining process in the fusion model indicates the most probable situation to be one of 
vaporization. Consider the argument. 

We note that the reaction-rate approach implies that the slowest of the two above 
processes determines the rate of the reaction and may be written in the same form as 
equation (12), in which ¢ represents the activation energy of the process and AH the 
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energy expended in carrying one atom through the ablation process. We now determine 
the temperature of the reaction zone by equating the sum of equations (12)—written for 
vaporization or for fusion—and (13) to equation (1). As remarked in Paper I, there is 
considerable uncertainty in f*/f. For the fusion model there is added an uncertainty in 
AH, resulting from the uncertainty in droplet size. The range of AH is covered by the 
one extreme, where the droplets are single atoms and 


AH =e,+$§hkT, (14) 


to the case of pure melting and no droplets: 
AH =e€,+3kT (14a) 


where ¢, and ¢, are, respectively, the energies to vaporize and to melt at 0° K. As in Paper 
I, we take /*// to be 30, /4T with an uncertainty of a factor (0,/0*)’, where @ is the Debye 
characteristic frequency. We now note that the resulting value of the temperature is es- 
sentially fixed by the value of ¢ in the exponent of equation (12)—i.e., by the adopted 
activation energy—with only relatively small influence by the remaining terms. The as- 
sertion may be demonstrated numerically by computing the surface temperature of the 
meteor by the two models—vaporization and fusion. Such a computation requires 
a value of A. We have earlier remarked (and discussed in Paper II) on the uncertainty in 
A resulting from the uncertainty in ¢, the energy of ablation per unit mass. Since we have 


(> ~ AM (15) 


MsM 


we may rewrite the energy-balance equation in terms of o as follows: 


13 


AH My 


(The approximation indicated results from the use of ¢ in the meteor analysis as a con- 
stant, while AZZ depends on 7. The values of T to be obtained, however, show this un- 
certainty to be less than some 20 per cent of {—and hence negligible.) Now, considering 
an iron meteor and introducing 


4 


we may rewrite equation (16) as follows: 


M + 107?-%7-3 (1+ 0.47) = 108-07 53 ; (16.1) 


T= 


for 

M = e~* for vaporization (16.1a) 
and 

M = for fusion and equation (14), (16.1) 


while for fusion and equation (14a), equation (16) becomes 


ene (1458 = 7 53, (16.2) 
and the ¢ for the fusion-ablation process is as yet undecided. In Section I we had a range 
of observed log rs‘ at the initial point of the meteor trail from —3.53 to — 4.48. The log 
ors’ values for these two meteors again represent the extreme range, from — 15.03 to 
—16.21. (The associated values of o do not represent the extreme range discussed in 
Paper II; the present data are those for which values of r, s, and o have been published’ 
for the initial point and the point of maximum light.) If we now assume that the rate- 
determining process is the melting and hence take ¢ = e in equations (16.1a) and 


| 
i 


TABLE 2 


SURFACE TEMPERATURE OF METEOR 
FROM EQUATIONS (16) 


| Eqs. (16.1b)- 
log ors? Bq. (16-18) | (16.2) 
e=ey 
e=e! 


—15.03... 3340 125 
—16.21.. 2740 105 


TABLE 3* 


METEOR SURFACE TEMPERATURE, ASSUMING 
ABLATION BY VAPORIZATION 


} 


Meteor No.t log at | log r§ 


642i | 
m) 

660 i | 
mf | 


689 i | 
mj 


697 i | 


oa &S 


sa se 


| 
1-89 | {23.96 | | 


2860 


* It is of some interest to note that the computed temperature at the time of first ap- 
pearance of the meteor falls very close to the 2900° K value at which the radiation 
term in equations (16) equals the ablation term. It is tempting to assume that vapor- 
ization is indeed the ablation mechanism and that the meteor surface begins to ablate 
only when radiation cannot dissipate the heat transferred to the surface sufficiently 
rapidly to hold the temperature below the 2900° value. Clearly, the scatter of the values 
in Table 3 and the difference in resolution of different meteor cameras will not appreci- 
ably affect such a conclusion if the above type of analysis is valid. (We note again that 
we have assumed all meteors to be iron in the foregoing discussion.) 

t “‘i’’ refers to the initial point; ‘‘m’’ refers to the point of maximum light on the 
meteor path. 

t Seeen. 6. 

§ L. G. Jacchia, Harvard Repr. Ser. 11-31 (Tech. Rept. No. 3 [1949}). 

|| L. G. Jacchia, Harvard Repr. Ser. I-32 (Tech. Rept. No. 4 [1949}). 
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(16.2), we may tabulate the resulting values of T computed from equation (16) as shown 
in Table 2. Thus, from Table 2 we see that it does not matter which of the expressions 
(14) for AH is used. Once € = €; is chosen, the surface temperatures computed are far 
below the 1800° K melting point of iron. (The dynamic pressure pv" is less than 1 atm., 
so that there are no pressure effects.) Thus such a choice of e—i.e., of the rate-determin- 
ing process—leads to an inconsistency. In order, then, to apply the reaction-zone model 
to the fusion process, we must assume the slow process to be the shedding of the molten 
material. Then the value of € used depends on the droplet size. We note, however, from 
the foregoing results that the € value must be essentially the ratio (melting temperature 
to the temperatures in the second celumn of Table 2) times e,, or (0.5-0.6) €,. For such a 
situation the alternative equations (14) and (14a) for AH effectively converge as e— €, 
(since €; in eq. [14a] is to be replaced by ¢ and 3&T is small). 

We then have two results. First, from the last paragraph and equation (15) we see that 
the ¢ value cannot vary by more than a factor of 2, owing to this change from fusion to 
vaporization. Thus we must conclude that, if this reaction-zone model is adopted, the 
scatter in the observed o values (covering a range of a factor of 10) cannot come solely 
from a variation in ¢. Consequently, we favor the interpretation of the scatter in o as 
coming from a fragmenting of the meteor. Thus the smallest observed o values should be 
those used in obtaining the heat-transfer efficiency coefficient, A. Second, it seems 
doubtful whether ¢ can be so close to €, without the ablation process being, indeed, 
vaporization. (The droplet size corresponding to € ~~ }¢, is ~10~* cm.) 


COMMENTARY 


In the preceding two sections we have investigated the conditions at the meteor sur- 
face from the self-consistency requirement that the theory adopted shall, given the heat 
transfer at the point of appearance of the meteor, predict significant ablation. The con- 
ventional heat-transfer equation is rejected on the basis of this requirement, because 
physically the heat flows inward too rapidly to allow the temperature to build up to a 
sufficiently high value for ablation to occur. If we adopt a reaction-rate approach, we 
also reject ablation-by-fusion with melting the rate-determining step, because physically 
the predicted ablation rate is too high to permit a significant temperature rise. Thus these 
two rejected approaches are complementary, in the sense of defining the physica] picture 
of the two extremes wherein the surface temperature can build up. On the one hand, the 
heat flows out of the material; on the other, the material “leaves” before sufficient heat 
“arrives.” We see, then, that the discussion of the € value necessary to permit fusion is 
actually a discussion of the physical conditions necessary to build up the minimum tem- 
perature from which significant ablation can occur. The reaction-rate approach is then 
simply a structure to formulate the process under the assumption that it proceeds at a 
thermally controlled rate. If, now, fragmenting and sputtering occur significantly, the 
phenomenon is not thermal, and our theory is invalid. Until experiments are performed 
under similar conditions, one cannot choose absolutely between the thermal and the non- 
thermal processes. It does, however, seem to me somewhat significant that the tempera- 
tures computed at the point of meteor appearance, from the reaction-rate approach, lie 
very close to the boiling point—i.e., just where they must lie if the meteor is to appear 
at the observed height. The complete set of calculations for the available data, on the 
assumption of vaporization, appears in Table 3. For fusion, we have no a priori know!- 
edge of «. The best we could do is to invert the process, demanding that 7 exceed the 
melting point, and hence determine ¢ and infer a maximum-size droplet. 


I am indebted to W. A. Allen and J. S. Rinehart for discussion on the present problem 
and terrestrial experimental work concerned with it, to F. L. Whipple for the same 
relative to the meteors, and to H. Eyring and M. A. Cook for discussion of the general 


problems. 
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THE DETERMINATION OF A LIGHT-TIME ORBIT* 


Joun B. IRWIN 
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Received April 2, 1952 


ABSTRACT 


The apparent variation of period arising from the variation of distance of an eclipsing binary from 
the observer as a result of the gravitational attraction of a distant third component is considered. 
Woltjer’s analytical method is extended and modified. Tables are presented which form the basis of a 
new graphical method which is both accurate and short. 


The following problem was first considered by Woltjer:! to determine the elliptic orbit 
of a star if the distance of the star from an arbitrary fundamental plane (a plane per- 
pendicular to the line of sight) is given by observation as a function of time. This prob- 
lem arises in the interpretation of the apparent variation of period of an eclipsing binary 
caused by the changing light-time resulting from the orbital motion of the eclipsing sys- 
tem with reference to a third star; examples are Algol,? SV Centauri,* and RT Persei.‘ 
The interpretation of such an observed variation of period may be complicated by the 
presence of a fourth component, by the rotation of the line of apsides of the small ellip- 
tical orbit of the eclipsing pair, or by little-understood changes of period, arising perhaps 
from changes in the internal structure of one or both of the eclipsing components. The 
problem of the determination of the light-time orbit will occur with increasing frequency 
as the observational data become more accurate and extend over greater stretches of 
time. 

If z is the distance of the center of mass of the eclipsing pair from the tangent plane 
which is perpendicular to the line of sight and which passes through the center of mass 
of all three stars, then, as is well known, 


z=rsinisin(v+wa). (1) 


It is more convenient for our purposes to consider 2’, the distance referred to another 
(and parallel) plane perpendicular to the line of sight which passes through the center of 
the elliptical orbit of the eclipsing pair about the common center of mass of all three 
stars. These two reference planes will coincide if w is 0° or 180° or if the orbit is circular. 
If 7 is the light-time and ¢ the velocity of light, then 


or 
1 
where 
a sini — e? cos? w 
K= 2 (Tmax — Tmin) = 2.590 X 101° ’ (4) 


* Publications of the Goethe Link Observatory, Indiana University, No. 8. 
1 B.A.N., 1, 93, 1922. 


20. J. Eggen, Ap. J., 108, 1, 1948. 
3D. O’Connell, Riverview College Pub., No. 9, 1949; S. Gaposchkin, Pub. A.S.P., 63, 148, 1951. 


*R. S. Dugan, Contr. Princeton U. Obs., No. 17, 1938. 
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rand K are in days, and a, the semi-major axis, is in kilometers. It can be shown that 
the expression 
sin(v+w) + e sin | 

(1— e? cos? w) L1+ecosv 
varies between +1. The quantity 7 is to be taken in the sense of observed time minus 
computed time, where the computed time is ¢ = (, + EP’. If the observational errors are 
zero and the interpretation correct, then + = Af(.—.). The unknowns of the problem, 
seven in number, are a sin i, e, w, 7, P, t., and P’. The last two elements refer to the 


2 


aesinwsini 


Line of sight 


4 


Fic. 1.—-E is the eclipsing binary whose light-time curve is shown in Figure 2. The line dCa is the 
intersection of the orbit plane and the tangent plane through the center of the ellipse. For convenience 
i is here taken to be 90°. 


eclipsing light-curve and are difficult to determine accurately unless 7 has gone through 
at least two maxima or two minima. 

The shape of the light-time-curve as represented by equation (3) is somewhat similar 
to the shape of a velocity-curve having half the eccentricity and with w decreased by 90°. 
For example, the velocity-curve for e = 0.30 and w = 30° closely approximates the shape 
of a light-time-curve with e = 0.60 and w = 120°. The approximation is even better for 
smaller eccentricities. If a set of standard velocity-curves? is available, a very good pre- 
liminary value of e and w of a light-time-curve can be obtained by fitting the best velocity- 


®E.S. King, arvard Ann., 81, 231, 1920. 
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curve to the observations, then doubling the resulting spectroscopic eccentricity, and 
increasing the spectroscopic w by 90°. 

If we define 4 = (tq — t.)/P, it is easy to show (referring to Fig. 1 and remembering 
that the areal velocity of the radius vector is constant) that 
1 e sin w 


A=- —- (5) 
P 2 wrv(1— cos? w) 


Furthermore, if we define 4; = (AP) rdt and A; = (KP) rdt, it can be 
ad 


a 
shown,® after some considerable algebra, that 


and 
— }esinw 


(1-—e cos? w)’ 
2 (As + As) 


from which 
(8) 


1 
5+ 


where A; is positive and A» negative; they are dimensionless and are shown in Figure 2. 
The points of inflection of the light-time-curve occur at points / and 3, where r = Ke 
sin w/+/(1 — e? cos? w) and where the velocity-curve shows a maximum or minimum. Fol- 
lowing Woltjer,' if a; is the maximum positive slope angle of the light-time-curve and 
a. is minus the maximum negative slope angle, a; and az both being positive quantities, 

it follows that 
tan a; — tan a 


tan a,;+tan a2" 


(9) 


€cos w = 


If r, is the value of r at periastron and T is the time of periastron passage, then 
Ksinw 
(1 — e? cos? w) ’ 


and T is the time at that particular value of r—of the two possibilities—where the curve 
is steeper. If the orbit is nearly circular, T becomes indeterminate; in such a case, either 
ta, which is directly obtainable from the light-time-curve, or 4, the time corresponding 
to the more conventional ascending node, would be preferred; f; is on the ascending 
branch of the curve at that point where r = Ke sin w/+/(1 — e* cos *w). 

The quantities a), a2, K, and # can be quickly derived from the light-time-curve, so 
that a solution for the orbital elements is easily made with the aid of equations (9), (5), 
(4), and (10) in that order. This method may be considered to be a modification of 
Woltjer’s analytical method. Although very quick, it suffers from two disadvantages: 
(1) it is difficult to determine accurately the values of the maximum and minimum slopes, 
which means that the value of e cos w as derived from equation (9) may be very uncer- 
tain; and (2) there is no way of estimating the errors or uncertainties of the derived or- 
bital elements. For these reasons a numerical-graphical method is given below that over- 
comes these disadvantages. 

We will focus attention at those points on the light-time curve where r = 0.7 K, 0, 
and —0.7 K. These are the points 6 and c, a,d,and g, and e and /, respectively. They are 
shown in Figures 1 and 2. Values of (¢ — T)/P can be calculated for these points for any 
predetermined values of e and w by solving equation (3) for v, the true anomaly, and 


6T am indebted to Mr. Robert W. Donselman for pointing out the relationship expressed in eq. (6), 
which led, in turn, to eq. (7). 


(10) 


| 

; 

4 

7 

(7) 
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then calculating M, the mean anomaly, by means of the Allegheny tables,’ or by means 
of the well-known relations: 
1— e\'2 
an 3E=(—-—) tan}r (11) 
tan 2 G + an2 7, 
M _E-—esnE 


Fic. 2.—The light-time curve for e = 0.60 and w = 30°, corresponding to the orbit shown in Fig- 
ure 1. 


T can be eliminated by taking differences between appropriate pairs of times. The fol- 
lowing dimensionless parameters that have been chosen are functions of e and w only: 


7 Pub. Allegheny Obs., Vol. 2, No. 17, 1912. 


0.7K 
t (6) : 
-O.7K 
-K 
| -0.2 0 02 04 06 08 10 
- 
| 
P “4 (13) 
| 
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TABLE 1 


F 
| 28s | 240 | 225 | 210 | 195 | 180 | 165 | 150 135 120 | 105 | 90 
270 | 288 | 300 | 31s | 330 345 | 0 iS} 45| 90 
0.00... 5000, 500 0. 500 0. 500 0. 500 0. 500,0. 500.0. 500.0. 5000. 500.0. 500 
0.10. -531) .528 .516 .508| 500 492) 484) 477) .472| 
0.20... -562} .555) .545 “339 -517| .500) .483) .468) .455) 445) 
0.30. -595, .593) 526) 500) 474) 451) 416 407) .405 
0.40... 624.613 .594 568 536. - 500) 432) 406) .373 
| 
0.50...) .655 -642) .620; .588, .547 500). 453) -412) 380) 345) . 341 
0.60...| .687. .673 -649 612 .561 - 388) .327] .313) .309 
0.70...; .723, .719 .681! .640 .578 360 -319) .204) .281) .277 
0.80...| .755) .751! .741] .718) .677/ 604 “500, 396) 282} .259) .249 .245 
0.90.. ./0. 7860. 785.0. 7630. 7290. 650)0. 500/0. 350/0. 2710. 2150.214 
! 
TABLE 2 
ly — la ty — te ty — ly 
5, =- => —--— => 
’ 2 P 3 P 
| | | | | | 
| 180 | 165 | 150 | 135 | 120 | 105 90 | 30} 15) 0 
wforss......1 180 | 195 | 210) 225 | 240 | 255 270 | 285 330 | 345) 360 
wforss......| 360 | 345 | 330 | S15 | 300 | 285 | 270 | 285 | 240 225 | 195 | 180 
0.00 | 0 123, 0.123,0.123) 0.1230. 0. 123) 0.1230. 123) 0.123:0.123 0.123 
| 2112) 114) 6) «322 125) 128) 131) 
20. “tor 100; 100) 101 105 120 126, -133| 138) .142)  .146 
| -090) .088) .090) .102} .110 118) .128) .137) .145) .157 
| -079| .076 .080) .086 .095 -105) .116) .140) .168 
-068; .063) .064) .070) .078) .089' .101 114 -128) .143) .157] .170 
60 | .057) .051) .053) .060! -083; .096) .111) .127 -162) .178 .190 
.045) 043 052) -077 092) .124) 164) .185 
80 73; 102) 118 138) 190 -213 
0.90 | 9. 0. 0300. m6 0. 0590. 0. 0. 0. 0.224 
wforsr..... 180) 195 | 210] 225 | 240] 255] 270{ 300] 31s | 330 345 | 360 
wforss......| 360 | 345 | 330 | 315 | 300 | 270 | 255 | 240] 225} 210] 195 | 480 
wforss......| 0 15 30 | 45 60 | 75 90 { 105 | 120] 135 | 150] 165 | 1480 
w forse... | 180] 165 |} 150] 135} 120 | 105} 90} 75 | 60} 45 30 | 15 0 
| 
0.00... 12310. 0. 123/0. 123) 0.123.0.123) 0.123/0. 123). 0.123)0. 0.123/0.123) 0.123 
10 135]. 134) 133) 122 116] 114.112 
20. -147) .146 142 138) 133 -127|  .120 -109) .101 
30 -157) .159)  .159] .156 .137) .119) .110 -102) .095) .090 
40... -168) .171) .171) .167) .160) .152! 130) .119) .107| .095 .086, .079 
-179 -183) 177 -169, 158.146; .133} .119] .104) .000 -077|  .068 
60... .194) . 186 176) 151] .136 -120) .103) . -057 
70 -201} .208 195 183) . 169) .140 128 -104,  .083) .062) .045 
.80.. .220) .200}  .187| . 173) .145) 109 -084) .057) .034 
0.90 ‘0. 239 0. 0. 0. 140. 0. 190 0. 096). 039 0.023 


q 
j 
| 
| 
[oe 


216 JOHN B. IRWIN 


These seven parameters are tabulated in Tables 1, 2, and 3 as functions of e and w. The 
accuracy of the tables is better than 0.0006. 


INSTRUCTIONS TO THE COMPUTER 


Given the observations, draw the r (= At;—.))—or light-time-curve—with assumed 
values of ¢, and P” (the period of eclipses). Both the position and (essentially) the slope 
of the r = 0 axis are dependent upon the assumed values of ¢, and P’, and the correct 
choice of these elements may be quite difficult to make, unless there are at least two 
well-defined maxima or minima. Equations (6) and (8) may be useful at this point in 
fixing these elements. /, is so chosen that the 7 = 0 axis is the mean axis, halfway be- 
tween Tmax ANd Tin. The light-time orbit period, P, can now be read from the curve; the 
times corresponding to the points a, 8, c, d, e, f, and g can also be read from the curve 
and the seven parameters calculated as defined by equations (13). 

The value of each parameter, in turn, may now be expressed as a curve on the w-e 
plane by interpolating in the appropriate table. One (or more) of these parameters may 
be omitted if the observational data necessary to its determination are weak or missing. 
If the fundamental assumptions are correct and the observations without error, the 
curves so plotted should meet at a point, thereby fixing the values of e and w. In any 
practical case the curves will not meet at a point, and some kind of mean intersection 
must be adopted. An example is the solution for the 188.4-year light-time curve of Algol 
as shown in Figure 3. New values of the seven parameters should be interpolated from 
the tables by making use of the adopted values of e and w; and, by adopting the time at 
some well-determined point on the curve, it will be found possible to represent the seven 
points and compare them with the observations. A horizontal shift (or correction) in the 
time scale may be conveniently made here. A correction to either or both the maximum 
and the minimum values of 7, and hence K and ¢,, may also be made. If the agreement 
with the observations is not entirely satisfactory, the tables will indicate what changes 
in e and ware necessary and possible. The value of 7, the time of periastron passage, may 
be obtained by making use of equation (10); the computer should be familiar with the 
remarks immediately following this equation. If T occurs very close to the time of Tmax 
OF Tmin (points 2 or 4), a more satisfactory determination of T is possible by computing 
VY Or v4, the true anomalies at these points, from* 


sin(v+w) = V (1— e? cos? w) ; (14) 
= — V(1— cos? w). (15) 


The mean anomaly and f, — T (or ts — T) follow immediately from equations (11) and 
(12) or by making use of the Allegheny tables.’ The value of a sin 7 is calculated from 
equation (4). 

A representation of the final adopted orbital elements may now be made by making 
use of equation (3). The writer has found it convenient and practical to calculate r for 
values of v every 15° from 0° to 345° inclusive. The times for these true anomalies can be 
quickly obtained with the aid of the Allegheny tables. If the computer at this point feels 
that he must indulge in a least-squares correction, analytical expressions for the differen- 
tial coefficients have been published by Scott.® In view of the difficulty in accurately fix- 
ing ¢, and P’ and because of complications that may arise from other phenomena that 
would cause a variation of period, such a least-squares solution would not, in general, be 
required. 

®§ As is well known from spectroscopic binary theory, cos (v + w) = —e cos w at these points, which 
correspond to the times when the velocity-curve crosses the + axis. 

® Harvard Bull., No. 912, 1940. I am informed by Dr. O. J. Eggen that a correction to one of Scott’s 
formulae has been published by Vasilieva, Astr. Circ. Acad. Sci. USSR, No. 75, 1948. This reference is 
not immediately available to me. 
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The writer's original interest in this problem was stimulated by Dugan and Wright's 
paper'® concerning the remarkable variation of period of the 1.66-day eclipsing binary 
SV Centauri. Their published times of minima can be satisfied with tolerable accuracy 
by a light-time orbit with e = 0.50 and w = 90°. Unfortunately, the resulting mass func- 
tion is 6800; it would be unrealistic to attach any reality to the assumptions leading to 
such a result. O’Connell* has suggested a mass function of the order of at least 10,000 


TABLE 3 


Pr = po = 


w for pi 270 | 255 240 | 225 | 210 | 195 ms | 165 150 | 135 | - 105 90 
w for pr. . 270 | 285 | 300 315 | 330 = | 15 305 45 o| 7 90 
w for po. 90 73 | 60] 45 | 30 5 | | 345 | 330 | 315 | 270 
w for ps 90] 108 | 120 | 135 | 150 | | 180 | 195 | 210 225 | 240 | 255 | 270 
0.00 JSG, 2530. 253 0 253.0. 253 0 253.0 253 0. 2530. 253 0.2530.253 0. 2530. 253) 0.253 
10 276) 275% 269) .259/ .253| .247) .242) .237| .233! .231] .230 
.20 | .299) .297; . 293} .276 .265' .253) .241| .230 .221, .214; .200 .208 
| 319 - 303) 2838, .272) - 253} . 235) .218) . 204, 187 
40 . 344} .334) .320) .279 228) .186) 2.173) .165} .162 
50. | .367) .364, .355 330] .316) .287) 253} 220) .190; .167)  .152) .142) .140 
00. .390} .377| .360} .333) .296; .253; .210! .173) .147) 129) -120)  .117 
.70. | .412) .409, .400) .383) .353) .197,  .153) .124) .106) .097) .094 
80. 435) 433) 425) 409.379) . 253 179, .097| .081; .074; .071 
0.90. 0. 4580. 0 4520 441) 0. 4160. 0. 2530. 146 0. 066 0. 0550. 050; 0.049 
| | 
T T T T T 
0.0 
Sy 
e 
O3- 
h 
50 70 90 110 130 


Fic. 3.—The solution for the 188.4-year variation of period of Algol. Eggen’s solution is the filled 
circle. The uncertainties in e and w are greater than indicated because of the uncertainties of both P 


and P 


_ and has deduced a mass function of 49 for still another hypothetical component by con- 
sidering the systematic run of the residuals from an empirical parabolic formula. This 
iatter result would also seem to be an unsatisfactory answer. The cause of the variation 
of period of this system, which has, by far, the greatest known amplitude of variation, 
must still be considered to be unknown. Until the correct explanation is forthcoming a 
certain amount of doubt must be attached to every other light-time orbit solution. 


© Contr. Princeton U. Obs., No. 19, 1939. 
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THE DETERMINATION OF A SPECTROSCOPIC BINARY ORBIT* 
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ABSTRACT 
Tables are presented that enable the computer to obtain quickly from the velocity-curve an accurate 
solution for the orbital elements of a spectroscopic binary. Applications to the velocity-curves of Boss 
4496 and « Arietis are given. 


The most frequently used method of orbit computation for a spectroscopic binary is 
probably that of Lehmann-Filhés.! Although this method is fairly rapid and is of consid- 
erable analytical elegance, the accuracy of the solution depends not only on observations 
over the entire radial-velocity-curve but also on the accurate determination of the times 
of maximum and minimum velocity. The solution is weak, therefore, if these times are 
poorly fixed by the observations or if sections of the velocity-curve are poorly observed 
or not observed at all. This latter situation occurs quite frequently, for example, in the 
case of double-lined binaries at those times when the spectral lines of the two components 
cannot be separately measured. Furthermore, once the orbital elements have been deter- 
mined by this method and a theoretical curve drawn, it is not immediately obvious to an 
inexperienced computer—if the fit with the observations is not completely satisfactory 

-as to just what adjustments to the elements should be made. In addition, it is not pos- 
sible to estimate accurately the uncertainties or probable errors of the derived elements. 

The method to be presented here is based on techniques somewhat similar to those 
to be found in the well-known Russell method for the solution of eclipsing binary light- 
curves. Attention will be focused on certain points or “levels” of the velocity-curve, and 
tables have been computed and are here presented which enable the computer to obtain 
very quickly a solution which need be based upon only the best-observed portions of the 
velocity-curve. 

The observed velocity, V., is given by the well-known equation: 

=7+K[cos(v+w) + ecosw], 


where 


y is the velocity of the system, A is in km, sec, a sin ¢ is in kilometers, and P is in mean 
solar days. 
The mean velocity, V,,, is defined by 


V 3 ( y+ Ke COS Ww. 


Eliminating y between equations (1) and (3), we have: 


* Publications of the Goethe Link Observatory, Indiana University, No. 7. 

1 4.N., 136, 17, 1894. 

2 J. A. Hynek, Astrophysics (New York: McGraw-Hill Book Co., 1951), chap. x. 

®R. G. Aitken, The Binary Stars (New York: McGraw-Hill Book Co., 1935), chap. vi. 
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Fic. 1.—The times corresponding to the points a to 7 are used to calculate the nine parameters 


TABLE 1 


.0187) .0204) . 
0.0067/0.0073 


; 
-0.7K 
-K 
“0.2 0,0 0.2 Oa 
— te 
bees ; o | 4s 30 45 60 75 90 | 105 | 120 | 135 | 150 | 165 | 180 ‘oe 
w...,-| 360 | 345 | 330 | 315 | 300 | 285 | 270 | 255 | 240 | 225 | 210 | 195 | 180 ea 
e | | 
0.00. .|0.500 0.500 |0.500 |0.500 |0.500 |0.500 (0.500 |0.500 (0.500 (0.500 |0.500 (0.500 
\ -10..} .436 | .439 | .445 | .455 | .468 | .483 | .500 | .517 | .532 | .545 | .555 | .561 | .564 ; ss " 
.20..| .374 | .378 | .390 | .409 | .435 | .466; .500} .534] .565 | .591 | .610 | .622 | .626 oo a 
: .30..| .312 | .318 | .335 | .363 | .402 | .448 | .500] .552 | .598 | .637 | .665 | .682 | .688 ea 
"40..| .252 | .259 | | | .365| .429| .500| .571] .635 | .685| .720| .741 | .748 
-50..| .196 | .203 | .225 | .265 | .326] .406| .500 | .594| .674]| .735 | .775 | .797 | .804 i aye 
‘60. .142 | .149 | | | .281 | -379 | | | .719 | .787| 829] 851 | 
.118 | .124} .145 | .186 | .256] .363 | .500 | .637 | .744 | .814] .855 .876]| .882 
| |100| 1119 | 7158} | 1345 | .655| | .842 | 881 | .900| .906 
‘75..| 072 | .077 | | .130 | .199 | 500| 677] 801 | .870| .906| .923 | .928 
'g0..| .052 | .056 | .070 | .100 .166| .296 | .500 | .704 | .834| .900 | .930 | .944 | ‘048 
Z 047 | .O71 | .128 | .261 | .500] .739 .872 | .929 | .953 | .963 | .966 
90 027 | .043 | -086 | .211 | .500} .789 | .914 | .957| .973 | .980 | 
0.95 0099'0.0168'0.039 |0.133 |0.500 |0.867 |0.961 |0.983 |0.990 |0.993 |0.993 
ran 
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Cos (v + w) varies between +1, and the times corresponding to any predetermined 
value of the quantity (V, — V,,)/K can be read off the observed velocity-curve. For such 
predetermined values the angle v + w can be calculated from equation (4), and, further- 
more, for any assumed ¢ and w the values of (¢ — T)/P can be calculated by means of 


the well-known relations‘ 
1— 


tan 3E = (5) 
t—T _E-—esinE 
(6) 


and 


The predetermined values of (V.— V,)/K are here chosen to be 0.0, +0.7, and 
+1.0. These points on the velocity-curve are approximately equally spaced in time if the 
eccentricity is small. The following dimensionless parameters that have been chosen are 


functions of e and w only: 


—ty — ty th—ty 


Here ¢,, ¢,, and ¢; refer to points on the V’,, axis; ¢, and ¢, refer to points where (V, — 
V,,)/K = 0.7; t; and t, refer to points where (V, — V,,)/AK = —0.7; and ¢, and 4, refer 
to the times of maximum and minimum velocities, respectively. These points are graphi- 
cally illustrated in Figure 1. 

The nine parameters defined in equations (7), (8), and (9) are tabulated in Tables 1-4 
as functions of e and w. The tables were derived from equation (4) by first calculating 2, 
the true anomaly, for the predetermined values of (V. — Vm)/K and for values of w 
every 15° from 0° to 90°, inclusive. The mean anomalies were next calculated (in de- 
grees), and the final tables formed by subtracting appropriate mean anomalies and di- 
viding by 360. The calculations were not particularly laborious. The accuracy of these 
tables is better than 0.0006 when three decimal places are given and 0.00006 when four 
places are given. It has been found possible, because of symmetry, to condense the tabu- 
lation of these nine parameters into only four tables. Table 3 may not be useful at all 
times because of the occasional difficulty in accurately locating the points c and g. This 
table may be of great usefulness in special cases, such as o Piscium,® where only a small 
fraction of the velocity-curve is observable. A combination of any two of the nine param- 
eters should usually suffice to determine e and w. 


INSTRUCTIONS TO THE COMPUTER 
Given the observations and the velocity-curve drawn with the value of P assumed as 
known, the first steps are to fix the V,, axis as defined by equation (3) and to determine 
K from: 
K = V ata) - (10) 


The points a, 6, c, d, e, f, g, h, and i are located as indicated in Figure 1, the times for 
these points read off the velocity-curve where possible, and the nine parameters calcu- 


4 Fore S 0.77 the Allegheny tables (Pub. my pr Obs., Vol. 2, No. 17, 1912) will be found very con- 
venient to use, rather than making use of eqs. (5) and ( 
*E. P. Belserene, Ap. J., 105, 229, 1947; Lick Obs. Cote Ser. IT, No. 16. 
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As previously indicated, it may not be 
fix any or all of A, 5), so, 53, or 54; or it may 
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arameter a curve is plotted as shown in Figure 
abscissa. The curve for each parameter is most easily 
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calculated by entering the appropriate table and either interpolating for e at the various 
tabular values of w or vice versa. The curves so plotted, because of observational errors, 
will not al] meet at a point. The computer must here use his own judgment—with due re- 
gard to the nature of his observational material—as to what final values of e and w to 
adopt. It may be convenient to take the curves in groups of two or three or possibly use 
the mean of only those intersections that are strongly determinate. 


TABLE 3 


be Flo, ag 


w for pi 
w for ps 


045 


.70..| .0175) .0197| .024 | .030 | .042 | .061 | .096 | .251 | .366 | .448 | .446] .361 
.75..| .0132} .0149) .0181} .024 | .033 | .050 | .083 | .144] .250 | .391 | .496 | .493 | .385 
.80..| 0093) .0106, .0130) .0172) .025 | .039 | .067 | .126 | .244 | .417 | .553 | .550 | .410 
.85..| .0060) .0069) .0085} .0114| .0167| .027 | .050 | .103 | .228 | .445 | .623 | .620 | .436 
.90..| .0032) .0037) .0046) .0063} .0095) .0160} .031 | .073 | .196 | .474 .713 | .708 | .461 


w for pi} 180 195 210 225 240 255 270 285 300 315 330 345 360 
w for ps 0 15 30 45 60 75 90 105 120 135 150 165 180 


00. 0.127 
.20..) .177 | .167 | .154] .140} .126] .114] .103 | .095 | .089 | .086 | .084 | .084 | .086 
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045 
.70..| .361 | .247 | .154 | .094 | .060 | .041 | .030 | .024 | .0196) .0174) .0164) .0164) .0175 
.75..] .385 | .245 | .141 | .081 | .049 | 033} 023 | 0180) .0148) .0131) .0123) .0123) .0132 

.80..| .410 | .238 | .123 | .066 | .038 | .024 | .0170) .0129) .0106) .0093) .0087) .0087| .0093 

.85..| .436 | .221 | .100 | .049 | .027 | .0164) .0112) .0084) .0068) .0060) .0056) .0056)} .0060 

.90..| .461 | .189 | .070 | .030 | .0156; .0093) .0062) .0046; .0037} .0032) .0030) .0030) .0032 


Using the adopted values of e and w, the computer may now find it advantageous to 
extract from the tables new values of all nine parameters. Using these values and any one 
of the more strongly determined points on the velocity-curve, computed values of the 
nine points a@ to 7 can be plotted and compared with the observations. If the agreement 
is not entirely satisfactory, the tables will indicate what changes in e and w are necessary 
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| .027 | .031 | .036 ‘050 | | 117 | .171 | .243 | .319 | .370 | .369 | .316 
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and possible. A horizontal shift (or correction) in the time scale may conveniently be 
made here. A correction to either or both of the maximum or minimum velocities, and 
hence K and V», can also be quickly made. 

The velocity of the system, y, is now obtained from 


Vn—Kecosw, 11) 
and the time of periastron passage, 7, can be obtained from 

V,= Vat XK cosw, (12) 
where V, is the radial velocity at that time, that is, when » = 0°. Two points of the 


velocity-curve will have this ordinate; but, because » + w = 0° at point cand v + w = 
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180° at point g, there should be no ambiguity unless T occurs at, or very close to, the 
time of Vinax OF Vmin- For such cases it may be advisable to determine the value of v at 
the point a, where v + w = 270°, or at the point e,’ where v + w = 90°, and find T by 
determining M for this v, either using equations (5) and (6) or the Allegheny tables.‘ A 
final representation may now be made with the aid of equation (1). If the computer at 
this point feels that the observational material is sufficiently good, he should proceed to 
a least-squares differential correction. 


Fic. 2.—The “theoretical’’ solution of the velocity-curve shown in Figure 1 


The above procedure may be modified slightly in the case of a double-lined spectro- 
scopic binary. A graphical] or least-squares-solution for y and the mass ratio might first 
be made by the ingenious method proposed by O. C. Wilson.’ Knowing y, a determina- 


tion of e cos w could be made from 
m 
€ cos w = (13) 
K 


7 Or at any other of those points where cos (v + w) is accurately known. 


8 Ap. J., 93, 29, 1941. In Wilson’s notation the mass ratio is ry = m,/m, = —dv/du and rf is deter- 
mined from the negative slope of the straight line defined by the observations plotted on the u-v plane, 
where « and v are the observed velocities of the respective components. Strictly speaking, the form of 
Wilson’s least-squares equation of condition: y(1 +7) — ur = 2, is not entirely correct, inasmuch as 
there are observational errors in beth co-ordinates. The analysis may be further complicated by the fact 
that the « velocities may have different weights than the v velocities. Perhaps a better result might be 
obtained if two solutions were to be made, the second one using the equation of condition: y(1 + 7r)/ 
r — v/r = u. An appropriately weighted mean of the results of the two solutions could then be taken. 
A more refined—but lengthier—technique, if the « and v velocities are of equal weight, would be to mini- 
mize the sum of the squares of the residuals perpendicular to the line. I am indebted to Mr. Arthur N. 
Cox for bringing these points to my attention. 
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This value of ¢ cos w could be expressed as a curve on the w-e plot and would assist in 
the solution for these two quantities. The rest of the solution would proceed as before, 
either after appropriately “reflecting” one set of velocities about the axis or by making 
separate solutions for the two velocity-curves and combining the results with appropri- 
ate weights, remembering that w for one star is 180° different from the w for the other 
star. 

An illustration of the above method is shown in Figure 3, where a solution is made for 
e and w for the double-lined spectroscopic binary Boss 4496.° A preliminary determina- 
tion of y and r was made by the method of O. C. Wilson* and e cos w determined from 
equation (13) and plotted on the figure. Average values of the various parameters were 
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Fic. 3.—The solution for Boss 4496, The least-squares solution gives e = 0.04 + 0.011, w = 29° + 
13°7. The indeterminacy of w is clearly shown. The positions of the curves vary markedly with small 
changes in the values of the parameters. 


used as derived from the two velocity-curves. The least-squares values of e and w are 
shown with their respective probable errors. The indeterminacy of w is not primarily due 
to the method or to the observations but, as is well known,!° is a fundamental feature of 
nearly circular orbits. In general, the amount of distortion (from a sine curve) is primarily 
dependent on the value of e, whereas how, or at what point, that distortion appears in 
the velocity-curve depends on w. If the distortion i is at or below the limit of detection, 
then w—and also T—must necessarily be quite indeterminate. The technique of analysis 
in such cases would seem to be to assume e = 0 and to proceed with a least-squares solu- 
tion by the method of Sterne,! where e, w, and T are essentially replaced by e sin w, 


9 J. Sahade and J. L. Dessy, Ap. J., 115, 53, 1952. 
OW. J. Luyten, Pub. Obs. U. Minnesota, 2, 53, 1936; Ap. J., 84, 85, 1936. 
" Harvard Repr., No. 222; Proc. Nat. Acad. Sci., 27, 175, 1941. 
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e cos w, and T», where 79 represents the time at which the mean longitude M + w is 
equal to zero. Figure 4 illustrates the solution of the velocity-curve of « Arietis,"* a single- 
lined spectroscopic binary of moderate eccentricity. The least-squares values of e and w, 
together with their probable errors, are shown in the figure. 

The advantages of the precomputed method presented in this paper would seem to be 
(1) its accuracy, (2) its rapidity, (3) the possibility of making adjustments fn the ele- 
ments before the final representation, (4) the fact that the uncertainties in the adopted 
values of e and w are indicated on the w-e plot, and (5) the method’s ability to make use 


Fic. 4.—The solution for « Arietis. The least-squares solution gives: e = 0.356 + 0.022, w = 94°04 + 
4°72. 


of only the well-observed portions of the velocity-curve. For these reasons this method 
would seem to have very definite advantages in comparison to the method of Lehmann- 
Filhés. At those observatories, however, where a standard set of velocity-curves"™ is 
available and is used in routine fashion for the determination of preliminary elements 
preparatory to a least-squares correction, the method presented here would seem to be 
somewhat slower and more complex. 


I would like to express my thanks to Drs. W. J. Luyten, R. M. Petrie, and O. Struve 
for a number of valuable comments and suggestions. 


2 K.C. Gordon, Ap. J., 103, 16, 1946; Lick Obs. Contr., Ser. II, No. 12. 
SE. S. King, Harvard Ann., 81, 231, 1920. 
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NOTES 


HD 160641, A HYDROGEN-DEFICIENT O-TYPE STAR* 


During a systematic low-dispersion study of the spectra of early-type stars being 
carried on at the Yerkes Observatory, Dr. W. W. Morgan obtained several spectro- 
grams of the faint star HD 160641.' Upon examination of these spectrograms he noted 
that, although the spectrum resembled to a certain extent that of a late O-type super- 
giant star, the hydrogen lines in the spectrum appeared abnormally weak, while the 
C u1 blend near \ 4650 was excessively strong, and several other lines appeared which 
are not usually seen on comparable spectrograms of normal stars. Two well-exposed 
spectrograms have been subsequently obtained at the McDonald Observatory and 
studied by the writer, at Dr. Morgan’s suggestion. One of these covers the photographic 
region of the spectrum with a dispersion of 76 A/mm at Hy, the other the ultraviolet 
region with a dispersion of 88 A/mm at \ 3600. 

Measurement of the McDonald spectrograms shows that the faint lines near the 
positions of the hydrogen lines are largely due to He 11, with slight blending due, in some 
cases, to NV 1m, rather than to hydrogen. There is no real evidence of the presence of 
hydrogen at all in the region of the spectrum studied. Strong lines arise from He 1, 
Neu, Cin, Nut, and Sitv, while weaker lines are due to He 1, O11, and Om. The 
He 11 line \ 4686 and the N 1 lines at \A 4634-4642 are quite weak in absorption; these 
lines occur in emission in the Of stars. Interstellar Cam is present in considerable 
strength. Figure 1 shows the photographic region of the spectra of HD 160641 and 
a Cam, an 09.5 Ia star. Aside from the hydrogen lines, the most striking difference be- 
tween the two spectra is the extraordinary strength of the two features due toC m1 which 
arise from 39.8 e.v. These are the blend near \ 4069 and the line at A 4187. The C m blend 
near \ 4650 arising from 29.4 e.v. appears strongly even in the spectrum of normal super- 
giant stars of early type but is still further enhanced in the spectrum of HD 160641 and 
is, in fact, the strongest line in the spectrum. A notable feature shown by the helium 
spectrum is the considerably greater enhancement in the peculiar star of the diffuse 
singlets, indicated above the spectra, than of the diffuse triplets, indicated below. The 
spectrum of HD 160641 in the ultraviolet region is shown in Figure 2, along with spectra 
of the B1 Ia star x Cas and the B-type hydrogen-poor star discovered some years ago 
by Dr. D. M. Popper,? HD 124448. The higher members of the Balmer series, well seen 
in « Cas, are not visible in the two lower spectra, while the higher members of the 
diffuse triplet series of helium continue far into the ultraviolet in the two hydrogen-poor 
stars. It will be recalled that Popper measured the discontinuity at the limit of this helium 
series in HD 124448. This discontinuity is undoubtedly smaller in the case of HD 160641, 
in line with the lower intensity of the helium lines. The helium lines below the Balmer 
limit are undoubtedly stronger in HD 160641 than in any normal star, as is also true of 
a number of ultraviolet lines of Ne 1. 

The McDonald spectrograms covering the photographic and ultraviolet regions of the 


* Contributions from the McDonald Observatory, University of Texas, No. 212. 


1q@ = 17536™0, 6 = —17°51’ (1900); m, = 9.8, according to Stebbins, Huffer, and Whitford. The 
Henry Draper Catalogue classification is “B,’’? with the added remark, “Perhaps of Class Oe5.’’ The 
galactic co-ordinates are: ] = 337°, b = +5°. 

2 Pub. A.S.P., 54, 160, 1942; 58, 370, 1946; and 59, 320, 1947. The writer is indebted to Dr. Popper 
for permission to reproduce a spectrogram taken by him of this object. 
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spectrum were taken on September 15 and 20, 1951, respectively. The radial velocity 
determined on the first spectrogram from six presumably reliable unblended lines (4 4089 
and 44116 of Si1v, \ 4097 and \ 4103 of Nm, and \ 4156 and \ 4187 of Cm) was 
+100 km/sec, but the helium lines gave velocities differing from this. The velocity given 
by the diffuse singlets (AX 4009, 4144, and 4388) was +82 km/sec, and that given by the 
diffuse triplets (4 4026 and \ 4471) was only + 74 km/sec. A possible explanation of 
these velocity differences might be that they are due to the presence in unusual strength 
of the forbidden absorption components of these helium lines, which lie to the violet of 
the normal lines. On the second spectrogram only the ultraviolet diffuse triplet helium 
lines were measured. The mean velocity given by seven lines was +113 km/sec, with 
considerable scatter. In view of the discrepancy found in the photographic region be- 
tween the velocity given by the helium lines and that given by other elements this 
velocity can be considered only as a confirmation of the high radial velocity of the star. 
It may be significant that the helium line \ 3554 gave a large positive residual (+ 60 km/ 
sec) with respect to the mean of the other helium lines measured. In this case the strong 
forbidden component lies to the red of the normal line.* 

A further study of the spectrum of HD 160641 with higher dispersion will be neces- 
sary to confirm the velocity differences among the various lines, as well as to investigate 
the constancy of radial velocity of the star: Since the object is situated at a low galactic 
latitude, one may use the strength of the interstellar K line to determine a rough value 
of its luminosity. From a comparison of the strength of the K line of HD 160641 with 
that of several B-type stars in the same direction for which spectroscopic true distance 
moduli have been determined by Dr. Morgan, the distance of this star has been esti- 
mated to be about 2000 parsecs. Use of the color index determined by Stebbins, Huffer, 
and Whitford,* together with a necessarily rather uncertainly estimated intrinsic color, 
leads to a visual absolute magnitude of the order of —3. 

It may be mentioned in conclusion that the star HD 160641 is the hottest known 
member of a group of objects whose atmospheres appear to be deficient in hydrogen. 
This group also includes HD 124448,? the well-known peculiar A-type star v Sgr,> and 
the star HD 30353,° as well as the variable stars of the R CrB type and a number of 
cooler nonvariable carbon stars of which HD 1820407 is typical. 


WILLIAM P. BIDELMAN 
YERKES AND MCDONALD OBSERVATORIES 
March 28, 1952 

3Y. Ishida and T. Tamura, Sci. Pap. Jap. Inst. Phys. and Chem. Res., 13, 115, 1930. 

4Ap. J., 91, 20, 1940. 

5 J. L. Greenstein and W. S. Adams, Mt. W. Contr., No. 738; Ap. J., 106, 339, 1947. 

William P. Bidelman, Ap. J., 111, 333, 1950. 

7R.H. Curtiss, Pub. Mich. Obs., 2, 184, 1916. 
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Fig. 2.--\ portion of the ultraviolet region of the spectra of (a) the B1 Ia star « Cas, (6) HD 
100641, and (c) HD 124448. The lines marked are higher members of the Balmer series and the diffuse 
triplet series of helium. The great strength of these helium lines and the absence of the hydrogen lines 1 
the spectra of the two hydrogen-deficient objects are evident. 
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THE SPECTRUM OF NOVA DQ HERCULIS (1934) IN 1950* 


P. Swincs Anp P. D. Joset 
- McDonald Observatory 
Received January 24, 1952 


ABSTRACT 
Seven spectrograms of Nova DQ Herculis obtained in May and October, 1950, reveal that the striking 
changes in the spectrum of the nebulosity observed between 1942 and 1949 continue, while the mean 
velocity of expansion remains practically the same as in previous years. 


The spectrograms of Novo DQ Herculis obtained in 1947 and 1949 revealed striking 
changes in the nebular spectrum of this nova since 1940.! The (O 11] lines, which were of 
very high intensity in 1940 and 1942, had become weak; [Ne 1], [Ne v], and [Fe vu] had 
almost disappeared. On the other hand, \ 4686 He 1 had increased in intensity relative 
to the Balmer lines. The nebular spectrum was progressing toward a stage characterized 
by strong [O11], He 1, N m1, and Ha, the other usual emissions, especially [O mt] and 
[Ve 11], having practically disappeared. Such an evolution is of interest in relation to the 
physical problems presented by the planetary nebulae as well as by the nova shells. 

For this reason it appeared of interest to secure additional spectroscopic material on 
this nova. Seven spectrograms were obtained with the Cassegrain spectrograph of the 
McDonald Observatory, on May 20 (two plates), 21, 22, 23, 30, and October 17, 1950, 
using the quartz and glass prisms and the f/1 and f/2 cameras. Three of these spectro- 
grams are excellent, especially that of May 22, which was measured twice. The slit 
passed through the nucleus in an east-west direction, hence at an angle of approximately 
45° with the axis of the shell. The magnitude of the nucleus was estimated as be- 
tween 14 and 15, that is, very nearly the same as before the outburst (m, = 14.6). 

The nucleus has a very intense continuous spectrum in the ultraviolet; actually this 
continuum is still intense at \ 3400. There seem to be very broad intensity fluctuations 
in the continuum, somewhat like the wide emission lines of a Wolf-Rayet spectrum. How- . 
ever, these suspected features are too faint and too wide for measurement. At any rate, 
the nucleus must be a very hot object. 

The HB, Hy, and H6 lines still reveal the double structure which was studied in previ- 
ous years. Of all the hydrogen lines, Hy provides the most accurate value for the sepa- 
ration between the components. Ha is perturbed by [N 11]. The dispersion at H@ is 
lower than at Hy, and H6 is asymmetrical on account of the blending by N 11 lines. The 
two maxima in Hy are measured at A 4338.0 and \ 4346.7, giving a separation of 8.7 A 
or 601 km/sec. The mean velocity of expansion in 1950 is thus 300 km/sec, that is, the 
same as in 1949, 1947, and 1942. The resolution of our 1950 spectrograms is too low to 
permit us to determine accurately the range in velocities by the measurement of the 
outer and inner edges of the components. From a comparison with spectrograms of the 
same resolution obtained in 1949, 1947, and 1942, it is evident that the range in velocities 
has not changed much. 

Table 1 describes the 1950 emission spectrum. The first column lists the wave lengths 
of the intensity maxima in the lines, except for 18, Hy, and H6, where the centers of the 
doublets are given. The approximate extensions of the lines are tabulated in the second 


* Contributions from the McDonald Observatory, University of Texas, No. 211. 


t Now at Aberdeen Proving Grounds, Md. 
1 P. Swings and P. D. Jose, Ap. J., 110, 475, 1949. 
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column. The wave lengths have been corrected for the radial velocity of the nova, assum- 
ing v = —33 km/sec, as found by Humason.’ The intensities in successive years are 
given in the third to seventh columns.* 

Examination of Table 1 reveals the following variations in the spectrum: (a) [Ne v], 
which was fairly strong in 1940, is now absent or too weak to appear on the continuous 
background (which is still fairly strong at y 3426); (6) [Ne 11] is no longer observed in 


TABLE 1 


| APPROXIMATE 
MEAN A 
| EXTENSION 


oo 


3425. 
3587 
3756. 
3774. 
3797. 
3839. 
3869... 
3889. _.| 3880-3899 
3916. 
3970. 
4032. 
4069 
4100. 
4268 
4341. 
4363. 
4381. 
4641 
4086. 
4862. 
4918 
4964. 0 
5006. 4999-5016 2 
.......| Absent 
5876 ANE 1 
6086 .....| Absent | Absent 
6301.0 | 6286-6316 6 

6566.9... 6533-6604 100 0 


3719-3734 
3751-3763 


| 


3962-3978 


oe 


4062-4080 
4092-4110 
4260-4275 
4330-4350 


nN 


4628-4655 
4675-4097 12 
4847-4875 10 
1 


“NO OO 


a 


Sw 


OI] 
Ha, 1] 


* Region not covered. 

t Components of the doublet at 4098.0, 4106.1. 
t Components of the doublet at 4338.0, 4346.7. 
§ Components of the doublet at 4857.3, 4865.7. 


1950; (c) [O 1] has become very strong; (d) the auroral transition as well as the nebular 
transitions of [|O 11] has become very weak; (e) the nebular transitions of [V m] are 
blended in Ha, but the auroral transition \ 5755 is not observed; (f) He 1 has become 
weaker relative to 7] and He 1. 


? Pub. A.S.P., $5, 74, 1943. 
4 P. Swings and O. Struve, Ap. J., 92, 295, 1940; 94, 296, 1941; and 96, 468, 1942; P. Swings and P. D. 
Jose, op. cit. ; 


THE EMISSION SPECTRUM OF NOVA DQ HERCULIS 
| | | 
INTENSITIES 
TION 
| 1950 | 1949 | 1947 | 1942 | 1940 
0? | O41 3 | [Nev] 
0 0 1 | 
8 5 6 | [Om] 
3 3 6 | 
2 | All 
2 2 | 410 
2 1 3 | H9 
1 1 6 | [Ne 1] 
H8, Het = 
Cit 
He 
(He 1) 
{S 11] 
Cir 
Hy 
{O 111] 
Nill 
Nill 
He it 
HB 
(He 1) 
(O 111] : 
111] 
[Fe vit] 
[N 1] 
Het 
[Fe VII] 
[0 1] 
| | 
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Our spectrograms integrate over regions of the nebulosity where different physical 
conditions prevail. In some cases the central part of the nova was trailed; on other spec- 
trograms it was kept as stationary as average seeing conditions permitted on a weak and 
diffuse object like N Her. Our material corresponds to the central part of the nebulosity. 
Accurate guiding on the nucleus was never possible. On two plates the tips of the lines 
(outer ends of the ellipses) are fully separated from the “‘continuous”’ spectrum of the 
nucleus. From the Mount Wilson spectrograms’? taken around 1942 and from direct 
photographs‘ it was apparent that the emitting atoms giving rise to the luminosity of the 
various parts of the nebulosity were not the same. Nevertheless the observed variations 
of the global nebular spectrum are puzzling. The disappearance of [Ve 1m], [Ne v], and 
[Fe vit], the fading of [O m], and the enhancement of [O 11] point to a general decrease 
in ionization and density. However, the strengthening of He 11 relative to H and espe- 
cially to He 1 would indicate that, at least in parts of the nebulosity, the ionization of He 
has increased. The great intensity of NV 1 parallels the relative strengthening of He 11. It 
appears likely that the strong variations of the integrated spectrum of the nebulosity are, 
at least partly, related to the inhomogeneity of the shell. Already in 1942 Baade* had 
clearly shown that [NV 1] regions were imbedded within the [O m1] nebulosity. The evolu- 
tion of regions where different physical conditions prevail must also be different. How- 
ever, this does not exclude departures of the ultraviolet radiation of the nucleus from 
that of a black body,! resulting in an irregular distribution among the stages of ioniza- 
tion® or in peculiar fluorescence phenomena. 


Our thanks are due Dr. J. W. Swensson for his help with the measurements and re- 
ductions. 


‘W. Baade, Pub. A.S.P., 54, 244, 1942. 
51. S. Bowen and P. Swings, Ap. J., 92, 105, 1947. 
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IMPORTANT BOOKS IN THE HISTORY OF ASTRONOMY 


THE ARYABHATIYA OF ARYABHATA 
An Ancient Indian Work on Mathematics and Astronomy sy 
Translated with Notes by WALTER EUGENE CLARK | 


Aryabhata’s work, which was composed in A.D. 499, 
served Indian mathematical and astronomical text bearing the name of an indi- 
vidual author; the earliest Indian text to dea! specifically with mathematics; and 
the earliest preserved astronomical text from the third or scientific period of Indian 
torical document. 
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